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Abstract: High-accuracy templates predicted by general relativity for the gravitational waves generated by inspiralling compact binaries (bina
systems composed of neutron stars and/or black holes) have been developed using a mixed multipolar and post-Newtonian (MPN) formalismn
talk we shall review the foundations of this formalism and its main results, including the equations of motion and radiation from compact binatr
to 3.5PN order. We shall also present some recent work on the comparison between post-Newtonian approximations and black hole pertu
applied to compact binaries in the small mass ratio limit.
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Neutron star (M 1.4 M. ) events will be detected by ground-based
detectors LIGO /VIRGO /GEO

Stellar size black hole (5 M. = M = 20 M..)) events will also be detected by
ground-based detectors

Supermassive black hole (10° M., =< M < 10% M.,) events will be detected by
the space-based detectors LISA/eLISA
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Methods to compute gravitational-wave templates

log, (r/m)
¥

1
|

Post-Newtonian
Theory

(Compactness)

Numerical
Relativity

1

2
Mass Ratio

-

> log (m

Luc Blanchet (GReCQO) Post-Newtonian equations of motion and radiation Perimeter Institute 3/ 45

Pirsa: 11110085 Page 4/63



M &G P4/ ® ® (176%)- 5| G i

templates

A

Post-Newtonian
Theory

(Compactness) "

Numerical
Relativity

> log (m,/m)

Mass Ratio

Luc Blanchet (GReCQO) Post-Newtonian equations of motion and radiation Perimeter Institute 3 /45

Pirsa: 11110085 Page 5/63



= &) |G 9 P 5 /499 2 ® (176%]~ 2 I S )

Methods to compute gravitational-wave templates
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Post-Newtonian formalism

Short history of the traditional approach

Equations of motion

1PN equations of motion [Lorentz &

Droste 1917, Einstein, Infeld & Hoffmann 1930]
Radiation-reaction controvercy [Ehlers
et al 1979, Walker & Will 1982]

2.5PN equations of motion and GR
prediction for the binary pulsar

[Damour & Deruelle 1982, Damour 1983]

The 3mn Caltech paper [Cutler,

Flanagan, Poisson, Thorne 1993]

3PN equations of motion [Jaranowski &
Schafer 1999, LB & Faye 2001, ltoh & Futamase
2003]

Ambiguity parameters resolved
[Damour, Jaranowski & Schiafer 2001, LB,

Damour & Esposito-Farese 2003]

Luc Blanchet (GReCQO)
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Post-Newtonian equations of motion and radiation

Radiation field

1916 Einstein quadrupole formula
1940 Landau-Lifchitz formula
1960 Peters-Mathews formula

Epstein-Wagoner-Thorne moments
[Thorne 1980]

1PN wave generation [Wagoner & Will
1976, LB & Schifer 1989]
Blanchet-Damour moments [LB &
Damour 1989, LB 1995, 1998]

2PN wave generation [LB, Damour, lyer,
Will & Wiseman 1995]

3PN wave generation [LB, lyer & Joguet
2002, LB, Fave, lver & Jupklln't Jl)()’;l

Ambiguity parameters resolved [LB,

Damour, Esposito-Faréese & lyer 2004]
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Post-Newtonian formalism

Short history of the traditional approach

Equations of motion

1PN equations of motion [Lorentz &

Droste 1917, Einstein, Infeld & Hoffmann 1930]
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et al 1979, Walker & Will 1982]

2.5PN equations of motion and GR
prediction for the binary pulsar

[[).HT‘IUIH & Deruelle 1982, Damour 1983]

The 3mn Caltech paper [Cutler,

Flanagan, Poisson, Thorne 1993]

3PN equations of motion [Jaranowski &
Schafer 1999, LB & Faye 2001, Iltoh & Futamase
2003]

Ambiguity parameters resolved
[Damour, Jaranowski & Schifer 2001, LB,

Damour & Esposito-Farese 2003]

Luc Blanchet (GR=CO)

