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Abstract: It has been well-known that topological phenomena with fractional excitations, i.e., the fractional quantum Hall effect (FQHE) will
emerge when electrons move in Landau levels. In this talk, | will show FQHE can emergy even in the absence of Landau levels in interacting
fermion models and boson models. The non-interacting part of our Hamiltonian contains topologically nontrivial flat band.
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The Topology of Dirac Cones’’

A simple Dirac model: H = k0" + k0 + mo~

m=0: massless Dirac cone

Dirac cone as half a skyrmion

Y P : : | B | : .
i / d°kd - 0,d x 0,d = / d“k L ;H}J,‘ll(l”): E(k) = VEk?+m?

47 E(k)?

Dirac cone must appear in pairs

« Chern number =1 if two Dirac masses have the same sign.
* Chern number =0 if two Dirac masses have opposite sign.
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Outline

» Integer and fractional quantum hall effect(QHE)
* |QHE in a lattice model without Landau levels

» Lattice models with topological flat band

* FQHE in the absence of Landau levels

* Summary and outlook
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Quantum hall effect

Hall effect . f, =—evx B
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l])_’.y — J = -
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Quantum hall effect

Hall effect
A“ f]J:—("UXB
"” B-
B Ryy = — =
++ ' [, T (D.C.Tsui, etal 1982)
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The nature of quantization
Landua levels and Integer Quantum Hall Effect(IQHE)

2 . Y /.2 7
H = Py (P — eyB/c) E,=(n+1/2)hw.

2m 2m
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The nature of quantization
Landua levels and Integer Quantum Hall Effect(IQHE)

‘) / 9
)= ), — eyB/c)?
H: /'f/ n (/r Yo ) E”:(”_ l./._))f!'w',.
2m 2m
_1§ (a2
Wy =[J(z = zy)e 5200
i< j
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The nature of quantization
Landua levels and Integer Quantum Hall Effect(IQHE)

) P )
)= ), — eyB/c)? ¢
H: /'f] N (/r Yo ) E”:(”_ l/_))hw‘
2m 2m
1N 1..%
llJI :H(:"_:J‘)( 1._,J|‘-:!
i< j

Fractional Quantum Hall Effect(FQHE)

3 15 |2
v=1/3 Laughlin State: Vs = H(, -— :_;’) e~ T lilz

i<
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The nature of quantization i

Landua levels and Integer Quantum Hall Effect(IQHE)

‘)

)~ ).—(([)."/(‘2
H _ /'f; N (/r Yo ) E“ - (” L l/_))hw,r
2m 2m
1S (a2
i< j

Fractional Quantum Hall Effect(FQHE)

3 15 |2:]°
v=1/3 Laughlin State: Vs = H(, — 2) e~ 1 2 l=i

i<j

A A A A A A A
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The nature of quantization i

Landua levels and Integer Quantum Hall Effect(IQHE)

9 RN
)= ), — eyBB/c)* ¢
I — Py +(/.r yb/c) E,,i(!l—l_/._))f!w‘,
2m 2m
15 |2 1°
1<)

Fractional Quantum Hall Effect(FQHE)

v=1/3 Laughlin State: U,y = (:!, . :_,')";(‘_T OE
I(;
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The topological quantization

Gauss-Bonnet Theorem

/ kdA =2mx =21(2-29) K= (rire)”"
Jm -
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f
The topological quantization

Gauss-Bonnet Theorem

/ KdA =2mx =2m(2—2g) K = (7"1?"2)_1
J M -

—

"Gauss-Bonnet" in quantum system: Berry Phase

® When the Hamiltonian goes around a closed loop in
parameter space, there can be an irreducible phase
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f
The topological quantization

Gauss-Bonnet Theorem

/ kdA =2mx =21(2-29) K= (ryre)”"
J M h—

"Gauss-Bonnet" in quantum system: Berry Phase

® When the Hamiltonian goes around a closed loop in
parameter space, there can be an irreducible phase

O = % A-dk, A= (| —iVi|r)

i, —> e-zi‘x(k)wk A— A+ Vix
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il
Berry phase in solid physics

Bloch’s theorem:
P(r) = e""k'ruk(r)

®The lattice translational symmetry' o
implies crystal momentumk is a
good quantum number.

