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Abstract: Recent years have seen the paradigm of effective field theory (EFT) successfully applied to an increasing number of classical systt
range from the gravitational inspiral of compact binaries to hydrodynamics. Many of these systems exhibit dissipation in one form or anothe
as radiation reaction or viscous fluid flow, that naturally results from the system being open. This "openness" can manifest as energy lea\
dynamical variables of interest via radiation or heat transfer, for example. As the EFT approach typically utilizes the action, and hence Han
Principle of Extremal Action, it is crucial to determine how generally and consistently to accommodate dissipative effects in a variational prin
In this talk, I discuss why Hamilton's Principle fails to incorporate dissipation. | then provide a reformulation that has been used successf
confirm well-established results as well as to provide new predictions regarding dissipative systems. | show specific examples drawn fror
applications. Finally, I show how this reformulation of Hamilton's Principle turns out to correspond to the classical limit of quantum theories |
on the so-called "in-in" or "closed-time-path™" approaches.
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Effective Field Theory (EFT) in a tiny nutshell

EFT exploits a separation in scales (length, mass, energy, velocity...) to
parameterize the effect of the "microphysics" on the "macrophysics."

EFT usually involves:

Identifying the relevant degrees of freedom and their symmetries
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Effective Field Theory (EFT) in a tiny nutshell

EFT exploits a separation in scales (length, mass, energy, velocity...) to
parameterize the effect of the "microphysics” on the "macrophysics."

EFT usually involves:

Identifying the relevant degrees of freedom and their symmetries
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What's been done with EFT: A snapshot

Potentials fo u 3PN Absorptive effects
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PN radiation reaction thru 3.5PN Caged black holes
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Gravitational waveform at LO Cosmological perturbation theory
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Radiative moments thru 3PN Inflation
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Higher dimensional BHs

Tidal Love number for BH
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First-order gravitational self-force Hydrodynamics
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Third-order scalar self-force Condensed matter
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A problem with EFT???

Naive application of EFT to dissipative systems (e.g., radiation reaction)
yields no dissipation

- Radiation reaction in electrodynamics

Seff[2"] m / dr 4 X /dr u®as
. 87 |
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A problem with EFT???

Naive application of EFT to dissipative systems (e.g., radiation reaction)
yields no dissipation

- Radiation reaction in electrodynamics
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A problem with EFT???

Naive application of EFT to dissipative systems (e.g., radiation reaction)
yields no dissipation

- Radiation reaction in electrodynamics

Seff[Z“] /d: {/87//’{} u'a,

- Radiation reaction in compact binaries

| | Q1)
Seff[2"'] = (lower order conservative PN terms) d t Qy(t dt5
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Sef[2"] m / dr + 47 Gm? / drdr u“u

A problem with EFT???

Naive application of EFT to dissipative systems (e.g., radiation reaction)
yields no dissipation

- Radiation reaction in electrodynamics

Seff[2"] m / dr ,8—’/{}'(””8“

- Radiation reaction in compact binaries

il€3
Seff[2"'] = (lower order conservative PN terms) j dt Qufﬂd/)@ﬂ )

- Self-force in extreme mass ratio binaries

{GIM ( Z'” ) " G,‘:(I,‘va.',w(zﬂp Z'rf')
2

Y 151
uu oA
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A problem with EFT???

Naive application of EFT to dissipative systems (e.g., radiation reaction)
yields no dissipation

- Radiation reaction in electrodynamics

Seff[2"] m‘/ dr g /dT’u”a,,

- Radiation reaction in compact binaries

"Q t
Seff[2"'] = (lower order conservative PN terms) j dt Q,J,»H)’ U( )
- Self-force in extreme mass ratio binaries conservative
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A problem with EFT???

.l Naive application of EFT to dissipative systems (e.g., radiation reaction)
yields no dissipation

- Radiation reaction in electrodynamics

2 e? 5 //’,..rr (]
Seff[2"] m‘/ dr ./8?_/‘/-’0‘7”[1”3,,

- Radiation reaction in compact binaries

y O
I : bafj( )
Sefe[z"] = (lower order conservative PN terms) d t Qift) e
- Self-force in extreme mass ratio binaries conservative
- ) G 28 2 ) + G 2 Y] i
Serr|2¥] m / dr + 4nGm* / drdr u*u’ 7_//"-"; uh U o+

.