Pirsa: 11110085

Post-Newtonian equations of motion and radiation

Radiation field

1916 Einstein quadrupole formula
1940 Landau-Lifchitz formula
1960 Peters-Mathews formula

Epstein-Wagoner-Thorne moments
[Thorne 1980]

1PN wave generation [Wagoner & Will
1976, LB & Schifer 1989]
Blanchet-Damour moments [LB &
Damour 1989, LB 1995, 1998]

2PN wave generation [LB, Damour, lyer,
Will & Wiseman 1995]

3PN wave generation [LB. lyer & Joguet
2002, LB, Faye, lyer & Joguet 2003]

Ambiguity parameters resolved [LB,

Damour, Esposito-Faréese & lyer 2004]
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Post-Newtonian formalism

Wave-generation and radiation-reaction

Einstein’'s field equations

o.M = 0 (harmonic gauge condition)

. 167G : . .
CIhAH? = —T1H (flat space-time wave equation)

c4

Pseudo-tensor of matter and gravitational fields

T;H: - |g| TIH' i /\I”’(/7_ (')f)_ ()2 I?)
N = d

B
matter part gravitational part

@ Radiation-reaction problem: solve the EFE inside the compact-support source
to get the reaction forces acting the an isolated source

@ Wave generation problem: solve the EFE in vacuum outside the source
(including the regions at infinity) to get the waveform as a functional of the

source parameters

Luc Blanchet (GReCQO) Post-Newtonian equations of motion and radiation Perimeter Institute 6 / 45
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Post-Newtonian formalism

Wave-generation and radiation-reaction

Einstein’'s field equations

o = D (harmonic gauge condition)

y 167G ; . .
CIhH* = —T1t (flat space-time wave equation)

c4

Pseudo-tensor of matter and gravitational fields

THY = |g| TH*Y + A*¥(h, Bh, 5%h)
N— p— . o

"

matter part gravitational part

@ Radiation-reaction problem: solve the EFE inside the compact-support source
to get the reaction forces acting the an isolated source

@ Wave generation problem: solve the EFE in vacuum outside the source
(including the regions at infinity) to get the waveform as a functional of the

source parameters
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Post-Newtonian formalism

Multipolar post-Newtonian and matching approach

Near zone
r<< A

Exterior zone
r> a

Wave zone
Fa &

GW wavelength
A

Matching zone
a<r<<a

Source
V&< e
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Post-Newtonian formalism

Multipolar post-Newtonian and matching approach

Q@ Solve the EFE in the vacuum region outside the source

O, = 0
A = AM(h)

in the form of a general multipolar-post-Minkowskian expansion

@ Look for the general solution of the EFE in the source's near zone in the form
of a post-Newtonian expansion

Q@ Match the MPM expansion and the PN expansion in the overlapping exterior
| f PF g
part of the near zone

The matching will uniquely determine

@ the multipole moments in terms of the source

@ the radiation reaction force acting in the source

Luc Blanchet (GReCQO) Post-Newtonian equations of motion and radiation Perimeter Institute 8 / 45
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Post-Newtonian formalism

Multipolar post-Newtonian and matching approach

Q@ Solve the EFE in the vacuum region outside the source

S = 0
Ok = A*(h)

in the form of a general multipolar-post-Minkowskian expansion

@ Look for the general solution of the EFE in the source's near zone in the form
of a post-Newtonian expansion

@ Match the MPM expansion and the PN expansion in the overlapping exterior
part of the near zone

The matching will uniquely determine

@ the multipole moments in terms of the source

@ the radiation reaction force acting in the source
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Post-Newtonian formalism

Multipolar post-Minkowskian expansion (L & bamour 1986, 1988]

Q@ Look for the general multipolar expansion M (h) generated outside the source
in the form [Bonnor 1959, Bontor & Rotenberg 1961]

M(h) = G hyy+ G2 higy+ -+ G hipy + - -

z o
formal post-Minkowskian expansion

@ Start from the general multipolar solution of the vacuum field equation at
linear order [Thorne 1980]