"Gauss-Bonnet" in solid physics L v il
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Berry phase in solid physu:s

Bloch’s theorem:
P(r) = e"’k'ruk(r)

®The lattice translational symmetry'
implies crystal momentumk is a
good quantum number.

"Gauss-Bonnet" in solid physics L \f v

./4 — <’U,kl — iVA,|uk)
Ju | du
Oko | Ok

u
" Z 27 / d°k (<(’)A'|

bands

Ju

\/“ﬁ
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0
Berry phase in solid physu:s

Bloch’s theorem:
P(r) = e"’k'ruk(r)

®The lattice translational symmetry'
implies crystal momentumk is a
good quantum number.

. . ) . 4 v
"Gauss-Bonnet" in solid physics L.;: 7 -
./4 — (uk| — iVA,|uk) F = x A
du | du du | Ou
= I°k
: fz z;—/( (<()A| Ok > <()A> Ok, >)
e?

Ty = ”T (TKNN 1982) "First Chern number"
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With disorder and interactiog%ﬁis

Laughlin's gauge argument

,g(,au= colU
0o L oA
[ = neV _ ne*V

A h
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With disorder and interactiog%ﬁis

Laughlin's gauge argument

I
I=(,3U= colU AV
a(f) L oA Ho
/= neV _ ne*V

Hall conductance from a many-body wave function

e [T [T l OV | O OV | O
O=0 == — (1”1('”-_) . - - — vl
I} J ) J() 27\—f ()()_) ()()| ()()] f)(}_)

(Qian Niu, etal, 1985)
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Does Landau levels necessaiﬁﬁ?

Haldane model: (FDM Haldane, 1988)

Hiyaldane = IZ (('j-r'_, + /1.(‘.) +t Z (r "'('jf’_, + h.r',)
(i)

((27))

Pirsa: 11110079 Page 21/62



Does Landau levels necessaiﬁﬁ?

Haldane model: (FDM Haldane, 1988)

ll”.‘!|l|;ll]!' — IZ (('jf'_; - /f-('-) -+ ,’ Z (( “'('j('_‘, -4 /I.('.)
(ij

({22))

[~
\

Nonzero Chern number: t' =0.1t: ¢ =0.1x
| )
 — < 1. ) . N . o
C = o7 |y d°kFia(F) A, (k) = —1(nk|m\nk)
TH = (/—(': c = *+1 Fia(k) = uif.)'lA"-’(l") - (-f}f: Ay (k)
)
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The topological nature ‘Cw)
A generic two band model: [ =¢(k)+ dyo“

Ei(k)=c(k)L£d(k): 11;{111E+(k) > 111}2.\; E. (k)
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The topological nature ‘W
A generic two band model: =¢c(k)+ dyo“

Ei(k)=c(k)L£d(k): 11;{111E+(k) > 111};1.\; E. (k)

1 Ad., (k) Od 5(k)
Oxy = =<

20) Ok, Ok,
k X

)

—_

(i,-l,(‘”‘i‘-’ (ny —n_) (k)

(

do(k) = do(k)/d(k) - =1
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The topological nature “w)
A generic two band model: = ”“(k:) +d, o

Ei(k)=c(k)L£d(k): 11;{ian+(k) > 111}?.\; E. (k)

1 Ezihh(k)d&dk)
Ok, Ok,

ff,,(k) = d,(k /,/ c = ] 4/1!1

h
Chern number Ty = —%3 /qf: cdkyd - Oy d X Oyd

Skyrmion number

(L,(”‘jq’ (nye —n-) (k)

T — §°
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i)
Fractional quantum hall effect?

