Title: Scale Without Conformal Invariance
Date: Nov 29, 2011 12:30 PM
URL: http://pirsa.org/11110064

Abstract: We investigate the theoretical implications of scale without conformal invariance in quantum field theory. We argue that the RG flo
such theories correspond to recurrent behaviors, i.e. limit cycles or ergodicity. We discuss the implications for the a-theorem and sho
dilatation generators do generate dilatations. Finally, we discuss possible well-behaved non-conformal scale-invariant examples.
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Historical review
00

Scale and conformal invariance in two dimensions

Does scale invariance imply conformal invariance 7

@ Polchinski following Zamolodchikov Polchinski (1988) &
Zamolodchikov (1986)

- Unitarity

- Finiteness of EM tensor correlation functions
Scale invariance implies conformal invariance from
conservation of EM tensor

“Counter’ examples

@ Non-linear & model Hull, Townsend (1986)

- Non-existence of EM tensor two-point correlation functions

@ Theory of elasticity Cardy, Riva (2005)

- Non-reflection-positive

Scale invariance implies conformal invariance
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Scale and conformal invariance in d > 2 dimensions

Does scale invariance imply conformal invariance 7

@ No proof a /a Polchinski

- Conservation of EM tensor = Not enough information
Scale invariance does not necessarily imply conformal
invariance

No interesting counterexamples

o AdS/CFT Kerr-AdS black holes in d = 5.7 dimensions Awad,

Johnson (1999)
- Conformal invariance broken to scale invariance by black hole
rotation
@ Maxwell theory in d # 4 dimensions Jackiw, Pi (2011) &
El-Showk, Nakayama, Rychkov (2011)

- Free tield theory
- Scale invariance broken by interactions
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Scale and conformal invariance in d > 2 dimensions

Does scale invariance imply conformal invariance 7

@ No proof a /a Polchinski

- Conservation of EM tensor = Not enough information
Scale invariance does not necessarily imply conformal
invariance

No interesting counterexamples

@ AdS/CFT Kerr-AdS black holes in d = 5.7 dimensions Awad,

Johnson (1999)
- Conformal invariance broken to scale invariance by black hole
rotation
@ Maxwell theory in d # 4 dimensions Jackiw, Pi (2011) &
El-Showk, Nakayama, Rychkov (2011)

- Free field theory
- Scale invariance broken by interactions

Page 8/57



Pirsa: 11110064

Historical review
ooe

Study of non-conformal scale-invariant QFTs

Scale invariance does not necessarily imply conformal invariance
but no proper counterexamples = Possible proof !
@ Without proper counterexamples

- Physical implications of non-conformal scale-invariant QF Ts

(correlation functions in non-conformal scale-invariant QFTs
versus CFTs 7)

@ With proper counterexamples

- Scale invariance conditions weaker than conformal invariance
conditions (plentiful examples 7)

Uncharted territory !

Page 9/57



Outline

O S

o
o
°
°
o
o
S
o
o
o

Q

Pirsa: 11110064

€ Historical review

cale versus conformal invariance

Preliminaries

Scale invariance and new improved energy-momentum tensor
RG flows along scale-invariant trajectories

Scale invariance and recurrent behaviors

Scale invariance, gradient flows and a-theorem

Why dilatation generators generate dilatations

cale-invariant trajectories
Polchinski—Dorigoni—Rychkov argument
Systematic approach
Scheme-dependence of 3-functions
Examples

@ Discussion and conclusion

Features and future work
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Preliminaries (d > 2)

@ Dilatation current Polchinski (1988)
DH(x) = x"T,"(x) — V*(x)

I

T,"(x) any symmetric EM tensor following from spacetime
nature of scale transformations

V" (x) local operator (virial current) contributing to scale
dimensions of fields

Freedom in choice of T, /(x) compensated by freedom in

choice of V#(x)

e Scale invariance = T,"(x) = 0, V" (x)
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@ Conformal current Polchinski (19
- CE(x) = V) T (x) = 0 - vV (x) + 0,0 - v(x)L" (x)