Not a problem with EFT but with the formulation of mechanics

"Mantra" of classical mechanics:
Lagrangians and Hamiltonians do not describe dissipative dynamics
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Shortcomings of Hamilton's Principle

Formulation of Hamilton's Principle of extremal action is:

1) Not generally consistent or applicable for initial value problems
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Shortcomings of Hamilton's Principle

Formulation of Hamilton's Principle of extremal action is:

1) Not generally consistent or applicable for initial value problems

2) Unable to account generally for dissipative forces

3) Unable to properly describe non-equilibrium dynamics of open
systems
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Shortcomings: A simple open system example (I)

N harmonic oscillators {Qy(t)} coupled bi-linearly to q(t)

N ot ~2 2 A2

‘L MQE MQLQ;
S[Q' {QI?H SQ[q] } Z/ dt( 2(3 2 { AnQQn)
n=1"1t
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Shortcomings: A simple open system example ()

N harmonic oscillators {Qn(t)} coupled bi-linearly to q(t)

M MQO
5[4, {Qn}] = Sqld] |Z/ ( @ 2‘3“ ,\,,qQ,,)

n=1

"Integrate out" Qn(t) subject to initial conditions

i 5 Xn ) f\n n / /
G+ 00, = = Qule) = Q1)+ 7 [ ot Gt )a(e)

Effective action:

,\3 "t , e ) )
Seit[q] = Sqlq] + \/ dt g Q" 4 2,{/'1/ dtdt’' q(t)G,. (t — t')q(t’)
n=1 n=1 St
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Shortcomings: A simple open system example (I)

N harmonic oscillators {Qn(t)} coupled bi-linearly to q(t)

N ot -~ Ve

A MQy MQ:Q:
S[q. {Qn}] = Sqlq] + Z/ dt( 5 ] ,\,,qQ,,)
n=1""%

"Integrate out" Qx(t) subject to initial conditions
. 9 /\n n n) ! !
On i Q;Qn MCF = Qn(t) n d Grct t )Q(t )
Effective action:
Seft[q] = Sqlq] 4 ,\,, / dt g QI 4 Z / dtdt’ q(t)Go (t — t')g(t")
n=1 n

N

/ dtdt’ q(t) g

rlf
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Shortcomings: A simple open system example (ll)

Equation of motion for q(t) is (from Hamilton's Principle of extremal action)

N N

. " Aot TeM (- ¢)+ 6\t -t
mg + mw?q Z /\,;Qf(]h)(f) { A/:; / dt’ [ t ( ) : .cJ\,( )] Q(f’)
n=1 n=1 v

- Resulting solution does not evolve causally in time

- g(t) cannot be specified by initial data

(RHS at t = t) Z\,,o,,.+§j ----- / dt' G4t — ¢)a(t)

=] nl
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Shortcomings: A simple open system example (ll)

Equation of motion for q(t) is (from Hamilton's Principle of extremal action)

N N ) ot (n) ’ ~(n) /
i ) /\; £ f G,,(, t t G A t
!nq { n?u)‘_q § /\”Qf(]h)(t) { § M / df { t ( ) 2 .|:J\,( ) ] q(tf)
n=1 n=1 VL

- Resulting solution does not evolve causally in time

- g(t) cannot be specified by initial data
N N \Q oty
(RHS at t =) = 3 XoQui+ ) - / dt' Gyt — t')q(t')
n=1 n=1 'Y

- Kernel of the history-dependent integral is symmetric in time

Grut(t t;) { Gﬂdv(t tf)
2

and describes conservative interactions (no dissipation, damping)
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Shortcomings: A simple open system example (ll)

Equation of motion for q(t) is (from Hamilton's Principle of extremal action)

N N ) 5. (n) ’ ~(n) /
) 5 : Z XN Y Gt (t—=t')+ Gyt — t) ’
!qu f nh""‘_q E /\”Qj‘(]})(t) { M / dr [ | ( ) 2 = ]Cﬂr )
n=1 n=1 VL

- Resulting solution does not evolve causally in time

- g(t) cannot be specified by initial data
N N \3 b
(RHSat t =) = 3 AQu+Y_ ot / dt’ Gq(ti — t')a(t')
n=1 n=1 v