= Bands with non-trivial topology mimic the
physics of IQHE

= Quenching of the kinetic energy compared to
interaction energy scale is important for FQHE
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i)
Fractional quantum hall effect?

= Bands with non-trivial topology mimic the
physics of IQHE

= Quenching of the kinetic energy compared to
interaction energy scale is important for FQHE

Construct topological flat band model in k space

Haat (k) = U(E)AU (k)T
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i)
Fractional quantum hall effect?

* Bands with non-trivial topology mimic the
physics of IQHE

= Quenching of the kinetic energy compared to
interaction energy scale is important for FQHE

Construct topological flat band model in k space

Highly non-local in real
! ! space!
How to construct a local
model with topological
Hia(k) = U(R)AU (k) 00 o
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The Topology of Dirac Cones’’

A simple Dirac model: H = k,0" + k,0Y + mo”

m=0: massless Dirac cone
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The Topology of Dirac Cones’’

A simple Dirac model: H = k0" + k0 + mo~

m=0: massless Dirac cone

Dirac cone as half a skyrmion

Y P : : | B | : .
i / d°kd - 0,d x 0,d = / d“k L ;H}J,‘ll(l”): E(k) = VEk?+m?

47 E(k)?

Dirac cone must appear in pairs

« Chern number =1 if two Dirac masses have the same sign.
* Chern number =0 if two Dirac masses have opposite sign.
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The Topology of Dirac Cones’’

A simple Dirac model: H = k.,.o" + I.'U(r” + mo”
m=0: massless Dirac cone

Dirac cone as half a skyrmion

I PO : : | " | . .
P / d*kd - 0,d x 9,d = — [ d°k - - = —sgn(m); E(k)= VE?+ m?

4T E(k)? 2

Dirac cone must appear in pairs

« Chern number =1 if two Dirac masses have the same sign.
« Chern number =0 if two Dirac masses have opposite sign.

Topological bands can be constructed by gapping
Dirac cones, but with uncertainty.

Do we have better method?
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Quadratic band touching
H = (k2 = k3)o® + 2k k,0" Ei(k) = +k?
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Quadratic band touching
H = (k2 = k2)0® + 2k, k0" Ei(k) = £k

Dirac cone as a vortex in
k space with

winding number =1

d = (ky.k,.0)
%% M A U 4 49
% % v A 4 4 94 ¥
Y v > “« 4 v ¥
- w o~ ‘ A
- - = -
“ 4 . R
A A 5 4w A oA A
VR N N A B B U W N
A ror oy v A
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Quadratic band touching
H = (k} — kj)o" + 2k, kyo¥  Ex(k) = £k’

Dirac cone as a vortex in A quadratic touching as a

k space with vortex in k space with
winding number =1 winding number = 2
2 2
d = (ky,ky,0) d = (ki — k;.2k.k,.0)
% % b A A 4 49 yrr"“"“
L B N R A \ I ’ ) A
4 i A
w  w » > 4 « Yy v
-t - - - - = = g
A B » ’ ' 1 “ A 4 p : :
» ) N A R 4 Ao "
Y 2 20 20 B TR UE N ‘k¥w-‘,"'
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Symmetry protection of quadrat#b
band touching

A quadratic touching is protected by 4-fold/6-fold
rotational symmetry.

A A
y ¥ =¥ »
:: y # ~ v A A 4
H = (k; —/'+\/)r‘r'+’/,l.,,rr N\ P 4 44
d = (k2 — k2 + M,2k,k,,0) N N
: ' e P P
| e S S S i S W W S .
A quadratic touching can Y v v o« RNV
be regarded as merging of 4 A4 4 NN Y
two Dirac cones with the 1 : : ’ F v oy o\
same winding number. NTEA oYY

« A single quadratic touching is allowed.