! 1

- T ,"(x) any symmetric EM tensor following from spacetime

1

nature of conformal transformations

V'1(x) local operator corresponding to ambiguity in choice of
dilatation current

L""(x) local symmetric operator correcting position
dependence of scale factor

() - v(x) scale factor (general linear function of x/)

Freedom in choice of T,/ (x) compensated by freedom in

choice of V'#(x) and L""(x)

e Conformal invariance = T,/ (x) = O V(X)) = 9,0, L (x)

@ Conformal invariance = Existence of symmetric traceless
energy-momentum tensor
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Scale without conformal invariance

Non-conformal scale-invariant QFTs Polchinski (1988)
@ Scale invariance = T,/ (x) = 0, V/"(x)
e Conformal invariance = T, (x) = J,0,L""(x)

Scale without conformal invariance

d, VH(x) where V#(x) # J*(x) + 0, L"*(x) with
0

Constraints on possible virial current candidates

- Gauge-invariant spatial integral
- Fixed d — 1 scale dimension in d spacetime dimensions

No suitable virial current = Scale invariance implies
conformal invariance (examples: P in d = n — ¢ for

(p.n) =(6.3).(4.4) and (3.6))
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Virial current candidates

Most general classically scale-invariant renormalizable theory in
d = 4 spacetime dimensions Jack, Osborn (1985)

1
L=—pu""2Zag L FA FA 4 Z;bZ;c‘Dﬂ‘f’bDﬂ”C

jLr’

1.1
1 1 =r5* =% Tr. g
122" 22 7i6" Dok — 3227 23 Dy it

4[1’ ("\Z )abcd‘i"af’b(.')cf.')d

é/’;(yz'v)ﬂ\ff“?*l""‘J' o é (yzv)alu“ it J

Af}(x) gauge fields
¢a(x) real scalar fields

(' (x) Weyl fermions

!

Dimensional regularization (d = 4 — ¢)
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Virial current candidates

Most general classically scale-invariant renormalizable theory in
d = 4 spacetime dimensions Jack, Osborn (1985)

1
L = /(_fZ 1 FA FA!”) Z}!)ZL;CDII‘-"’!)DN(’C

jLr’

L 1, 1
1 FET Fa ol et R - -l o=t
BZU' Z,-k(j“"' D;,( k EZU Z,:;(D/f(j"ﬂ l

L o A §oog
411 (’\Z )abcd‘-”af’b‘.)cf.')d

e (V2 Yagoatnty — bt (2 Vyyoaiol

Af}(x) gauge fields

Virfal current candi
: Mase genral clussic I|y il 81V In rw alizable theory in
( )J(X) real Scalar f|e|d5 o 4 spncatime clmanslons Jack, Gabar (1965)
Lom—ji z,,wﬂm \Jz* 3 Dy Bl
12) zd i me
) J,,.'[,\z*

(" (x) Weyl fermions e

!
o Al(x) gaugo fialds
@ 0} real sealar fielda

Dimensional regularization (d = 4 — ¢) o W i

w Dimensional rogularization (d = 4 =)
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Virial current candidates and new improved EM tensor

@ Virial current V¥ (x) = Qappa DV o — Pij1iiat ),

J
- Qb;} — _QJKJ
p* = —P;

Ji

e New improved energy-momentum tensor ©,/'(x) Callan,
Coleman, Jackiw (1970)

- Finite
- Not renormalized
- Anomalous trace Robertson (1991)

/1 _ /3a A A P 2 .
@f, (X) = 2g3 F,w» F + ~ag Do,
— "_-,:n’-l ',‘Ilf_T“ DI" i == Yt D;:( ',‘!.('_T“( i
1l (2 - .
— 31 (".1!)('(/ — [a’a Aa’bed — Yb'bAab’ cd

— Te'c "\J[J(”’(f — Td'd '\.:bcfd’ )(-’Jf-’b‘ leWd

1r 2 - - - y.q/y
— 2(.)‘)“]' — :'J’é'-'y‘)’lfj — ‘,!'f"y']“;lj‘ — '.jf}'y‘)“jr)()‘}( it J -+ hC
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Virial current candidates and new improved EM tensor