>

1 | e |
hiaylMe, Se) = Z“L(Z My (t — fCZ) + &0y (7 Bt — rjc) )

j:0 W T

mass-type moment current-type moment

© Iterate that solution using a regularization scheme to cope with the
singularity of the multipole expansion when r — 0O

-

FPOZlf = Finite Partg _(_)Dr;tl [(r ro)” f}

ret

Luc Blanchet (GReCQO) Post-Newtonian equations of motion and radiation Perimeter Institute 9 /45
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Post-Newtonian formalism

Multipolar post-Minkowskian expansion (L & Damour 1986, 1988]

Q@ Look for the general multipolar expansion M (h) generated outside the source
in the form [Bonnor 1959, Bonnor & Rotenberg 1961]

M(h) = § hay + G2 hgay + -+ G" h¢py + - 2

B
formal post-Minkowskian expansion

@ Start from the general multipolar solution of the vacuum field equation at
linear order [Thorne 1980]

C

1 | 71 |
Ayl Se) = Z”L(? M (t — fCZ) + ‘f’L(7 St — rje}) )

f:O W T

mass-type moment current-type moment

© Iterate that solution using a regularization scheme to cope with the
singularity of the multipole expansion when r — 0O

2

FPO_Zlf = Finite Partpg _(_)I:lr;tl [(r f(,){“'

ret

f]
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Post-Newtonian formalism

A plug-and-grind algorithm

At n-th post-Minkowskian order we need to solve
- prv
();/ /)(n) — O

Dhitr:; — AI”)(h(l)‘ S h(n—l))

"

previously known

The solution is found to be :

L —1 L1 Ly
hin) — FpDRetAin) B3 qfn)

The term q(,) is required to guarantee the harmonic gauge condition J, h;;§ = 0

The above solution is the most general solution of the vacuum EFE outside the
source. It is parametrized by two and only two sets of multipole moments

-{MI(T)-SI(H}-

Luc Blanchet (GReCQO) Post-Newtonian equations of motion and radiation Perimeter Institute 10 / 45
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Post-Newtonian formalism

A plug-and-grind algorithm

At n-th post-Minkowskian order we need to solve

S h = 0

Dhitr:; = N By, - Bga—n)

"
previously known

The solution is found to be '

Ly -1 Ly Ly
hin) — FpDRet/\in) B3 qfn)

The term q(,,) is required to guarantee the harmonic gauge condition J, h;;§ = 0

The above solution is the most general solution of the vacuum EFE outside the
source. It is parametrized by two and only two sets of multipole moments

{ Mw(t). sL(t)

1
J

Luc Blanchet (GR=CO) Post-Newtonian equations of motion and radiation Perimeter Institute 10 / 45
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Post-Newtonian formalism

Matching to a post-Newtonian source

The general PN expansion inside the source's near zone is

B L
PPk, ) = 57 (x. t.Inc)
F

p=2

Matching asymptotic expansions formally requires
M(h#v) = M(h*Y)

@ The left side is the NZ expansion (r — 0) of the exterior MPM field

@ The right side is the multipole expansion (r — oc) of the inner PN field

The matching equation has been implemented at any post-Minkowskian order in
the exterior field and any PN order in the inner field. It gives the formal
multipolar-post-Newtonian solution valid everywhere inside and outside the source

Luc Blanchet (GR=CO) Post-Newtonian equations of motion and radiation Perimeter Institute 11 / 45
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Post-Newtonian formalism

General solution for the exterior field (g 1995, 1908

The general multipole expansion outside the source is obtained as

,lf’ .
MW7) = FPD;SJM(/\"”)+Z(){ L=/l
:

homoge neous retarded solution

: 1
where F{(t) FP / A3x % / de(z) T*Y(xn,t—2zr/c)
2 ¥ _1 - -

.

