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Abstract: We use the mathematical language of sheaf theory to give a unified treatment of non-locality and contextuality, which generaliz
familiar probability tables used in non-locality theory to cover Kochen-Specker configurations and more. We show that contextuality,
non-locality as a special case, correspond exactly to *obstructions to the existence of global sections*.

We describe a linear algebraic approach to computing these obstructions, which allows a systematic treatment of arguments for non-loca
contextuality. A general correspondence is shown between the existence of local hidden-variable realizations using negative probabilitic
no-signalling. Maximal non-locality is generalized to maximal contextuality, and characterized in purely qualitative terms, as the non-existel
global sections in the support. Some ongoing work with Shane Mansfield and Rui Soares Barbosa is described, which identifies *cohoma
obstructions* to the existence of global sections, opening the possibility of applying the powerful methods of cohomology to non-locality
contextuality.
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Overview

@ The usual probability tables of non-locality theory (‘Bell-type scenarios') are
generalized to measurement covers. [ hese include Kochen-Specker
configurations, and more. This provides a setting for a fully unified treatment
of contextuality and non-locality.
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Overview

@ The usual probability tables of non-locality theory ('Bell-type scenarios') are
generalized to measurement covers. [ hese include Kochen-Specker
configurations, and more. This provides a setting for a fully unified treatment
of contextuality and non-locality.

@ We use the mathematical language of sheaf theory. We show that
non-locality and contextuality can be characterized precisely in terms of the
existence of obstructions ta®global sections.
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@ The usual probability tables of non-locality theory ('Bell-type scenarios') are
generalized to measurement covers. [ hese include Kochen-Specker
configurations, and more. This provides a setting for a fully unified treatment
of contextuality and non-locality.

@ We use the mathematical language of sheaf theory. We show that

non-locality and contextuality can be characterized precisely in terms of the
existence of obstructions ta®global sections.

@ Sheaf theory is exactly about functorial variation over contexts; it provides a
general 'logic of contextuality'. Has been used this way, e.g. in CS. Opens
the possibility of links between study of non-locality and contextuality in
Quantum Foundations, and other fields.
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@ T he usual probability tables of non-locality theory ('Bell-type scenarios') are
generalized to measurement covers. [ hese include Kochen-Specker
configurations, and more. This provides a setting for a fully unified treatment
of contextuality and non-locality.

@ We use the mathematical language of sheaf theory. We show that
non-locality and contextuality can be characterized precisely in terms of the
existence of obstructions ta®global sections.

@ Sheaf theory is exactly about functorial variation over contexts; it provides a
general 'logic of contextuality’'. Has been used this way, e.g. in CS. Opens
the possibility of links between study of non-locality and contextuality in
Quantum Foundations, and other fields.

@ Contrast with ‘generalized probability theories'. We use classical probability,
encapsulated in the distribution functor/monad; contextuality arises from
functorial variation over contexts.
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Overview

@ The usual probability tables of non-locality theory ('Bell-type scenarios') are
generalized to measurement covers. [ hese include Kochen-Specker
configurations, and more. This provides a setting for a fully unified treatment
of contextuality and non-locality.

@ We use the mathematical language of sheaf theory. We show that
non-locality and contextuality can be characterized precisely in terms of the
existence of obstructions ta®global sections.

@ Sheaf theory is exactly about functorial variation over contexts; it provides a
general 'logic of contextuality'. Has been used this way, e.g. in CS. Opens
the possibility of links between study of non-locality and contextuality in
Quantum Foundations, and other fields.

o Contrast with ‘generalized probability theories'. We use classical probability,
encapsulated in the distribution functor/monad; contextuality arises from
functorial variation over contexts.