T )y
P,‘j( ,I(T" zj

@ Virial current V¥ (x) = Qap0a D' Op —

- Qb;} — _QJb
Pt = —P;

Ji

o New improved energy-momentum tensor ©,/'(x) Callan,
Coleman, Jackiw (1970)

- Finite
- Not renormalized
- Anomalous trace Robertson (1991)

IA A At = 2 .
2g3 F,w» F + Yaa’ D=da04
=5A

0,/ (x) =

Virial current candidates and new improved EM tensor — " ;’ ’ l ',. ’l('_r!" D}: l ‘f.’ _+_ --J ”.f D { -’_ !'(-_,-.“ l "',r

w Virlal edrrant, VI (X) = Qautn DIy = Pyl

1

Qi = =0 1 > ~ "
e 41 ( Pabed — “Ja’a f\J”bc'd’ — Jb’b A ab’cd
o New Improved anurgy-momentum tensor @ (x) Callan L
Colwrman, Jackiv (LU70) \ \
R — “fc'cNabc’'d — "/d’dNabcd’ )( 2a@PbPcld

- Anomaloun trage  Roberson (1901)

1 ) - - - v ly.
T ’)(')J|fj — J't?’¢')y.)’]fj' - rf"fy.1|;"j — .'j’jy‘)\;j’)”.;f iUy + h.c.

8,0(x) =

T abed
=l Ml ) g o)

= Rt = Tt = e = oAt e o s
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@ J-functions from vertex corrections and wavefunction
renormalizations (d = 4 spacetime dimensions)

- RG time t = In(p0/pt)

dg;
Ba = — L. ~“AgAa (no sum)
dt

3 df\‘?b((l
abed — —
dt
~ A - - - -
- (/\ ! )Jbrfl * .‘J’J’\.!" bed T+ 7 b’b/\)b’c'd F Velc f\.}br"rf = Yd'd f\.)b( o’

AYals W s s ¢ ey ey o S ki
Jalij o dt 7(}/ / )J|U o fa’aYa'|if T [i*iYa|i’j T Vj'iYalij
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@ Divergence of dilatation current
) Ty &) A CApvr 2
‘);:p’ (X) 72;:; F/,,/F Hr } (ﬂ:‘m’ T QJJ’)D Wy
— (";,'.f,' e Pj",‘)‘ .!_!'(-—Tji Dj“, i+ (,.:”_, s P”., )DJ’ ! ‘,-ff_T“ U
1 ) " =
Y (-).;bc'd — Ya'aNa’bed — Vb bAab’cd
— c."c'f\.)bc"’d — H_rff’fif'\Jb(_'(J” )”J‘ Yo (e (e

1 ) - - - vealys
- '_3(')‘)|ij — Ya'a¥a'|ij — YVitiYa|i'j — -'j'jydw’)”df vy h.c.

e Conserved dilatation current 0, D" (x) = 0 (up to EOMs)
‘),/—\ = 0
'{abc.‘d — _Q.'-?’af\a’bc.‘d - Qb’b'\ab’c.‘c/ - Qc."c’\abc’d - Qd’d/\abcd’

'f;alfj — _Qa’ay;a’hj - Pi’iya“’j - IDj’jya i

@ Conserved conformal current 0,C/(x) = 0 (up to EOMs)

‘iA =5 'fabcd = ‘fa|fj =0
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@ Divergence of dilatation current

“).”'DF(X) = 1A F/ﬁ FAI” } (-‘:JJ’

)
t QJJ’ )D_‘ 1Yy
= ("-';'.’,i _| P‘;‘r,-)f .I_!'(-—Tji Dj“, i+ («-:H, i P,‘," )DJ’ ! .r_!'(—Tfr U2

1 ) - -
Y (')chd — Ya'aNa’bed — Vb bAab’cd
- “-‘("("‘\{)b(_"d - Hrd’df\.rbc'd’)”nf ‘o (e (e
1 - - - yanfye
- _w( alij — :.1"'1y.;’|fj — ,‘f‘w‘}/‘;“g‘ - .'j’jy.aw’)”.)f ity { h.c.