PN expansion of the pseudo-tensor

The FP procedure plays the role of an UV regularization in the non-linearity term
but an IR regularization in the multipole moments

From this one obtains the source multipole moments { M;(t). S;(t
order solving the wave generation problem

Luc Blanchet (GReCQO) Post-Newtonian equations of motion and radiation Perimeter Institute 12 / 45
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Post-Newtonian formalism

Two equivalent PN wave generation formalisms

The field equations are integrated in the exterior of an extended PN source by
means of a multipolar expansion

BD multipole moments (t,x)

M (t) Finite Part /(]3xx;_ e 3

B=0

WW multipole moments [Will & Wiseman 1996]

W™ (t) /\ d3x x; T#Y (x, t) < :.
J A

T hese formalisms solved the long-standing problem of divergencies in the PN
expansion for general extended sources

Luc Blanchet (GR=CO) Post-Newtonian equations of motion and radiation Perimeter Institute 13 / 45
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Post-Newtonian formalism

Two equivalent PN wave generation formalisms

The field equations are integrated in the exterior of an extended PN source by
means of a multipolar expansion

BD multipole moments (t,x)

.

M (t) Finite Part /(l3xx;_ YR, t)

B=0

WW multipole moments [Will & Wiseman 1996]

VVZ”I(T_') /\ d3x xg T A%, T)
J AA

T hese formalisms solved the long-standing problem of divergencies in the PN
expansion for general extended sources
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Post-Newtonian formalism

General solution for the inner PN field (poujade & LB 2002]

The inner PN field in the source’s near zone is fully determined as

FPOR, T+

r

R (t —r/c) — R (t + r/c)}

"

homogeneous antisymmetric solution

where R} (t) FP /(l3x XL / ve(Z2)M(THY)(x, t — zr/c)
: 71

This solves the radiation-reaction problem for the isolated matter source

@ Standard radiation reaction effects starting at 2.5PN order are contained in
the first term

@ Nonlinear radiation reaction effects (tails) are contained in the second term
and start at 4PN order

Luc Blanchet (GReCQO) Post-Newtonian equations of motion and radiation Perimeter Institute 14 / 45
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Post-Newtonian formalism

Two equivalent PN wave generation formalisms

The field equations are integrated in the exterior of an extended PN source by
means of a multipolar expansion

BD multipole moments (t,x)

B —

M= (t) Finite Part /(l3xx;_ Vi, E)

B=0

WW multipole moments [Will & Wiseman 1996]

VVZ”I(I’_') /\ d3x g T (%, t)
J N

T hese formalisms solved the long-standing problem of divergencies in the PN
expansion for general extended sources
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Post-Newtonian formalism

General solution for the inner PN field (poujade & LB 2002]

The inner PN field in the source’s near zone is fully determined as |

I — — F?,’_”'(t—r/c)—Ri"'(t+r/c)}

P = FPOg.i

r

o

homogeneous antisymmetric solution

where R} (t) FP /(l3x > / ve(Z2)M(THY)(x, t — zr/c)
" 1

This solves the radiation-reaction problem for the isolated matter source

@ Standard radiation reaction effects starting at 2.5PN order are contained in
the first term

@ Nonlinear radiation reaction effects (tails) are contained in the second term
and start at 4PN order
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Post-Newtonian formalism

Tail modification of the radiation-reaction (e & pamour 19ss]

Field point (1,x)

“»,
Matter source

¥ 5 ’ /
riadiath:m _ — 52 ;ij I:MI(J'S)(IL) .3 HE / dt’ In ( : ~ r ) M.,g-?)(t’)]
J —ox 21

reaction CS C3

- -

W
logarithms appear at 4PN order

Luc Blanchet (GR=CO) Post-Newtonian equations of motion and radiation Perimeter Institute 15 / 45
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Post-Newtonian formalism

Radiative moments at future null infinity

Asymptotic waveform is parametrized by radiative moments [Thorne 1980]