S. Abramsky and A. Brandenburger, The Sheaf-Theoretic Structure of
Non-Locality and Contextuality. Available at arXiv:1102.0264. To appear in
New Journal of Physics.
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T he Basic Scenario
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A Probabilistic Model Of An Experiment

A B | (0,0) (1,0) (0,1) (1,1)
a b 1/2 0 0 1/2
a’ b 3/8 1/8 1/8 3/8
a b | 3/8 1/8 1/8 3/8
a’ b | 1/&&  3/8 3/8 1/8
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A Probabilistic Model Of An Experiment

A B | (0.0) (1,0) (0,1) (1.1)
a b 1/2 0 0 1/2
a’ b 3/8 1/8 1/8 3/8
a b | 3/8 1/8 1/8 3/8
a’ b | 1/&&  3/8 3/8 1/8

The measurement contexts are

{a, b}, {a’,b}, {a,b'}, {a',b'}.
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A Probabilistic Model Of An Experiment

A B | (0.0) (1,0) (0.1) (1,1)

a b | 1/2 0 0 1/2
a’ b | 3/8 1/8 1/8  3/8
a b | 3/8 1/8 1/8  3/8
a’ b | 1/&8 3/8  3/8 1/8

The measurement contexts are

and column (0, 1) indicates the event

{a" — 0, b— 1}.

Samson Abramsky Joint work with Adam BrandenburTh
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Each measurement has possible outcomes 0 or 1. The matrix entry at row (a’, b)
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T he Presheaf of Distributions

We fix a set of measurements X, and a set of outcomes O.

For each set of measurements U C X, we define Dg&(U) to be the set of
probability distributions on events s : U — O. Such an event specifies that
outcome s(m) occurs for each measurement m < U.
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T he Presheaf of Distributions

We fix a set of measurements X, and a set of outcomes O.

For each set of measurements U C X, we define Dg&(U) to be the set of
probability distributions on events s : U — O. Such an event specifies that
outcome s(m) occurs for each measurement m < U.

Given U C U’, we have an operation of restriction:

DrE(UHN— DrE(V) :: d — d|U,

where for each s € £(U):

d|U(s) = > d(s’).

s’e&(U’).s'|U=s
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T he Presheaf of Distributions

We fix a set of measurements X, and a set of outcomes O.

For each set of measurements U C X, we define Dg&(U) to be the set of
probability distributions on events s : U — O. Such an event specifies that
outcome s(m) occurs for each measurement m € U.

Given U C U’, we have an operation of restriction:
’DRE(U’)*% DrE(U) :: d — d|U,

where for each s € £(U):
dlU(s) = > d(s’).
s’e&(U’),s’|U=s

Thus d|U is the marginal of the distribution d, which assigns to each section s in
the smaller context U the sum of the weights of all sections s’ in the larger
context which restrict to s.
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T he Presheaf of Distributions

We fix a set of measurements X, and a set of outcomes O.

For each set of measurements U C X, we define Dg&(U) to be the set of
probability distributions on events s : U — O. Such an event specifies that
outcome s(m) occurs for each measurement m € U.

Given U C U’, we have an operation of restriction:
DrE(UHN— DrE(V) :: d — d|U,
where for each s € £(U):
dlU(s) = ¥ d(s’).
s'€E(U’),s"|U=s

Thus d|U is the marginal of the distribution d, which assigns to each section s in

the smaller context U the sum of the weights of all sections s’ in the larger
context which restrict to s.

Mathematical notes: (i) This is functorial, hence defines a presheaf.
(ii) Composed from the sheaf £(U) := OYand the distributions monad Dg.
(iii) We can vary R.
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Empirical Models: Reconstructing Probability Tables

Corresponding to the choices of measurements by agents, or more generally to the
idea that it may not be possible to perform all measurements together, we
consider a cover AMM: a family of subsets of X which covers X, | J M = X.
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Empirical Models: Reconstructing Probability Tables

Corresponding to the choices of measurements by agents, or more generally to the
idea that it may not be possible to perform all measurements together, we
consider a cover AM: a family of subsets of X which covers X, | J M = X.

The sets C € M are the measurement contexts; the sets of measurements
which can be performed together.x

These are the sets which index the rows of a generalized probability table.
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Empirical Models: Reconstructing Probability Tables

Corresponding to the choices of measurements by agents, or more generally to the
idea that it may not be possible to perform all measurements together, we
consider a cover AM: a family of subsets of X which covers X, | J M = X.