@ Conserved dilatation current 0, D" (x) = 0 (up to EOMs)

Ba=0

: i;bc.‘d —_—] Qa a’\a'becd — Qb’ b\ab’cd — Qc."c? ’\abc:’d —

_Qa’ayga’w o Pi’:'ya|i’j o Pj’jya if!

Qd’ d A abcd’

{.‘al i

e Conserved conformal current 0,Cl/(x) = 0 (up to EOMs)

iA = 'fc.'-)b(.'(! — ‘))Jljj — O
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Interlude: Current conservation

@ Divergence of current J/(x) without use of EOMs Collins
(1984)

@ Green's function of elementary fields with current J/(x) and
Ward identity

Aron = Expected contact terms from Ward identity

A lassical = Usual non-anomalous classical violation
AAvomaly = Possible anomalous violation in divergent Green's
function

e Example: £ = —1 F}ﬁ,,FAf”’ + i (iv* DS — M)

Al( lassical — K% [M cand A Anomaly — =0

é[ #,~51t2y with Agom # 0,
t’}t' and
e t*D ¢ — ’IED;"_'{“-‘“- v}ty

Vector current J{;7(x) = Pyt with Agom # 0,
t?]¢

- Axial current J” ( ) =

‘ iy {M,

A Anomaly = i ‘{"_,.”.ﬁ.
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Virial current and unitarity bounds

New improved energy-momentum tensor = Finite and not
renormalized Callan, Coleman, Jackiw (1970)

Operators related to EOMs = Finite and not renormalized
Politzer (1980) & Robertson (1991)

Virial current = Finite and not renormalized

- Unconserved current with scale dimension exactly 3

Unitarity bounds for conformal versus scale-invariant QF Ts
Grinstein, Intriligator, Rothstein (2008)

Non-trivial virial current = Non-conformal scale-invariant

QFTs

Pirsa: 11110064 Page 22/57
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@ Divergence of dilatation current

‘,)“,p;: (X) o _);:j; Fﬁ, FA;::' I ( Nasi o+ Q‘m’ )DE( 2 (Do

A TR T : > 7, pth iy
- ( firi T Pi’i)‘ jiG! D/t" it + ( it Pif’)D;:‘ 1[G P
1 ) & .
31 ( dabed — .‘J’Jf\.?’b(_'d — .'!)’!)I\J!)’c‘cl
. *.‘:."("\.)b(_"d - H((J"(f"\.ﬂ)(.'ﬂ”)()J‘)b( )e (P d

]. ) -~ - - LI Y
- '3("J|U — Ya'a¥a'|ij — VitiYal|i'j — -'j’j%a|:)")”d’ vy h.c.

@ Conserved dilatation current 9, DH(x) = 0 (up to EOMs)
Ba =0

)
PDabed =

— Qa’a A a’ bcd — Qb’ b A ab’cd — Qc." c ’\abc:’d - Qd’ d A abcd’

'fal,r'j — _Qa’ayga’w o Pi’:'yah"j - Pj’jya i’

e Conserved conformal current 0,,C//(x) = 0 (up to EOMs)

DA = DPabed = ‘f;; i = 0
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Virial current and unitarity bounds

New improved energy-momentum tensor = Finite and not
renormalized Callan, Coleman, Jackiw (1970)

Operators related to EOMs = Finite and not renormalized
Politzer (1980) & Robertson (1991)

Virial current = Finite and not renormalized

- Unconserved current with scale dimension exactly 3

Unitarity bounds for conformal versus scale-invariant QFTs
Grinstein, Intriligator, Rothstein (2008)

Non-trivial virial current = Non-conformal scale-invariant

QFTs
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RG flows along scale-invariant trajectories

Scale-invariant solution (ga. Aabed- y3|,-j) = RG trajectory
ga(t)
?bcd( ) ’b( )Zc c(t)Z(I’d(t)/\;;’b’c’d"
y?|u( ) (t)‘zjj(t)ya’\fj

o (Za(t.g- A\ y). Nabea(t. 8.\ y). Va;i(t. 8. A y)) also
scale-invariant solution