« Gapping a quadratic touching by breaking time reversal
symmetry will produce topologically non-trivial bands.
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Topological flat band model #

A three band model with quadratic band touching

Hy = f,;,;Z:/j,r/,r.,,'l - r/:'_.r/,-.,,'w - h.c.
+fppZ!"-:.J-.'_i_,‘;lf‘lr.}"_FPL_,‘.' -" _“—‘—/1( _fll Z[l el IJ "—1— ‘ Ra +h .

r

+ {pd E Py ivi. dr — p, Adria, + Py isi, tf,.- — p”.,r/, i, + h.c.
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Topological flat band model #

A three band model with quadratic band touching

Hy = f,;,;Z:/j,r/,r,,,'l - r/:'_.r/,-.,,'w - h.c.

+ tpp Z f’-:-.F+,T, P+ [’L.F*'Tu}"i-" + h.c. — f;w Z f‘:: vd, Do + '”:;.F+.T. Py + h.c.
LR f.’”" Z /):il.',l"-f'rl-, f/,f o !).-E'.rfflfl-' a, + l):’i;‘-l-"ll'-,_,tlr. o [j.-";-n’..'"r,’:' a, T /I't"
Gap opens after breaking T

,I| - Z j.A[}ii;‘_‘r[’Ir;_r" jA[’L_;-'P—"-”

.

® ® ® ®

®®©®
®®©®

®—@©
® ® ®

C
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Topological flat band model #

A three band model with quadratic band touching

Hy = f,;,;Z:/j,r/,r.,,'l - r/:'_.rf,-.,,'w - h.e.

+ tpp i !’-i,--,r-+,7, Pa.i T+ [’:,i-,,r*,ful'r.-.:’ + h.c. - f;,,, Z I‘_: 7F+a, Pr7 T ,Uj‘_,—ﬂT‘ Dy.7 + h.c.
+ tpd Z p:i,'.‘,w i di — p"','._,_-r/,r. &, + /:L_,-'_,,-”:I,.- - ,uj',_,_-rl,:. a, + h.c.

Gap opéns after breaking T taa = tpa = tpp =1

Hy =S idp! py.r— i) por by = ﬁ A=28

.

®© ©® ©®

®—©®©®
® ®

®®© ®
®®©®©
®
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Topological flat band model &

A three band model with quadratic band touching

Hy = -ty E t/:,r/,.-,,,-l - r/:r_.rf,-_,,-w - h.c.
&
i .i. i .
+fi”$”§ :!)J'.r_"+r7,ij"""+ _‘ "'-_‘_h( _’II : :I r.r4a, Pz, iil+-7,1,*!--".+h'(’
r
i l
L {;u.f E f*",.‘,_-+_”" f/r" - !J.,-_,-“ln'"'rf, + [)”,_’r +a, I’I - ‘”-‘,f P [,-‘. a, T h.c.
e

Gap opens after breaking T taa = tpa = tpp =1

) / — Pr X — 98
=St - bt e e g A2

® ® ® © —t o C=1

& ©® & @
& & O O ©=
& & & 6 o=
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Topological flat band model #

A three band model with quadratic band touching

Hy = -ty E '/;:f/;-'-u', . r/;_.rf,-_,,-w - h.e.
’_.'
§ i ] , / z : i i .
Ll f!’!’ Pr..f_"+rT,P-"-"‘_+—[)!!-r_’—-—rT‘_‘}}'l’-"-_‘_ h.c. - fl’n“ Ij.r.f"—hT,,P*l"“_F‘“i;.;"—o—-T,p*!-f'.+ h'('
I P
i ‘P i .;. .
+ tpd E Py v, A — Py irtva, + [)”J.___”.”ff,. - p”.,,rl,..,,w + h.c.
’—.'