The sets C € A are the measurement contexts; the sets of measurements
which can be performed together.x

These are the sets which index the rows of a generalized probability table.
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Empirical Models: Reconstructing Probability Tables

Corresponding to the choices of measurements by agents, or more generally to the
idea that it may not be possible to perform all measurements together, we
consider a cover AM: a family of subsets of X which covers X, | J M = X.

The sets C € M are the measurement contexts; the sets of measurements
which can be performed togetherx

These are the sets which index the rows of a generalized probability table.

Covers are general: they include both the usual ‘Bell scenarios’, and
Kochen-Specker type constructions.

An empirical model for M is a family {ec}ccat, ec € DgE(C).
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Compatibility And No-Signalling

We shall consider models {ec | C € M} which are compatible in the sense of
agreeing on overlaps: for all C,C" € M,

sclCn T’ gy ]

|

ecr
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Global Sections

We are given an empirical model {ec}cecaq-

Question: does there exist a global section for this family?
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Global Sections

We are given an empirical model {ec}cecnaq.
Question: does there exist a global section for this family?
l.e. d € DrE(X) such that, for all C €

d|C = ec.

A distribution, defined on all meagurements, which marginalizes to yield the
empirically observed probabilities?
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Global Sections

We are given an empirical model {ec}ceaq-
Question: does there exist a global section for this family?
l.e. d € Dr&E(X) such that, for all C € A

d|C = ec.

A distribution, defined on all meagurements, which marginalizes to yield the
empirically observed probabilities?

Note that s € £(X) = OX specifies an outcome for every measurement
simultaneously, independent of the measurement context.
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Global Sections
We are given an empirical model {ec}cecaq.

Question: does there exist a global section for this family?
l.e. d € Dr&E(X) such that, for all C € M
d|C = eC-

A distribution, defined on all meagurements, which marginalizes to yield the
empirically observed probabilities?

Note that s € £(X) = OX specifies an outcome for every measurement
simultaneously, independent of the measurement context.
For every context C, it restricts to yield s|C.

Thus it can be seen as a deterministic hidden variable.

If d is a global section for the model {ec}, we recover the predictions of the
model by averaging over the values of these hidden variables:

ec(s) = d[C(s) = >, d(s') = D> dajc(s) - d(s').

s'e&(X),s’|C=s s'e&(X)
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Global Sections
We are given an empirical model {ec}cecaq-

Question: does there exist a global section for this family?
l.e. d € Dr&E(X) such that, for all C € M
d|C = ec.

A distribution, defined on all meagurements, which marginalizes to yield the
empirically observed probabilities?

Note that s € £(X) = OX specifies an outcome for every measurement
simultaneously, independent of the measurement context.
For every context C, it restricts to yield s|C.

Thus it can be seen as a deterministic hidden variable.

If d is a global section for the model {ec}, we recover the predictions of the
model by averaging over the values of these hidden variables:

ec(s) = d[C(s) = b d(s') = D> daic(s) - d(s').

s'e&(X),s’|C=s s'e&(X)
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Global Sections Subsume Hidden-Variable T heories

Note also that this is a local model:

8s|C(s") = ] 6six(s'Ix)-

xEC

The joint probabilities determinedyby s factor as a product of the probabilities
assigned to the individual measurements, independent of the context in which
they appear. This subsumes Bell locality .

So a global section is a deterministic local hidden-variable model.

The general result is as follows:

Theorem

Any factorizable (i.e. local) hidden-variable model defines a global section.
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Global Sections Subsume Hidden-Variable T heories

Note also that this is a local model:

5s|C(s") = ] 8six(s’1x).

xeC

The joint probabilities determined by s factor as a product of the probabilities
assigned to the individual measurements, independent of the context in which
they appear. This subsumes Bell 'locality :

So a global section is a deterministic local hidden-variable model.