. >y
s ~

mass-type current-ty pe

1 »_»
/?EET = E NL—Ef/r'/i 2( 7 R c)+ ab(iNat—1 Vijypr—2(7 R/c)
(=2

Applying the plug-and-grind algorithm

~ 2G M Vil T
Uji(t) /,5-‘_)(1’) -t / drf\/ifi.!”( t —7) [In (C

e Jo 2ro

N

1.5PN tail integral

G 3 s 3 )
— — dr/'\/i(_ ) M "‘) L L ) +—instantaneous terms
C 7 Jo a<i j>a

h - —

—

2.5PN memory integral

2G2M? [res 5 f €T 57 cT 124627
—_— / . ) |in — + — In o ———
e®  fa 2ro 70 2ro 44100

—_

—

3PN tail-of-tail integral

Luc Blanchet (GR=CO) Post-Newtonian equations of motion and radiation Perimeter Institute 16 / 45
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Apolication to compact binarv insoiral

Application to compact binary inspiral

Q@ Specialize the previous PN solution to systems of point particles

1 OC ) y ‘)( ) X —
THY(x) = E / dTa pﬁ{ u;‘) \(/__gAyA) + (spin contributions)

Suplement the calculation by a self-field regularization

e Hadamard’s regularization
e Dimensional regularization

The self-field regularization should be applied conjointly with the FP
regularization, say in the multipole moments

2 B
Fp / (IC:_ ('lxl) F(X)

The IR scale ro and UV scale (g should disappear at the end of the calculation

Luc Blanchet (GR=CO) Post-Newtonian equations of motion and radiation Perimeter Institute 18 / 45
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Apolication to compact binarv insoiral

Hadamard self-field regularization [Hadamard 1932; Schwartz 1978]

F(x) = > T fa(na) + o(rM)

ao<a<nhN

Hadamard partie finie of the singular function F at point 1

Hadamard partie finie of the divergent integral [ d3x F

Pf / d®*x F(x) = lim / d*xF(x) — div(s)
. s—0 JR3I\B;(s)UB>(s)

A detailed account on Hadamard regularization and associated distributional
forms is given in [LB & Faye 2000]

Luc Blanchet (GReCQO) Post-Newtonian equations of motion and radiation Perimeter Institute 19 / 45

Pirsa: 11110085 Page 31/63



Apolication to compact binarv insoiral

Hadamard self-field regularization [Hadamard 1932; Schwartz 1978]

Hadamard partie finie of the divergent integral [ d3x F

Pf /d3x F(x) = lim / d*xF(x) — div(s)
’ s—0 | JR3\ B;(s)UB-(s)

A detailed account on Hadamard regularization and associated distributional
forms is given in [LB & Faye 2000]
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Apolication to compact binarv insoiral

Self-field regularization ambiguities at 3PN order

Hadamard’'s regularization is n@n- distributive, in the sense that the regularization
of a product differs from the product of regularizations

(FG)1# (F)1(G)1

As a result the computation cannot be complete. A few regularization ambiguities
appear at the 3PN order, but Hadamard's regularization works well up to 2PN
order and can be implemented to compute most of the terms at 3PN order

All terms but for a few regularization ambiguities have been computed with
Hadamard’s regularization

@ , A\ in the equations of motion [Jaranowski & Schifer 1999; LB & Faye 2000, 2001]

@ £, ~ and ¢ in the radiation field [LB, Ilyer & Joguet 2002; LB & lyer 2004]

The regularization ambiguities do not have a direct physical meaning. They are
due to a mathematical deficiency of Hadamard's regularization
20 / 45

Luc Blanchet (GReCQO) Post-Newtonian equations of motion and radiation Perimeter Institute
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Apolication to compact binarv inspiral

Computation of the regularization ambiguity parameters

@ Following dimensional regularization one solves Einstein’'s field equations in
spatial dimensions

with source terms involving Dirac's d-dimensional function 6(9)(x — ya)

@ One does not compute the result in d dimensions from scratch, but only the
difference between dimensional regularization and Hadamard's one, say

PFR) = F(D(yq) (F)1
N’ N~
value in d dimensions Hadamard’'s partie finie

@ That difference will typically be of the form (when > 0)

(.?_1

DF(y1) = + ag + O(2)