Gap opens after breaking T taa = tpa = tpp =1

. ' ¢ e ! sf— — IR
Hy =) iAp, iy.r = iAD, a7 S A a=23

.

r

®© ©® ©®

@ ®© ®

®© @
®—©—@®
®—©©®
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Topological flat band model #

A three band model with quadratic band touching

Hy = f,;,;Z:/:,:/,r,,,'l - r/:r_.rf,-.,,'w - h.e.

’_.'
E ' T ] , / § ' { \
4 fm, Py i+, Dy 7+ [;H.F*Ju}}”_‘, + h.c. — fl'.“ P.r-.r*+.?,_,f’f‘-" -+ 1“;;.?+-T, Py.7 T h.c.
i r

¥ i f i |
+ tpd Py ivi. di — p, dr+a, + p”_’..__”.”rl,. — [J”J,r[,, +a, + h.c.
J'—'.

Gap opens after breaking T tda = tpd =1

. ' d N o L O Q
H, = Z J.A/)‘:‘_,‘-[}”_,,- ,A[}:,_,-‘[}J'.r’ /M' = T X A =928

.

r

®© ©® ©®

@& ®©®

®© @
®©©@®
®—©®©@®
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Edge modes on cylinder
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Edge modes on cylinder

- 0 b4

Flatness ratio
= band gap/band width =20

Pirsa: 11110079 Page 44/62



Edge modes on cylinder

- 0 b4

Flatness ratio
= band gap/band width =20

Possible realizations

« Cold atoms in optical lattice

« Imaginary hopping can be realized by rotating lattice,

spin orbit coupling or anisotropic p-band Feshbach
resonance
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A two band model #

Hy = —/Z (c f,+/z( Z f” ¢ ( i + h.c.) — t" Z (r'jr‘.,+/l.('.)
(((2,9)))

o o
, ' , v - / \/_
R 2 I ty = —th =1/(2+ v2)

o ,. ‘. ¢ =m/4

v 0
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A two band model

o o
. ® ® 1 —
o e
o & ®
@ o o 0 -

Chern number = 1,-1 for
two bands

Flatness ratio = 30
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A two band model #
Hy = —t Z ¢ “"’(('j({, + h.c.) — Z f:‘,[('j-"‘;' + h.c.) = t" Z ("j"./ + h.c.)
(i.7) ((i,9)) (((i,3)))

® o
0 — — I/ \/_
o ® ®
% o t, = —th =1/(2+ v2)
® Was Wat ¢ =m/4
. ® dl 0

—

Chern number = 1,-1 for
two bands X
Flatness ratio = 30 \ /

Edge modes on cylinder
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Fractional quantum hall effect‘(%ﬁn
the absence of magnetic field

FQHE appear after turning
on interactions

H=-H)+ ('Z nin; +V Z nin;
i,]

i.7))

A N=24
6 ..@-N=30 (@)
@ - N=36 FL ®
4t e
o
— o
e 2 e T o %
2 8 % 3FQH
8 0B N . N
- A N=30 b
Z P .8 Nt (b)
< Q- N=50
> 15 v N=60 1/5FQH
o FLg'-,g, ----- | A s A

U(NN repulsion)
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V(NNN repulsion)

Fractional quantum hall effectin

P

the absence of magnetic field

FQHE appear after turning
on interactions

H=-Ho+UY nn;+V Y nmn,
1,7 (

t.7))

A N=24
6 ..@ N=30 (a)
@ - N=36 FL s
4t a
o
: .
R
0 B N A N M N
A N=30
T (b)
0 N=50
15. Vv N=60 1/5FQH
OFL‘;"%,....,Q; ......  IETTTIRP
0 1 2 3 4 5

U(NN repulsion)

(a) v=1/3,V=0,N=48

0.08 6.8 g pe\ ® o peo m
I...- o Ma \./ M By
0.04¢/ | |
/ / /| —m-u=1
- 000! - " - m - " - m - "
= A A
* 0.02 A A AAA WA A ada
= Ad A 'Y Ada
A A
' A U=0.2
0.00k— . R —
P oo Pe%e o
0.04 | ¥ o® © 0g04 00000 ©
/ @-U=0
oooh®=0, 1t 2 [ 3 4 5