The general result is as follows:

T heorem

Any factorizable (i.e. local) hidden-variable model defines a global section.

So:

existence of a local hidden-variable model for a given empirical model
IFF
empirical model has a global section
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Global Sections Subsume Hidden-Variable T heories

Note also that this is a local model:

6s|C(s’) = ]] s (s'Ix).

xeC

The joint probabilities determined by s factor as a product of the probabilities
assigned to the individual measurements, independent of the context in which
they appear. This subsumes Bell l1(:)(:23|Iity :

So a global section is a deterministic local hidden-variable model.

The general result is as follows:

T heorem

Any factorizable (i.e. local) hidden-variable model defines a global section.

Hence:

No such h.v. model exists (the empirical model is non-local/contextual)
IFF
there is an obstruction to the existence of a global section
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Existence of Global Sections

Linear algebraic method.

Define system of linear equations Mx = v.

Pirsa: 11110108 Page 30/94



Existence of Global Sections
Linear algebraic method.

Define system of linear equations Mx = v.
Solutions <+— Global sections

Incidence matrix M (0/1 entries). Depends only on AM and O.

N
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Existence of Global Sections
Linear algebraic method.

Define system of linear equations Mx = v.

Solutions +«+— Global sections

Incidence matrix M (0/1 entries). Depends only on M and O.

Enumerate [Jo o OF as s1,....%.

Enumerate OX as t1

M[I_j] = 1 5 fj'CZS,‘ (S;EE:(C)).
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Existence of Global Sections
Linear algebraic method.

Define system of linear equations Mx = v.

Solutions +«— Global sections

Incidence matrix M (0/1 entries). Depends only on AM and O.

Enumerate [Jo o OF€ as s1,....K%.

Enumerate OX as t1,..., tq-

M[l'.,j]=1 < tj|C=S,' (S,ES(C))
Conceptually, boolean matrix representation of the map

EX) — ][] €(C)::s— (s|C)cem.
CeM
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Existence of Global Sections
Linear algebraic method.

Define system of linear equations Mx = v.

Solutions +«— Global sections

Incidence matrix M (0/1 entries). Depends only on AM and O.
Enumerate [Jo o OF€ as s1,....K%.

Enumerate OX as t1,..., tg.

M[l',j]=1 < tj|C=S,' (S,ES(C))
Conceptually, boolean matrix representation of the map

EX) — ][] €(C)::s— (s|C)cem.
CeM

Bell scenarios (n, k,1): matrix is (k/)" x /7,

Samson Abramsky Joint work with Adam Brandenbu 10 / 33
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The (2.2,2) Incidence Matrix

This matrix has rank 9.

8
.
-
-
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The (2,2,2) Incidence Matrix

This matrix has rank 9.

This is a special case of a much

In general, the matrix for (n.2,2) has rank 3”.
more general result we will describe later.

11 / 33
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T he Linear System

A model e determines a vector v = [e(s1), ..., e(sp)].

Solve

Mx = v

for x over the semiring R. o
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T he Linear System

A model e determines a vector v = [e(s1), ..., e(sp)].
Solve

Mx = v
for x over the semiring R. o

The solution yields weights in R for the global assignments in OX; j.e. a
distribution in Dg&(X).
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T he Linear System

A model e determines a vector v = [e(s1), ..., e(sp)].
Solve

Mx = v
for x over the semiring R. o

The solution yields weights in R for the global assignments in OX; j.e. a
distribution in Dg&(X).

The equations enforce the constraints that this distribution marginalizes to yield
the probabilities of the empirical model.
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The Linear System

A model e determines a vector v = [e(s1), ..., e(sp)].
Solve

Mx = v
for x over the semiring K. R

The solution yields weights in R for the global assignments in OX; j.e. a

distribution in Dg&(X).

The equations enforce the constraints that this distribution marginalizes to yield
the probabilities of the empirical model.