@ (.5 and Pj; constant along RG trajectory

o Z;b(t) orthogonal and Z-j(r) unitary = Always non-vanishing
3-functions along scale-invariant trajectory
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@ Divergence of dilatation current

()“'D'“ (X) o _);} F/ﬁz FA;:;. | ( Yas! + Q-m’ )D:’( 2D o1

— ("-';‘.’;' I Pf"r,')[ .I_!'(—T/ﬂ D,a’ i+ ("::‘;" ol Pﬁ, )DN ) 'r'f(_T“ U
Y (-i;bc‘d — Va'aNa’bed — Vb bAab’cd

ﬁ.‘n"('f\.)b(_"d — Td'd f\.rbc'd’ )‘ taPpbCrcd

1 ) - -~ -~ ‘. ',
- '_.w(')‘)|fj — Ya'aYa'|ij — VitiYa|itj — -'j’ijW’)”Jf iV h.c.

e Conserved dilatation current 0, D" (x) = 0 (up to EOMs)

Ba =0
3

abcd —

— Qa’a A a’ bcd — Qb’ b A ab’cd — Qc." c ’\abc:’d - Qd’ c A abcd’
'{;;]fj — _Qa’ay"a’hj - Pi’:'yah"j - Pj’jya iy’

e Conserved conformal current 0,C/(x) = 0 (up to EOMs)

DA = Pabed = ‘fa|fj =0
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RG flows along scale-invariant trajectories

Scale-invariant solution (ga. Aabed - y3|,-j) = RG trajectory

ga(t

— -~

A abcd (

}7?|U(t

g (gA(t- g A, y) ’_\;abc:d(t- g A. }/) }79|U(t g, A, y)) also
scale-invariant solution

@ (.5 and Pj; constant along RG trajectory

o Z;b(t) orthogonal and Zj(r) unitary = Always non-vanishing
3-functions along scale-invariant trajectory
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@ Divergence of dilatation current

()“'D'“ (X) - _);;} F;,q,, FA;:;. I ( Yag? =+ Q‘mf )D:" 2D at

o A T . = vy BBy
o ( firi T Pi’p')[ !-j(‘rl D/t" it + ( it T Pﬁ’)D;f’ r'”Tf Yir
1 ) ” a
Y ( Jabed — Va'aAa’bed — Vb’ bAab’cd
- *.‘:."('f\.)bc"d = H((J"(J'"\.T})(.'(Jr’)()J‘ )G G

1 ) - - - vealys
- j(')a|ij — Ya'a¥a'|ij — YVitiYa|i'j — -'j'jyahj’)”df vy h.c.

@ Conserved dilatation current 0, D" (x) = 0 (up to EOMs)

‘{A:O

' )).qbc.‘d - Qa’a A a’ becd — Qb’ b A ab’cd — Qc." c ’\;af)c:’cf - Qd’ d A abcd’

'{al,r'j — _Qa’;aY.'a’hj - Pi’:'y.ah"j - Pj’jyahj’

e Conserved conformal current 0,,C/(x) = 0 (up to EOMs)

DA = Pabed = ‘f‘;w =0
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Scale invariance and recurrent behaviors

RG flows along scale-invariant trajectories = Recurrent behaviors !
Lorenz (1963,1964), Wilson (1971) & Kogut, Wilson (1974)

@ Virial current = Transformation in symmetry group of kinetic
terms (SO(Ns) x U(Ng))

- Qb antisymmetric and Pj; antihermitian = Purely imaginary
eigenvalues

- Z.u(t) and Z;(t) in SO(Ns) x U(Ng)

Periodic (limit cycle) or quasi-periodic (ergodicity)
scale-invariant trajectories
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RG flows along scale-invariant trajectories
Scale-invariant solution (ga. A\abed- ya|,-j) = RG trajectory
ga(t
X:abcd(t

