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Abstract: General relativity is a covariant theory of two transverse, traceless graviton degrees of freedom. According to a theorem of H
Kuchar, and Teitelboim, modifications of general relativity must either introduce new degrees of freedom or violate the principle of ge
covariance. In my talk, I will discuss modifications of general relativity that retain the same number of gravitational degrees of freedom
therefore explicitly break general covariance. Motivated by cosmology, the modifications of interest maintain spatial covariance. Dema
consistency of the theory forces the physical Hamiltonian density to obey an analogue of the renormalization group equation, which enco
invariance of the theory under flow through the space of conformally equivalent spatial metrics.
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Why modify gravity”
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Cosmic Acceleration

Saul Perlmutter, Brian P. Schmidt, Adam G. Riess

“for the discovery of the accelerating expansion of the
Universe through observations of distant supernovae”
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Cosmological Constant Problems
Expectation Apparent; Reality.

PA R prl PA N (meV)4 ~ 10_120M§1

@ Cosmological Constant Problem - Why is /1 so small?
o Cancellation of zero-point energies requires extreme finc-funing

o Weinbergs 1o~ Co” Theorem: Cannot relax dynamically to /1 ~ U

S. Weinberg, Rev.Mod.Phys. 61 (1989) 1-23

@ Coincidence Problem - Why is the dark energy density
comparable to the present matter density?

o Weinbergs second "No-Go” Theorem: Cannot relax to /)1
today without extreme fine-tuning s weinberg, astro-ph 0005265
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Common Modifications

o Scalar Tensor, f(R), higher order invariants

o Massive gravity
Braneworld scenarios: DGP, Cascading gravity
Ghost condensation
Galileons, Chameleons, Symmetrons

and many more!
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Common Modifications

o Scalar Tensor, f(R), higher order invariants

o Massive gravity

o Braneworld scenarios: DGP, Cascading gravity
Ghost condensation
Galileons, Chameleons, Symmetrons

and many more!

~emu . v —

Each oF these proposals adds
W deqarees rj_.‘r‘i' H, eeaom 'l'O GR

Pirsa: 11110077 Page 7/78




Degrees of Freedom

Field theories have infinite degrees of freedom, but finitely many
local degrees of freedom, which count particle polarization states

A real scalar field has o1, a massless vector field has ', etc.

GR has w0 degrees of freedom: the polarizations of the
transverse, traceless ¢ ovifon

Common modifications introduce new particles or polarizations: for
example, a massive graviton would have fve polarizations
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Degrees of Freedom

Field theories have infinite degrees of freedom, but finitely many
local degrees of freedom, which count particle polarization states

A real scalar field has 11, a massless vector field has [, etc.

GR has 'wo degrees of freedom: the polarizations of the
transverse, traceless ¢ aviton

Common modifications introduce new particles or polarizations: for
example, a massive graviton would have ve polarizations

S v S—

Could General Relativity be modified
wit new degrees of freedom?
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Can we modify the behavior of
the transverse, fraceless graviton?
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Uniqueness Theorem

S. Weinberg
o Weinbergs Theorem: GR is the unigue  PhysRev. 138 (1965) B988-B1002

Lorentz covariant theory of an o ia

interacting massless spin-2 particle Gen. Rel. Grav. 1 (1970) 9-18
gr-qc/0411023

5 Lorentz covariant modifications of GR
intfroduce new degrees ofifreedom
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Uniqueness Theorem

S. Weinberg
o Weinberg’s Theorem: GR is the unique  PhysRev. 138 (1965) 8988-81002

Lorentz covariant theory of an NVl

interacting massless spin-2 particle Gen. Rel. Grav. 1 (1970) 9-18
gr-qc/0411023

Lorentz covariant modifications of GR
introduce new degrees ofiireedom

o In particular, theories that break Lorentz symmetry
spontaneously (e.g., ghost condensation) always
introduce new degrees of freedom

o The additional degrees of freedom manifest as
massless Goldstone bosons in the broken phase
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Modifying the Graviton

@ Lorentz covariant modifications of GR introduce
1w degrees of freedom, but we havent seen any

@ To modify the behavior of the graviton withou
new degrees of freedom, what must we do?
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Breaking Covariance

Lorentz covariance is a very well-motivated assumption, but...