- Kernel of the history-dependent integral is symmetric in time

Grt’rt(t t,) { Gﬂflv(t tf)
2

and describes conservative interactions (no dissipation, damping)
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Shortcomings: A simple open system example (ll)

Equation of motion for q(t) is (from Hamilton's Principle of extremal action)

N ~(n) ]
2 b o t'Y+ G, (t—t
md { f77i.&.«-"_q Z/\”Q”h) Z n / df \‘ [ ) 2 .M\,( )] q(rf)

n=1 n=1

- Resulting solution does not evolve causally in time

- g(t) cannot be specified by initial data
(RHS at t = t;) Z\nom | Z / dt’ Gy(ti — t')a(t')
n=1 n=1

- Kernel of the history-dependent integral is symmetric in time

Grut(t tf) { Gﬂflv(t tf)
2

and describes conservative interactions (no dissipation, damping)
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Hamilton's Principle of extremal action

The Problem:

"Find the path q(t) passing through the given values g; at t; and grat tr that extremizes
the value of the action."

qf

qgi
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Hamilton's Principle of extremal action

The Problem:

"Find the path q(t) passing through the given values g; at ti and gr at tf that extremizes
the value of the action."

qr

qgi

The Solution:

The extremal path satisfies the Euler-Lagrange equations iff that solution passes
through the given values g; at t;and grat ty.
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Boundary conditions & Green's functions

Recall the harmonic oscillator example:

) G(ui r; | GEH
mé A mu, Z \nQ,(]h) Z n / [ ret )’) |:J\(

n=1 n=1
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Boundary conditions & Green's functions

Recall the harmonic oscillator example:

N N 2 At ~(n) / -(n) /
- n A< f bl § o t')+ G t t
mg + mw?q z /\”Qf(]h)(t) { ,V;; / drf{ f ( ) ~ _.:m( ) Q(f’)
n=1l n=1 vt =

The above Green's function is symmetric in time, which is the one for systems
having boundary conditions in time (recall from Sturm-Liouville theory)

dr
t = tf ,
Gsymmetric(tp t )
Conservative dynamics
t=t

q;
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A naive approach

The New Problem:

"Find the path q(t) passing through the given value g; with velocity v; at t; that
extremizes the value of the action."

Vi

di
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A naive approach

The New Problem:

"Find the path q(t) passing through the given value g; with velocity v; at t; that
extremizes the value of the action."

q(t, €) = q(t,0) + en(t)

~—

dS|q] & oL df')L)
= - /r dt”(t)(a)q dt 0 O* e

(UL)]”
()q 0d t=t,
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A naive approach

The New Problem:

"Find the path'q(t) passing through the given value g; withfvelocity wat t; that
extremizes the value of the action."

O o t =t
q(t,€) = q(t,0) + en(E)
Vi
F—t
qi
dSig] /"’ (uL d z)L) { (ul_) 1“
0 — dtn(t)| - — Fin(t)| #8
ae, J: ) dq dtdq), () G /o).
iﬁ JL : L gi_
e O
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Hamilton's Principle & initial conditions (1) ¢ prepars

Introduce two paths such that:
I') Both paths have vanishing displacements at the initial time

2) The coordinates and conjugate momenta of both paths are equal at the final time
(continuity condition)
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Hamilton's Principle & initial conditions (l)

Introduce two paths such that:
I) Both paths have vanishing displacements at the initial time

2) The coordinates and conjugate momenta of both paths are equal at the final time
(continuity condition)

After all variations are done, identify both paths with the physical one
("physical limit")
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Hamilton's Principle & initial conditions (Il) ¢ preparaton

[

New action defined by the total line integral of the Lagrangian along both
segments

7 't
S(q1, 2] / dt L(qg1, g1) / dt L(g2, G2)
St Sty

t

Sla1. g2 /df-{L(fm.fh) L(q._n('l;')}'
o L
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Hamilton's Principle & initial conditions (Ill) ¢ preparatio

Hamilton's Principle: Extremize the new action S[qi, q2]

- Convenient to make a change of variables:

g + q2
| 5 q ar — q2
ON ON
P = P —
Jq Jq4
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Hamilton's Principle & initial conditions (Ill) ¢ preparation)

Hamilton's Principle: Extremize the new action S[q, q2]