}73|t'j(t

-~

o (Za(t.g. A\ y). Nabea(t. 8.\ y). Vaii(t. 8. A y)) also
scale-invariant solution

@ (.5 and Pj; constant along RG trajectory

o Z;b(t) orthogonal and Z-j(r) unitary = Always non-vanishing
3-functions along scale-invariant trajectory
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Recurrent behaviors

Intuition from DH(x) = x"O,"(x) — VH(x)

@ RG flow = Generated by scale transformation (x"©,"(x))

@ RG flow = Related to virial current through conservation of
dilatation current

@ Virial current = Generates internal transformation of the
fields

- Internal transformation in compact group SO(Ns) x U(Ng)
Rotate back to or close to identity

@ RG flow return back to or close to identity = Recurrent
behavior
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Scale-invariant trajectories 7

RG flows ~ Field redefinitions = Scale-invariant trajectories or
fixed points ?
@ RG-time-dependent field redefinitions = Generates RG flows
Wegner (1974) & Latorre, Morris (2001)
- RG-time-dependent field redefinitions = All exact RG flows
(Wilson, Wegner, Polchinski, etc.)

J-function operators ~ Redundant operators = Scale-invariant
trajectories or fixed points 7

@ Wavefunction renormalization operators = Redundant
operators

- Redundant 3-function operators necessary for scale invariance

Non-conformal scale-invariant QF Ts = Non-trivial RG flows
(recurrent behaviors)
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Scale-invariant trajectories 7

RG flows ~ Field redefinitions = Scale-invariant trajectories or
fixed points ?
@ RG-time-dependent field redefinitions = Generates RG flows
Wegner (1974) & Latorre, Morris (2001)
- RG-time-dependent field redefinitions = All exact RG flows
(Wilson, Wegner, Polchinski, etc.)

J-function operators ~ Redundant operators = Scale-invariant
trajectories or fixed points 7

@ Wavefunction renormalization operators = Redundant
operators

- Redundant -function operators necessary for scale inva

Non-conformal scale-invariant QF Ts = Non-trivial RG flows
(recurrent behaviors)
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Scale invariance, gradient flows and a-theorem

@ Gradient flow

dg;
Ji(g) = = = Gii(g)

- Gj; positive-definite metric
- Potential c(g) function of couplings

r')_gj-

@ Potential c(g) monotonically decreasing along RG trajectory

de(g(t))
dt

- Recurrent behaviors (scale-invariant trajectories) < Gradient
flows (scale implies conformal invariance) Wallace, Zia (1975)

= —GY(g)BiB; <0

@ a-theorem Barnes, Intriligator, Wecht, Wright (2004)

- RG flow = Irreversible process (integrating out DOFs)

- ¢(g) ~ measure of number of massless DOFs

- a-theorem =- (cir < cuv), (f;‘r < 0), strongest
(RG flows as gradient flows)
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Scale invariance, gradient flows and a-theorem

@ Gradient flow

, dgi
Ji(g) = - dr

- Gj; positive-definite metric
- Potential c(g) function of couplings

@ Potential ¢(g) monotonically decreasing along RG trajectory

dc(gt(f)) = —GU(g)BiB; <0

- Recurrent behaviors (scale-invariant trajectories) < Gradient
flows (scale implies conformal invariance) Wallace, Zia (1975)

@ a-theorem Barnes, Intriligator, Wecht, Wright (2004)
- RG flow = Irreversible process (integrating out DOFs)
- ¢(g) ~ measure of number of massless DOFs
- a-theorem = (cir < cuv), (ﬂ‘r < 0), stto
(RG flows as gradient flows)
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@

Scale invariance, gradient flows and a-theorem

@ Gradient flow

dgi

- Gj; positive-definite metric
- Potential c(g) function of couplings

@ Potential c(g) monotonically decreasing along RG trajectory

dc(g(t))
dt

- Recurrent behaviors (scale-invariant trajectories) < Gradient
flows (scale implies conformal invariance) Wallace, Zia (1975)

= —GY(g)BiB; <0

@ a-theorem Barnes, Intriligator, Wecht, Wright (2004)