Is #the ﬁifirih'f"'i,\_rfi"‘ﬁ ational secior

L")
2
]

lLorentztcovariant

Hard to experimentally v~/ "/ the Lorentz covariance of the
graviton S-matrix - same problem arises in /1-u/ 110 physics

Might be useful to know what deviations from Lorentz
covariance would look like cosmologically

Given the mystery of dark energy, we may need to revi~i* *--
assumption of spacetime symmetry
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Cosmic Rest Frame

—

gohn €. Mather, George F. Smoot
covery of the blackbody form and anisotropy

of the cosmic microwave background radiation”

Spontaneous or Explicit Symmetry Breaking?
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Careful Breaking

o We will break explicit Lorentz symmetry

o We will preserve explicit <po'/0/ symmetry

Caution: Breaking a symmetry can introduce new
degrees of freedom, or render the theory inconsistent

o To analyze symmetries and count degrees of freedom consistently,
we will use constrained! field theory

o To avoid new degrees of freedom, we must preserve the balance
between the size of phase space and the number of constraints
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Roadmap

In canonical form, GR is a theory of a spatial metric h /, (which has
-1« components) subject to (0. spacetime gauge symmetries

6—4="

For theories of a spatial metric, relaxing /011 spacetime symmetries to

hree spatial symmetries introduces a new graviton polarization
e.g., P. Horava
6—-—3=3 Phys. Rev. D 79 (2009) 084008
0901.3775

Instead, consider theories of a unii-cdeferminan’ spatial metric i,
(which has five components) subject to (112c spatial gauge symmetries

5 — g =2

In a particular gauge, general relativity can be cast in this form!

Page 17/78




Pirsa: 11110077

Canonical Field Theory
S = /dtL: /dtd%ﬁ(@,q’bi)

Gonjugatre

Canonical Action Momentum

5L
O,

Poisson Brackel

& ; 0A oB 0A oB
{4, BY = / &’z (54,1.(;,;) omi(x)  omi(x) 5¢i(:F))

Equation of Motion Hamiltonian
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Constrained Field Theory

s = [ atas (widi = Agin) =200 (57 )
: Lagrange Multripliers —T L Gonstraints

L
Constraints | ', define a surface in ' wa(ﬁbis ™ ) =0

i
phase space, the consiraint surface ™
A

We introduce the symbol - to denote \
“equality on the constraint surface”
or weak equality

H = /('13:1: (7—2 + /\”’w{,‘) ~ / 3o
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Constraint Classes

o Constraints | split into two classes
o First class constraints U/ 4

o Second class constraints | .U

{Ua,Ug} = [5;Uc ~0
{UAv VM} = .(:"'I‘\ U")bc ~ 0 7/

{Vm,Vn} = Crynie 0

P.A.M. Dirac

o First class constraints generate qauge symmeiries
@ Second class constraints are gauge-fixing constraints

o As we will see, GR contains only first class constraints
- in other words, GR is a gauge theory

Page 20/78




Pirsa: 11110077 Page 21/78




Pirsa: 11110077

Maxwell Theory

1
S=9 / d*z F,, F* F,.,=0,A,-0,A,

pace=lime: Split

m l_ Only | is dynamical
S=fdtd3:t: l(A 3A0) _Lp g
2 4 4

Canonical Momentum Legendre [ransrorm
! b i Bray
= =L = A, 2 8,4 it bl ©

0A;
/ | |

—F,; H = §7T£7T,j — ZF;;J'FE'J' e ﬂ'iaiA()
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Canonical E&M

o | 1 m :
e ’H'zAz' —H Hass 571'%7'!'-,; -~ ZEjFU +7T1'6?;A0

s ¢ 1 2 :
S = /dtdBiL‘ (’R‘ZA,; = %ﬂ't’ﬂ'i + ZFijF” = 7r"6,-A0)