- Convenient to make a change of variables:

a1+ q2
} 12 4- = q— q2
ON AN
P+ = Bq 4,
-Virtual paths are given by:
q+(t,€) = q4(t.0) + eny.(t) q-(t.€) = q-(t,0) + en_(t)

-Variation of the new action:

dS[qs, q-] /'“ ( ON d OA ) ( ON d OA ) }
dt t t
o el 4 n+(t) 94, dtdg. ), - (t) g dt 94 J,
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Hamilton's Principle &
initial conditions (IV) n preporation

.1 Conditions at the time boundaries
- Vanishing displacements at initial time

m(ti) =0=m(t;) = n(ti)=0=n-(t)
- Continuity of coordinates at final time

f]g(ff') Ih(ff') = 1 ( L ) 0

Pirsa: 11110088 Page 33/81



Pirsa: 11110088

Hamilton's Principle &
initial conditions (IV) n preporation

Conditions at the time boundaries
- Vanishing displacements at initial time

m(ti) =0=mn(t;)) = n(t;)=0=n_(t;)
- Continuity of coordinates at final time

na(te) = m(tr) = n-(tr) =0

- Continuity of conjugate momenta at final time

p2(te) = pi(tr) = p-(tr) =0
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Hamilton's Principle &
initial conditions (IV) n preparation

Conditions at the time boundaries
- Vanishing displacements at initial time

i) =0=mit) = gt =0=9-(%)
- Continuity of coordinates at final time

m2(tr) = m(te) > n-(tr) =0

- Continuity of conjugate momenta at final time
p2(tr) = p(te) = p(tr) =0

Boundary contributions to action

ty

e (t)p-(t) +n-(t)p(t) 0

t=t;
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Hamilton's Principle &
initial conditions (V) i preparaion

Equations of motion

- With the boundary term eliminated:

dS|q., i N d ON N d OA
[q, CI_] :/ dt{r“(t)(.( | .‘(. ) - (t)(,( .(‘ )}
de ot dqg, dtdqg. ), Jq dt 0q- J,

- The action is stationary or extremal when

d AN O\
(22)- 20

ds[q{ g ] i dt \ Jq, q,
de €=0 d [ O\ JIN 0
dt ( Jq ) Jq
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Hamilton's Principle &
initial conditions (V) i preparaion

Equations of motion

- With the boundary term eliminated:

dS[q., tH N d ON N d oA
9+, -] / dt{m(r)(_f 0. ) . (t)(_f o )}
de g Jq, dt dq. /, Jq dt q- J,

- The action is stationary or extremal when

d ( ON ) ON 9
Bl ‘)
dS[qu q ] 5 dt )q q.
de  |=o d [ oA ) N
dt ( Jq Jq

- Lastly, identify both paths as the physical one, q(t) -- the "physical limit"

q-(t) = 0, q4(t) = q(t)
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Hamilton's Principle &
initial conditions (V)

Equations of motion

- With the boundary term eliminated:

dSlq.. 't N d OA N d ON
(94, g-] / dt{mm('f 0 ) . m(_f o )}
de S dq, dtdq. ), dq dt dq- ),

- The action is stationary or extremal when

d ( ON ) N 9
i le ‘)
dS[c;r! q ] 5 dt \ 0q. q.
de =0 d [ oA ) N
dt ( Jq Jq

- Lastly, identify both paths as the physical one, q(t) -- the "physical limit"

q-(t) = 0, q4(t) = q(t)
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|dentifying the paths: The "physical limit" (1)

An ambiguity in associating physical initial data for a physical path with
two unphysical paths
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|dentifying the paths: The "physical limit" (1)

An ambiguity in associating physical initial data for a physical path with

two unphysical paths
O t ty
2
./ . S
ql(rlt) qi

Natural to identify physical initial data with g+(t)

Physical limit > q-(t) =0, g.(t) — q(t)

- Make this a convention
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|dentifying the paths: The "physical limit" (ll)

A short-cut for deriving equations of motion/forces in physical limit:

- In the physical limit, only the Euler-Lagrange (EL) eqn for the + variable survives

Physical limit
g-(t)—0
q+(t) = q(t)
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|dentifying the paths: The "physical limit" (ll)

A short-cut for deriving equations of motion/forces in physical limit:

- In the physical limit, only the Euler-Lagrange (EL) eqn for the + variable survives

o cical i d(f')/\) dp- _ N
ysical fimit dt \ 9g. dt g,
q-(t) =0

d [ ON d ON d, oL
a:(t) - a(t) () =2 &

dt \ dg dt dq Cdt g
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|dentifying the paths: The "physical limit" (ll)

A short-cut for deriving equations of motion/forces in physical limit:

- In the physical limit, only the Euler-Lagrange (EL) eqn for the + variable survives

Physical limi d(“/\) dp -(‘M » 0
ysical limit dt \ 0q. dt Jq,
qg-(t) —0
d (0NN _dpy _ ON  dp 0L
Q‘I(r) 5 q(r) ( - ) 1 ’ 3 . .
dt \ 0q dt  dJq dt  dq

Short-cut: The EL equation for the + variable is equivalently given by

65[q+.q-]
0q-(t)

q-=0,9,.=¢q

Therefore, only terms of the new action linear in g
contribute to forces in the physical limit

Pirsa: 11110088
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Example: Simple harmonic oscillator

. Lagrangian for a unit-mass oscillator

las Taa

2@"" Rl = Mq1, 92,91, q2) = L(q1, q1) — L(g2, §2)

L(g. )
Equations of motion for g+ and g-
g4 + w?qy =0

} u.‘gq 0
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Example: Simple harmonic oscillator

Lagrangian for a unit-mass oscillator

S0 —ow'a = A(q1, g2, 91, 92) = L(q1, q1) — L(q2, §2)

L(q.9)
Equations of motion for g+ and g-
8+ +w?qy =0 q+(t) = Ay cosw(t — t;) + Bysinw(t — t;)

2

g- +wq 0 q_(t) = A_cosw(tr — t) + B_sinw(tr — t)
"Final" conditions for g-
Continuity == q_(tf) =0

p-(tr) =0 == g (tr) =0
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Example: Simple harmonic oscillator

Lagrangian for a unit-mass oscillator

l,'_) 13‘) . . . .
4 —ow'a = A(q1, g2, 91, 92) = L(q1, G1) — L(q2, §2)

L(q.9)
Equations of motion for g+ and g-
8+ +w?qy =0 q+(t) = Apcosw(t — t;) + Bysinw(t — t;)
g_ + wiq 0 q_(t) = A_cosw(tr — t) + B_sinw(tr — t)
"Final" conditions for g-
Continuity = q_(tr) =0 A 0
p(t)=0 = 4.(t)=0 B =0

Initial conditions for g+
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Example: Simple harmonic oscillator

Lagrangian for a unit-mass oscillator

1.'_) 1’)‘) . . . .
S0 —ow'a = A(q1, g2, 91, 92) = L(q1, G1) — L(q2, G2)

L(q.9)
Equations of motion for g+ and g-
4+ +w?qy =0 q+(t) = Ay cosw(t — t;) + By sinw(t — t;)
g + wq 0 q-(t) = A_cosw(tr — t)+ B_sinw(tr — t)
"Final" conditions for g-
Continuity = q_(tr) =0 A 0
p(t)=0 = 4 (t)=0 B =0
Initial conditions for g+
q+(ti) = qi

q.(ti) = vi
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Example: Simple harmonic oscillator

Lagrangian for a unit-mass oscillator

1, 155,

S0 —ow'a = A(q1, g2, 91, 92) = L(q1, q1) — L(q2, §2)

L(q.9)
Equations of motion for g+ and g-
§+ +w?qy =0 q+(t) = Apcosw(t — t;) + Bysinw(t — t;)

2
&

g- + wg 0 q_(t) = A_cosw(tr — t)+ B_sinw(tr — t)

"Final" conditions for g-

Continuity = q_(tf) =0 A 0
= g.ly) =8
pftr] =0 == iqg_ltz]=10 B 0
Initial conditions for g+
q+(t) = qi ¥ .
= g.(t) = gjcosw(t — ¢t;) 4 sinw(t — t;)

q.(ti) = vi
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Example: Forced harmonic oscillator

. Add an external driving force F(t) -- one for each path F(t), F2(t) & identify with F(t) at
end
o 1

w?q® + qF(t
§" — ywq qF(t)