(b) v=1/5,U=1,N=60

. p® Bg g Bg g@ 6B gt Bg pf Bg]
001F \/ ® \/ &\ ‘-‘" o« \/ "
- 0.00 y mmr—
x_ﬂ O.OOShAA AAAAA A A A, A AAAAA A
=, 0,000/ s X T X 8
w = -0 V=0
0.01 II.°°.... ;P°°oo°oo°°o 00 oo 00%0400
0.00L K20 1 2 3 4|
0 6 12 18 24 30
kx+N:ky
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oW
BTN

Confirmed by Chern number

e e | O
o=0=— df,df; —
/’ J) J0) 271'! ()(}3

oW OV
a0, 00,

8.85 ' '
(a)
1257 b U=1,V=2, FL )
6 28 [ U=1,v=0, 1/3 FQHE
2 [ 4
© -
& |T|" 1
E‘ 0 | 3
8 | | I I
- 2 (b) ’
5 |
- 0 |em—— U=1, V=05, 1/5 FQHE -
5]
12.57
18.85

Nlot

Nmesh /
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oW
D0

Confirmed by Chern number

(_'._’ 27 2 l O
O=0= = (l(h(l{)-_y -
/’ JO J0) 27?! ()(}3

oW OV
a0, 00,

885 [ a) ' T Stable at strong interaction
1257 | U=1,V=2, FL ]
o 6.28 |- “' U=1,V=0, 1/3 FQHE
8 fF
I = I —— - [———
e El’l l
§ 0 | *
S_E 628 F (b) 1 T T T
- 0 [mem——— U=1, V=05, 1/5 FQHE -
6.28
12.57
-18.85
0
Nmesh / Niot

1/5 filling factor
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Bosonic FQHE

(a) V=0, V,=0, $*(q) (b) V,=8, V,=2, $"8(q) (c) Vy=4, V=4, $™(q)
. . 0.6 0.6 1.5
Filling factor 1/2 06 H 06 E !
0.3 0.3 1
0.3 03F / . . _ 0.5
/ u 4 - U
(d) CB, E4-E, 0 )0 OIS o ey
1 ' 1 1
06 0 1 ‘0 (:_ n ° 1 0 g~'R 0 1 ‘0 Q-'R
q/r 2 q,n 2 q/n 2
05
. 1) V=V
Od (@) & (nH = 2
L]
=" 0.3 i . . .
.
L} - )
0.2 - . .
L ] 4
0.1 ‘ N a
0 [';%u'"-'l ] ° 3
0 2 4 6 8 10
Vi
0 (c)CB, V,=0.0, V,=0.0 (d) CB, V,=0.4, V,=0.4
OT' T T T T OT T T T T
0.6 | 0.6
0.5 | 0.5
(C o > NP—
04| 0.4 ©
e-o—>o
0.3} 0.3
Gl BBy I T
02F E'I_E1 4102 F E'_E1 91
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Bosonic FQHE
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Non-Abelian State

Generalized Haldane model
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Quasihole
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(a) U=0.0, V=0.2, NA (b) (kq,ko)=(1,1) (€) (kq.ko)=(2,0)
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f
Summary and outlook

* Topological flat band models are constructed
based on the quadratic touching mechanism.

= FQHE is observed after turning on interactions.

* Possible realization in optical lattice.

= v=1 bosonic Non-abelian state.

» Can be realized at room temperature!
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Summary and outlook

* Topological flat band models are constructed
based on the quadratic touching mechanism.

= FQHE is observed after turning on interactions.

* Possible realization in optical lattice.
* v=1 bosonic Non-abelian state.
* Mechanism.(Varational wave functions.)

» Can be realized at room temperature!
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