Iniegrare by parts, drop-boundary’ rerm J
1
s ='[ arats ( A = —7r i+ < Fy P 4 Aoam*)

| 1

lois al agrange multiplier enforcing Gausss Law: ra.,;'rr"‘ ~ 0

Poisson BracKe

AR e H e D
10, D= '/d & ((’5/1,(.17) om'(x) Omi(x) 5-4:'(-"))
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E&M Constraint Algebra

One Constraint EirsT Glass

F'= o;r* {I'(z),I(y)} =0

-3 U(l) gauge symmetry
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E&M Constraint Algebra

One Constraint EirsT Class

= o;n* {I'(z),T(y)} =0

-3 U(l) gauge symmetry

Radiation/Coulomb Gauge

Gauae-hxina Constraini Both Constraints Second Class
J )

X = 0 A° {x(2),T(¥)} = 04:0,:6°(x —y) = 0

——3 No residual gauge symmetry
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ADM Action for GR
Einstein=HilbertAction
S = / d4m\/—_g(R(4) —2A)
ds? =g, doitda

— N2dt“"+ 1, (d:c + N'dt)dz’ + N dt)
L ArnowitTt-Deser-Misner

pecomp osition

S = / dt d*z NVh (K*’J‘Kij —K*+RW® — 2A)

Extrinsic Curvature

' '—> Only /1. . is dynamical
I\-'J. = N : (h,‘_; o v'a ‘,'\‘TJ — v_‘, IV.‘;) 4 ¢ Y
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Canonical Action for GR

e — 5.L =\/E(Kij—hin)

ij

y 0B
(SW"”'(-:) dh-mn (:)
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GR Constraint Algebra

After much labor, one can show that

{Ho(=), Ho)} = H'(2)85:0°(z — y) — H' (4)0y:6°(z — y)
{Ho(@), Hi(y)} = Ho(y) 0 0% (@ — y)
{H

‘T")v H ( )} ~ /_, 8:!: 53($ 8 y) ool rr';'(y)ayj(szs(:c r y)
This algebra is first class, i.e.,
Hy~0 P {Hy(z),Ho(y)}~0 B8
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What is the gauge symmef, 2
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General Covariance

o The /{,s generate the deformations of a ¢ Tattalboim

spacelike hypersurface‘in @ Riemannian spacetime’ Annals Phys. 79 (1973) 542-557

@ This “‘E"‘Hc‘i—'d covariance GIQEer encodes the
local Lorentz covariance of a canonical action

o GR |S fhe U - minimal \"-"‘;Ii'i \"'.’-‘E!il’fiifiw‘-; fhiS S. Hojman, K. Kuchar, C. Teitelboim
result complements Weinbergs Theorem SISO, AAIRIS) 88-135
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Equation of Motion
Consistency of constraints with equations of motion requires

H = /d%N”’H“ ~0

. OA
A=y 1A H)
Bt (ratige Redundancy
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Degrees of Freedom

o Phase Space: (h;j, )

@ Constraints: H,

@ Arbitrary Functions to be gauge-fixed: N*

6 hijs+ 61’5 -47, 54 NS
= 4 canonical degrees of freedom

'wo real degrees of freedom: the polarizations
of the transverse, traceless graviton

To avoid new degrees of freedom, we must preserve the balance
between the size of phase space and the number of constraini
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Examples

@ Ultralocal Limit of GR

- Neglect spatial derivatives in '/

D. Salopek
Phys. Rev. D 43 (1991) 3214-3233

- Same phase space, number of constraints as GR

{Hy (.’L‘),Ju(’y)} 0 €«——— Abelian Time Transiation
{Ho(x), M, (y)}— Ho(y)0ai 6% (@ — y)
{7