@ T he ambiguities in Hadamard's regularization are precisely associated with
the occurence of poles ~x 1 at 3PN order in dimensional regularization

Luc Blanchet (GReCQO) Post-Newtonian equations of motion and radiation Perimeter Institute 21 / 45
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Apolication to compact binarv insoiral

Computation of the regularization ambiguity parameters

@ Following dimensional regularization one solves Einstein’'s field equations in
spatial dimensions

with source terms involving Dirac's d-dimensional function 6(9)(x — ya)

@ One does not compute the result in d dimensions from scratch, but only the
difference between dimensional regularization and Hadamard's one, say

O] = F(D(y1) (F)1
N’ N
value in d dimensions Hadamard’'s partie finie

@ That difference will typically be of the form (when > 0)

t.?_l

DF(y1) = + ap + O(¢)

@ T he ambiguities in Hadamard's regularization are precisely associated with
the occurence of poles < 1 at 3PN order in dimensional regularization

Luc Blanchet (GR=CO) Post-Newtonian equations of motion and radiation Perimeter Institute 21 / 45
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Apoplication to compact binarv inspiral

Dimensional regularization of the equations of motion

The 3PN acceleration in Hadamard's regularization is

e F F ard Sc rartz
al[\] - allnut Hadamard Schwartz 4+ Aal[' . .\]
—~
ambiguity part

while in dimensional regularization (d ~ =) it reads

a(ld) = a&)nl'v][:uhnn:n'tlH(']]\-‘.':u'lz e ’Da]_

We require physical equivalence between dimensional and Hadamard
regularizations. We look for a shift ya — ya + 7174 such that

al[‘ . \] = |lim [a(ld) N r‘;n al}

E —

This requirement determines the particle’'s worldlines shift 74 O(1/<) and
fixes uniquely

41
T

Luc Blanchet (GR=CO) Post-Newtonian equations of motion and radiation Perimeter Institute 22 / 45
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Apolication to compact binarv inspiral

Dimensional regularization of the radiation field

The 3PN quadrupole moment in Hadamard's regularization reads

i _ _d&mypure Hadamard Schwartz 3 .
Ig[€, w, ] =¥I;; + Alyle, w. <]

-

vV

ambiguity part
while in dimensional regularization it reads

(d)  ,;pure Hadamard Schwartz .

Physical equivalence between the dimensional and Hadamard results means

, d .
I5l€, K, = lim [/,5 ? aﬂ/ij]

S

with the same shift 114 as for the equations of motion

This uniquely determines

0871
0240

Luc Blanchet (GReCO) Post-Newtonian equations of motion and radiation Perimeter Institute 23 / 45
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Apolication to compact binarv insoiral

Poincaré invariance of the 3PN EOM and radiation field

@ The ambiguity ~ can be computed by requiring that the EOM in harmonic
coordinates be explicitly invariant under a global Poincaré transformation
developed to 3PN order

The ambiguity ¢ in the radiation field can be obtained by comparing the
result of two-body calculations in the limit m> — O with the case of a
boosted Schwarzschild black hole (BBH). Computing the 3PN quadrupole of
the BBH we recover exactly the result of dimensional regularization which is
an in direct test of the global Poincaré invariance of the 3PN wave generation

Luc Blanchet (GReCQO) Post-Newtonian equations of motion and radiation Perimeter Institute 24 / 45
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Apolication to compact binarv insoiral

Dimensional regularization of the radiation field

The 3PN quadrupole moment in Hadamard’s regularization reads

¥ _ ~ gypure Hadamard Schwartz . .
lil&. w, ] =1 + Al;lg, K, C]

-

v

ambiguity part
while in dimensional regularization it reads

(d)  ,;pure Hadamard Schwartz .

Physical equivalence between the dimensional and Hadamard results means

! d -
Iyl . <1 = lim |18 + o 1y]

.‘_-,‘—?-0

with the same shift 14 as for the equations of motion

This uniquely determines

0871
0240 °
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