- RG flow = Irreversible process (integrating out DOFs)
- ¢(g) ~ measure of number of massless DOFs
- a-theorem = (cir < cuv), (d"

o < 0), strongést
(RG flows as gradient flows)
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Why dilatation generators generate dilatations

Dilatation generators do not generate dilatations in
non-scale-invariant QF Ts Coleman, Jackiw (1971)

@ Quantum anomalies at low orders

- Anomalous dimensions
Possible to absorb into redefinition of scale dimensions of fields
Preserve scale invariance

@ Quantum anomalies at high orders

- B-functions
Not possible to absorb
X Break scale invariance
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@ Divergence of dilatation current

“)N'D'“(X) — 2;.;}; F/f‘r’FAI”’ 1 (ﬁ-"m’ T QJJ’)DE‘)J”J’
a— (".-,'.fr' } Pj‘r,‘)[_.ff(—,-/i Dj“, i (,.: i+ P )D“ [_.r_!-(—).;r Wi

Y (')’ch'd — Ya'aAa’bed — Vb’ bAab’cd

q.‘n"('/\.)bc"d — Tid'd f\.'rbf.'d’ )f 2aP bl Cd
1 ) - - - vinti
—_— 2(,)‘)“" — -‘.'l’;iy.?’“j —_ e‘f‘!a‘.y.?l.l"j' — -'j-lj-ydl.f‘j.’)‘ )‘]( ‘.'( ¥ { hC

e Conserved dilatation current 9, D! (x) = 0 (up to EOMs)
3

abcd —

— Qa’a f\a’ becd — Qb’ b ’\ab’c.‘d — Qc."c? ’\abc"d — Qd’ d /\abc.‘d’
'{;a|,r'j — _Qa’aya’w o Pf’iyah"j - e"jyahj’

@ Conserved conformal current 0,C//(x) = 0 (up to EOMs)

DA = 'f;;bcd = ‘))Jljj =0

Pirsa: 11110064
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Why dilatation generators generate dilatations in non-conformal
scale-invariant QFTs ?

@ s-functions on scale-invariant trajectories

- Both vertex correction and wavefunction renormalization
contributions
Very specific form for vertex correction contribution
Equivalent in form to wavefunction renormalization
contribution (redundant operators)
Also possible to absorb into redefinition of scale dimensions of

fields

Preserve scale invariance !
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Ward identity for scale invariance

Callan-Symanzik equation for effective action Callan (1970) &
Symanzik (1970)

() () ' 4. 5 H‘ B
M()M + u“gi + / d X'ﬂ(x)ri-,:j(x) Mo(x).g.M] =0

@ |In non-scale-invariant QF Ts

Anomalous dimensions
X 5-functions

@ In CFTs

Anomalous dimensions
Vanishing 3-functions

M () ) ' d4 N ) )
o+ 0+ Q) | a0y

@ In non-conformal scale-invariant QF Ts

Me(x).g. M] =0

Anomalous dimensions
J-functions (redundant operators)
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Poincaré algebra augmented with dilatation charge

@ /J-functions on scale-invariant trajectories

- Quantum-mechanical generation of scale dimensions
- Appropriate scale dimensions required by virial current
- Conserved dilatation current D/ (x)

e Poincaré algebra with dilatation charge D = [ d*x D%(x)

[M‘,,,,. M‘,N—;] = —f(//,,,,/\/],,,, — f/,,f,M,,,T + Nyo M/f/' — Nuo M,,,,)
[M ] - '(I/,,I,P,, - ’/ff;»P;r)
[D Pul = —iP,

@ Algebra action on fields O;(x)
(M., Ol x)] —i(x, 0y — X0y + L )O)(X)
[Py O1(x)] = —i0,,0(x)
[D.O(x)] = —i(x -0+ A)O(x)
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@ New classical scale dimensions of fields due to virial current

[D. pa(x)] = —i(x -+ 1)da(x) — IQapdp(X)
[D. vi(x)] = —i(x - O+ 3)wi(x) — iPyu(x)

- How do non-conformal scale-invariant QFTs know about new
scale dimensions 7
Generated by J-functions !