Hila), 1 ()} = H,(2)82:8°(x = y) = Hi(4)0y:8(z — )

Preseryes Spatial Govariance

@ “Covariant” Horava-Lifshitz Gravity

- Larger phase space, more constraints than GR R

‘-w MMIbvlh«npw
u n 2 (2010} 064027

- Obeys "non-relativistic covariance algebra” P Horava, €550
Phys. Rev. ©
analogous to algebra of ultralocal GR 103?2“5
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Modifying the Graviton

The Hamiltonian Constraint

o Ideally, one would like to solve the constraints '/ , modify the
equations of motion on the /v cil phase space of the graviton

o In general, cannot solve the Hamiltonian constraint '/

o This is an obstacle to canonical uarnium gravity
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Modifying the Graviton

The Hamiltonian Constraint

Ideally, one would like to solve the constraints '/, modify the
equations of motion on the /v cil phase space of the graviton

In general, cannot solve the Hamiltonian constraint '/

This is an obstacle to canonical i um qravity

Our Approach

Solve Hamiltonian constraint in a cosmologically motivated gauge,
reduce size of phase space, retain momentum constraints //

Modify the ensuing spatially covariant theory
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Flat FRW Meftric

ds? = —dt* + a(t __)dijdﬂ?idxj Higup =

"Phase space” is (a, Hyup)

Scale tactor is analogous to a canonical coordinaie
Hubble parameler is analogous to a canonical 11iomenfum
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Flat FRW Meftric

ds® = —dt* + a”(1 rdzjd:z:?’d:vJ Hyw =

"Phase space” is (a, Hyup)

Scale factor is analogous to a canonical coordinale
Hubble parameie: is analogous to a canonical omentum

N =1 N =90

vVh = a® =60 Hpu

Conformal part of spatial metric is conjugate
to the frace of the momentum tensor
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Conformal part of: spafial metric is conjugate
to the trace of the momer*um tensor
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Conformal Decomposition

Split spatial metric h ., info a volume
factor (. and a unit-determinant metric // |

f.,‘t_’;'t'i{'a‘)'i'r|'1(.1.[_ Wi \/E ; d 27’(2,’;
Phase Space Sw
Unit=Determinant

detz’f,_,=1 hz'j.l”=0
Phase Space '

- 7T 1 e
N e 1/3
WY = e — N AT, W
w?/3 2 v

e et

(h.,jj,ﬂ'i‘j) i (w,ﬂ'w) y (il”,ﬁ'u)

This decomposition is completely general
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Conformal Decomposition

Split spatial metric // ., info a volume
factor () and a unit-determinant metric // i

contormal
Phase Space
Unit=Determifant

Phase Space

(hU y ﬂ'”) v e (DJ, ﬂ'w) . (i".]? ﬁ'U)

This decomposition is completely general
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Cosmological Gauge

o Use ' as our clock; valid about an FRW
background, where ' evolves monotonically

X Ew — w(t)

o Impose ' || with a Lagrange multiplier

{x,Ho} =0 -—) X, Ho are secorid, class

o The second class property allows us to solve for
the corresponding Lagrange multipliers '\ and

o Gauge-fixing constraint \ eliminates arbitrary
function /\/, preserves counting of DOF
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o The second cl

the correspondiné Lngmngjeﬁlﬁﬁlﬂplie_l_'s N and A

© Gauge-fixing constraint X eliminates arbitrary
function )\, preserves counting of DOF

Pirsa: 11110077
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Phase Space Reduction

By taking a square root, we can
solve ', ~ || to obtain 1

7r”7r13
TGR = f\/ - ;2—/5 + 2A
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Phase Space Reduction

By taking a square root, we can
solve #{y ~ 0 to obtain 7y ~ TCR

7!'”71'13
QR = —\/‘\/ - m + 2A

1N Hl

(hijsm -)/('Ho, X) —> (w,ﬂw)’(;]/ij’ﬁm)
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Spatially Covariant GR

-~

N*s are Lagrange multipliers enforeing | #; ~ 0

0A

A=
ap .