Hence solutions correspond exactly to global sections — which as we have seen,
correspond exactly to local hidden-variable realizations!
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The Bell Model

(0,0) (1,0) (0,1) (1.1)
(a, b) 142 0 0 1/2
(.b) | 3/8 1/8 1/8 3/8
(a, b') 3/8 1/8 1/8 3/8
(a,b) | 1/8 3/8 3/8 1/8
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T he Bell Model

(0,0) (1,0) (0,1) (1.1)
(a, b) 1/2 0 0 1/2
(/,b) | 3/8 1/8 1/8  3/8
(a,b') | 3/8 1/8 1/8  3/8
(2/,b') | 1/8 3/8 3/8  1/8

Solutions in the non-negative reals: this corresponds to solving the linear system
over R, subject to the constraint that x > 0 (linear programming problem).
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Bell's Theorem

Proposition

The Bell model has no global section.

Proof We focus on 4 out of the 16 equations, corresponding to rows 1, 6, 11
and 13 of the incidence matrix. We write X; rather than x[/].

X1 + Xo M X3 + Xa = 1/2
Xo + Xa + Xe + Xsg = 1/8
X3 + X4 + X111 + X2 = 1/8

X1 + Xs + Xo + X3 = 1/8
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The Bell Model

(0,0) (1,0) (0,1) (1.1)
(a, b) 1/2 0 0 L2
(/,b) | 3/8 1/8 1/8  3/8
(a,b') | 3/8 1/8 1/8  3/8
(a/,b') | 1/8 3/8 3/8  1/8

Solutions in the non-negative reals: this corresponds to solving the linear system
over R, subject to the constraint that x > 0 (linear programming problem).

Samson Abramsky Joint work with Adam BrandenburTh

Pirsa: 11110108

Page 44/94

13 / 33



Bell's Theorem

Proposition

The Bell model has no global section.

Proof We focus on 4 out of the 16 equations, corresponding to rows 1, 6, 11
and 13 of the incidence matrix. We write X, rather than x[/].

X1 + Xo M X3 + Xa = 1/2
Xo + Xa + Xe + Xsg = 1/8
X3 + X4 + X111 + X2 = 1/8

X1 + Xs + Xo + X3 = 1/8
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Bell's Theorem

Proposition

The Bell model has no global section.

Proof We focus on 4 out of the 16 equations, corresponding to rows 1, 6, 11
and 13 of the incidence matrix. We write X; rather than x[/].

X1 + Xo M X3 + Xa = 1/2
Xo + Xa + Xe + Xsg = 1/8
X3 + X4 + X111 + X2 = 1/8

X1 + Xs + Xo + X3 = 1/8
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Bell's Theorem

Proposition
The Bell model has no global section.

Proof We focus on 4 out of the 16 equations, corresponding to rows 1, 6, 11
and 13 of the incidence matrix. We write X; rather than x[/].

X1 + Xo ™M Xz + Xg = 1/2
Xo 4+ X4 + Xe + Xs = 1/8
X3 + Xg + Xui1 + X2 = 1/8
X1 + Xs + X9 + X3 = 1/8

Adding the last three equations yields

X1 4+ Xo+ X3+ 2Xs4 + Xs + Xe + Xg + Xog + X11 + X12 + X13 = 3/8.
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The Hardy Model

We consider the possibilistic version of the Hardy model, specified by the following
table.

(0,0) (1,0) (0.1) (1.1)
(a, b) 1 1 1 1
(a’, b) 0 1 1 1
(a. b') & 1 1 1
(a’. b') 1 1 1 0
oeresces A bkarasiry  Jolt maoekwith Ackows Eraretant SN T T 15/ 23
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The Hardy Model

We consider the possibilistic version of the Hardy model, specified by the following

table.

(0,0) (1,0) (0.1) (1.1)
(a, b) 1 1 1 1
(a’, b) 0 1 1 1
(a. b') & 1 1 1
(a’. b') 1 1 1 0

This is obtained from a standard probabilistic Hardy model by replacing all positive
entries by 1; thus it can be interpreted as the support of the probabilistic model.
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