@ Quantum-mechanical scale dimensions of fields

Aab — ‘S;-?b + Yab T Q;ab
3¢ o
Ajj = 305 + i + Py
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Scale-invariant trajectories 77

J-functions ~ Anomalous dimensions = Scale-invariant
trajectories or fixed points 7

@ Shift J-functions away = Scheme change

/X Non-conformal scale-invariant QFTs with traceless EM tensor

@ Shift J-functions away = Global shift

X Conformal fixed points become conformal trajectories

Non-conformal scale-invariant QF Ts = Non-trivial RG flows

Page 43/57



Pirsa: 11110064

Historical review Scale versus conformal invariance Scale-invariant tra

00000 0e

Non-conformal scale-invariant correlation functions

@ Scalar fields O;(x) with scale dimensions A,

gl |
(x1 — xp)B1 8

(O1(x1)0,(x2)) =

516283

c
(O1(x1)O4(x2) Ok (x3)) = 1K
( | ( 5y l,,_‘zl,,-ﬂ_ (x1 — x2)% (%2 — x3)%2(x3 — x1)%

A +A 4+ Ak

- Non-vanishing two-point functions with A, # A, contrary to
CFTs

@ [wo-point correlation functions of fundamental real scalar
fields

A —— 1

<‘-’3(X)‘-"b(0)> — (Xz)_'":" GY (X"-)_"'"j"

- G? constant real symmetric matrix
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Non-conformal scale-invariant correlation functions

@ Scalar fields O;(x) with scale dimensions A,

glJ
) ) 2 —
<( j(Xl)( _}(X2)> (Xl - XE)A; A

!\11\. .r\.*

c 2
<C)I Xl)c)} Xj)c)}{ X\g)) — 1K
( ( ( 51 |,5_‘th55_ (Xl __" Xﬁ)r‘l(XQ = X'_f.)”-‘(X'j — Xl)“*

A +A 4+ Ak

- Non-vanishing two-point functions with A, # A, contrary to
CFTs

@ [wo-point correlation functions of fundamental real scalar
fields

AT

<(-’3(X)‘-')b(0)> = (X'?)_% GY (XQ)_'”}'

- G? constant real symmetric matrix
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Polchinski—Dorigoni—Rychkov argument at one loop

Non-conformal scale-invariant /3-functions

'ia!)cd — Qabcd
‘fa|U “”;)a|g

Qabcd — _Qa’af\a’bcd — Qb’b’\;ab’cd — QC’C/\abC’d - Qd’df\abc:d’
Pajij = —QaraYa|ij — PiriYality — PjrjYyalij

@ Real scalar fields only Polchinski (1988)
,(il]ll"—[(llJl)) .
gzabcd-)ﬂbcd =0 = Qipcd =0
Scale invariance implies conformal invariance

scalar fields and Weyl fermions Dorigoni, Rychkov (2009)

P ),(Ultl'—|lnl|l) - O :.- ,P‘}‘U - O

alij" " alij
,(nllli‘*ln::l)) . -
) = 0 using P, = 0 = Qapcd =0

xabcdP 3pcd
Scale invariance implies conformal invariance
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Polchinski—Dorigoni—Rychkov argument at two loops

@ Real scalar fields only JFF, Grinstein, Stergiou (2011)

,(t \\'ll‘"!(l(ll])

- Q;)!)(‘(}j‘][)(-(j — O :- Q¢}i)((l — O
Scale invariance implies conformal invariance

@ One real scalar field only and Weyl fermions ibid
Y+ (two—loop) . -
PJIU')JW =0 = PJIU =0
- Labed =
Scale invariance implies conformal invariance (also at all loops)

@ Real scalar fields and Weyl fermions ibid

. + .(I\\il-—-itu:]’}
Pa|;'j ) alij # 0
Scale invariance does NOT imply conformal invariance

- Obstruction due to y2\ and y\? terms (also obstruction to
gradient flow interpretation Wallace, Zia (1975))
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