{A, H} H= /ds-’ff (—fiin -+Ni7:2-::)

Physical Hamiltonian Density -—T

g 5 ); GA &
{A, B} = /(1-‘.: ( 2 e o =
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{A'B}E]ds:( GA 8B A 5B
Jhmn(z) J-j-'rm“(:) Jﬁ-mn(z) Eflmn (Z))

Pirsa: 11110077 Page 49/78




Degrees of Freedom
@ Phase Space: (ilij,ﬁ'ij )
o First Class Constraints: H; {{H;(z),H;(y)} ~0

@ Arbitrary Functions: N’

5hj$+579§=3MH;8-3N"S
= 4 canonical degrees of freedom

Counting depends solcly on

o Size of phase space

o First class constraint structure
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Modified Gravity

o Modify the physical Hamiltonian density on the reduced phase
space /,, , "/

o Focus on /', the scalar part of the physical Hamiltonian density

o To represent spatial covariance and preserve counting of degrees of
freedom, we demand two conditions:

(), A ()} ~ 0 |

(Spatially covariant GR satisfies both)
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Modified Gravity

o Modify the physical Hamiltonian density on the reduced phase
space /, , wJ

o Focus on /', the scalar part of the physical Hamiltonian density

o To represent spatial covariance and preserve counting of degrees of
freedom, we demand two conditions:

First Class /“\|'.§ga-i|‘.\-t'(.i Cons ncy.

{ﬁi(m),ﬁjiy)} ':_0_] m

(Spatially covariant GR satisfies both)

What freedom is there to modify 7. ?
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Gradient Expansion

@ Expand in powers of spatial derivatives
Tw = AGH 71'1(6@') -+ 71'2(6'563') ) o A

@ Aside from the momentum constraints '/, ,
there are no vector quantities, so /1| vanishes

@ Taking only the lowest order term yields @
ultralocal theory of gravity
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Ultralocal Gravity

cf. Salopek

@ Assume . contfains no spatial derivatives;
this is a long-wavelength, deep i1/ arcd limit
in which gravitons have only “i1i=/ic energy

@ Preserve form of momentum constraints

Hi = —2hi; Vsl — WV,

@ Most general . is an arbitrary function of
time / and the scalars (/1)
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Computing the Algebra

lensor par E

o < S = Ji T K4
o ——2h,;jvkﬂ'7k : }C

i = —wVm,

o Variations of / , | involve spatial derivatives acting on
the field variations, complicating the Poisson brackets

o To compute Poisson brackets, introduce the smoothing
functions / (', 7 (1], and compute Poisson brackets of the

smoothing functionals

Fj= /(is:rfi._’fi Fig = /dsﬂrfilc,-

Gy = / d*y g* T, Gk = / d®y ¢" K,

o Derive distributional identities, i.e., identities which hold
“for all | g“(y)“

’

Page 57/78



Pirsa: 11110077 Page 58/78



Pirsa: 11110077 Page 59/78



Pirsa: 11110077 Page 60/78



Pirsa: 11110077 Page 61/78



Pirsa: 11110077 Page 62/78



Pirsa: 11110077 Page 63/78



Pirsa: 11110077 Page 64/78



Pirsa: 11110077 Page 65/78



Pirsa: 11110077 Page 66/78



Pirsa: 11110077 Page 67/78



Pirsa: 11110077 Page 68/78



Pirsa: 11110077 Page 69/78



Pirsa: 11110077 Page 70/78



Pirsa: 11110077 Page 71/78



Pirsa: 11110077 Page 72/78



Pirsa: 11110077 Page 73/78



Pirsa: 11110077 Page 74/78



Pirsa: 11110077 Page 75/78



Pirsa: 11110077 Page 76/78



Pirsa: 11110077 Page 77/78



Pirsa: 11110077 Page 78/78