1
L(a. ¢
(q.9) = 3
A=L(q,q1) — L2 &2) = §+9- — w?qsq- + q-Fi(t) + g+ F-(t)
Equations of motion for g+ and g-

q-+ {’v‘«'zq{ F:(t)
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Example: Forced harmonic oscillator

Add an external driving force F(t) -- one for each path F(t), F2(t) & identify with F(t) at

end
1 o] 1 [ ] ]
oy wg*® F(t
54"~ 5watta (t)

L(q.q)
A=L(q,q)— L(g2, q2) = §+9- — w?qiq- + q-F(t) + g F_(t)

Equations of motion for g+ and g-

g+ +w?qy = Fi(t)

"Final" conditions for g-

Continuity == q_(tf) =0
p—(tr) =0 = g (tr) =0

Initial conditions for g+ q+(ti) = qi g+(ti) = v

17
qg+(t) = q;cosw(t — t;) isin_;(r ti) 4 / dt Geee(t — t')F (L")
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Plus-minus variables vs. (1,2) variables

The plus-minus variables have a clear, dynamical interpretation

Plus variable:

- Evolves forward in time due to
initial conditions

- Equals the physical solution for
source-free dynamics

- Corresponds to physical variable in
physical limit

Minus variable:

- Evolves backward in time due to
continuity conditions at final time

- Always vanishes for source-free
dynamics due to continuity conditions
at final time

- Always vanishes in physical limit
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Plus-minus variables vs. (1,2) variables

The plus-minus variables have a clear, dynamical interpretation

Plus variable: Minus variable:
- Evolves forward in time due to - Evolves baclkward in time due to
initial conditions continuity conditions at final time
- Equals the physical solution for - Always vanishes for source-free
source-free dynamics dynamics due to continuity conditions
- Corresponds to physical variable in at final time
physical limit - Always vanishes in physical limit

The (1,2) variables have no clear interpretation

- e.g., Forced harmonic oscillator:

qi1(t) = gicosw(t — t;) + —sinw(t — t;)

Ga(t) = qi(t) with (1 «» 2)
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New Hamiltonian (1)

.| Recall the new Lagrangian
AMar G2, 41, 2) = L(gr, 1) — L(q2, 2)

- Conjugate momenta
IL(qr, q1)  ON IL(q2, G2) ON
: A — P2 = s s
()ql ()ql ()Q'Q r)qg
- Legendre transform both Lagrangians to get the new Hamiltonian

H(q1, p1) = p1g1 — L(q1, 1) H(q2, p2) = p2G2 — L(q2, §2)

A(g1, p1, G2, P2) = p1d1 — p2g2 — N(q1, g2, 41, G2)
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New Hamiltonian (1)
Recall the new Lagrangian
AMar g2, 41, G2) = L(gr, 1) — L(q2, 2)

- Conjugate momenta

OL(g1, q1)  OA IL(q2, G2) ON
0 da 2= o4, 04

- Legendre transform both Lagrangians to get the new Hamiltonian
H(q1, p1) = p1g1 — L(q1, q1) H(q2, p2) = p2g2 — L(q2, 2)
A(q1, p1, G2, P2) = p1@1 — P2G2 — N(q1, G2, 41, G2)
A hint of internal structure for the path variables

- Can define a (2d Minkowski) "metric"

a1 1 0 10 g -
o Cab ( 0 1 ) A(qa, pa) Chfp.sqb A(qa, Ga)
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New Hamiltonian (ll)

This "metric" behaves like a real metric

- A diffeomorphism of the path variables implies

. Jq, . Jq.

/ a /) :q: Pa ‘) :P: ab . - T
92 = qa(qp) o4 24 > ¢paqr = 'V p;q;
ab f)Q: lr)qj ¢! i

c* e Y
()QJ Jqp
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New Hamiltonian (ll)

This "metric" behaves like a real metric

- A diffeomorphism of the path variables implies

. aq., . Jq.
’ da ‘) :q: Pa ‘) :P: ab . Lij ot 2t
92 = qa(qp) > o4 q; > ¢paqr = ' piq;
¢ g !
b _ 00109
()QJ ”IQ.')

- In +/- variables, the new Hamiltonian is
A9+, ps) = P+d- + P-4+ — Nqx, 4+) " (0
C Cab
C‘?prC‘h) A(qd' Q1) 1
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New Hamiltonian (ll)

This "metric" behaves like a real metric

- A diffeomorphism of the path variables implies

. Jq, . Jq.
/ 9a ‘) :q: Pa 0 :P: ab, - Pij o 2t
92 = qa(q5) 9i q; > ¢paqp = ¢V p;q;
C.‘)b ()Q: ()qj C.rfj
Jqa Jqp

- In +/- variables, the new Hamiltonian is

A(q+, p+) = prd- +p-q+ — Mg+, G+) . 0 1
b : € =G ( 1 0 )
c”padr — Nqa, Ga) -
Hamiltonian in general path coordinates
A(Ga, pa) = Paq” — N(qa, Ga)
Hamilton's equations & Poisson brackets
JA A f 0 f 0
4a = 71— = {A q.) po=—-={Ap} {fg}= 75 -5
op? dq? dp, dg?  Jg? dp,
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Open systems

Many EFTs are mean to describe open systems resulting from integrating
out some degrees of freedom in one way or another

- Extended charge distribution coupled to electromagnetic field
- Gravitational waves emitted by the inspiral of a compact binary

-Viscous fluid flow
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Open systems

Many EFTs are mean to describe open systems resulting from integrating
out some degrees of freedom in one way or another

- Extended charge distribution coupled to electromagnetic field
- Gravitational waves emitted by the inspiral of a compact binary

-Viscous fluid flow

The resulting effective action describes an open (i.e., dissipative) system

- Usual formulation of Hamilton's Principle will fail dramatically

- Must use the new Hamilton's Principle to correctly account for causality,
dissipation, initial data, etc.
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Reprise: A simple open system example (I)
N harmonic oscillators {Qn(t)} coupled bi-linearly to q(t)

N D A -~
Z MQ:  MQ:Q:
L[q: { Qﬂ }] Lq[q] i ( 2(?” 2”0” { /\”qQN)

n=1

A[Ql- az, {Ql‘n }- {QE,:)}] L[Ql- {QI.HH L[q2- {QE.n}]
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Reprise: A simple open system example (I)
N harmonic oscillators {Qx(t)} coupled bi-linearly to q(t)

N ~ A
MQ?  MQ2Q?
Llg, {Qn}] = Lald] + Z( L ,\,,qQN)

n=1

A[QI-Q’_’: {QLI]}! {QE,:)}] L[QL- {Ql,n” L[q2- {QE.nH

"Integrate out" Qn(t) subject to initial conditions

soln 1 /\n n ! /
Qen(e) = Qi (e) / dt’ G (t — t')q, (¢)

S

é n QE n o
Qi.n+ Q,Q1 e
Q@h(e) / dt' Gt — ). (¢
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Reprise: A simple open system example (I)

N harmonic oscillators {Qx(t)} coupled bi-linearly to q(t)

N 0
MQ; M Q;
L[q, {Qn}] = Lqlq] Z( 20” 2”0” { \,,qQN>

n=1

A[Ql- az, {Ql‘n }- {QE.nH L[Ql- {Ql,n” L[Qg. {QE.nH

"Integrate out" Qn(t) subject to initial conditions

vt
S h '\n j
Qrley = QL2

(t)+ 37 [ 4t GE(t — t)au(r)
J ot

S

" " An
; | M I n ; | N M i |
Q I:} / d GI(’V )q ( )
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Reprise: A simple open system example (ll)
Effective action
Ny
Seft[q1, q2] = Sqla1] — Sqlq2] E:} 2” /r dt’(q Q¥n + a4 Qhoﬂ)
Effective action in a compact notation

Setlar, a2 = Sqlan] - Solas] *Z /dthE’i,

n=1

ab / /
+§j2MQq / dedt’ qa(t)GE5(t — t')au(t')
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Reprise: A simple open system example (ll)
Effective action
Nyt
Sl @2 = Saloa] = Sl + 3 5 [ e (4@ + 0,05
f=1 v
Effective action in a compact notation

Setlar, a2 = Sylan] S[qa]lz / dt' g QL")

n=1

1b / /
i?jzmq |t 625~ an(e)

1 ab / 0 G(nrcal)v ( t t )
0) St ) (G(:;S(r t') 0

a,b={+,-}

- In the +/- basis

C.)b Cab (

= O
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