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Abstract: We investigate the theoretical implications of scale without conformal invariance in quantum field theory. We argue that the RG flows of
such theories correspond to recurrent behaviors, i.e. limit cycles or ergodicity. We discuss the implications for the a-theorem and show how
dilatation generators do generate dilatations. Finally, we discuss possible well-behaved non-conformal scale-invariant examples.
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Historical review
@00

Scale and conformal invariance in two dimensions

Does scale invariance imply conformal invariance 7

@ Polchinski following Zamolodchikov Polchinski (1988) &
Zamolodchikov (1986)

- Unitarity

- Finiteness of EM tensor correlation functions
Scale invariance implies conformal invariance from
conservation of EM tensor

“Counter’ examples

@ Non-linear & model Hull, Townsend (1986)

- Non-existence of EM tensor two-point correlation functions

@ [heory of elasticity Cardy, Riva (2005)

- Non-reflection-positive

Scale invariance implies conformal invariance
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Historical review
oeo

Scale and conformal invariance in d > 2 dimensions

Does scale invariance imply conformal invariance 7

@ No proof a /a Polchinski

- Conservation of EM tensor = Not enough information
Scale invariance does not necessarily imply conformal
Invariance

No interesting counterexamples

e AdS/CFT Kerr-AdS black holes in d = 5.7 dimensions Awad,

Johnson (1999)
- Conformal invariance broken to scale invariance by black hole
rotation
@ Maxwell theory in d # 4 dimensions Jackiw, Pi (2011) &
El-Showk, Nakayama, Rychkov (2011)

- Free field theory
- Scale invariance broken by interactions
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Historical review
ooe

Study of non-conformal scale-invariant QFTs

Scale invariance does not necessarily imply conformal invariance
but no proper counterexamples = Possible proof !
@ Without proper counterexamples

- Physical implications of non-conformal scale-invariant QF Ts

(correlation functions in non-conformal scale-invariant QF Ts
versus CFTs 7)

@ With proper counterexamples

- Scale invariance conditions weaker than conformal invariance
conditions (plentiful examples 7)

Uncharted territory !
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RG flows along scale-invariant trajectories
Scale invariance and recurrent behaviors
Scale invariance, gradient flows and a-theorem
Why dilatation generators generate dilatations
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© Discussion and conclusion

Features and future work
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Scale versus conformal invariance
@000

Preliminaries (d > 2)

@ Dilatation current Polchinski (1988)
DI (x) = x"T,"(x)— V'(x)

]

T,"(x) any symmetric EM tensor following from spacetime
nature of scale transformations

V' (x) local operator (virial current) contributing to scale
dimensions of fields

Freedom in choice of T, /(x) compensated by freedom in

choice of V#(x)

e Scale invariance = T,"(x) = 0, V" (x)
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Scale versus conformal invariance Scale-invariant traje
(o] lele

[(aXe]

@ Conformal current Polchinski (1988)
- CH(x) = v/ (x)T, "(x) — - -v(x)V'"H"(x) + 0,0 - v(x)L""(x)

! !
- T ,"(x) any symmetric EM tensor following from spacetime
nature of conformal transformations
V’1(x) local operator corresponding to ambiguity in choice of
dilatation current
L7 (x) local symmetric operator correcting position
dependence of scale factor
) - v(x) scale factor (general linear function of x/)
Freedom in choice of T,/ (x) compensated by freedom in

choice of V//(x) and L""(x)

e Conformal invariance = T, (x) = 0, V""" (x) = 0,0, L""(x)

@ Conformal invariance = Existence of symmetric traceless
energy-momentum tensor
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Scale versus conformal invariance
o0oeo

Scale without conformal invariance

Non-conformal scale-invariant QF Ts Polchinski (1988)

@ Scale invariance = T,/ (x) = 0, V/(x)

e Conformal invariance = T, (x) = J,0,L""(x)

Scale without conformal invariance

I."(x)=0,V"(x) where V¥ (x) # JI'(x) + J,L""(x) with
J, " (x) =0

Constraints on possible virial current candidates

- Gauge-invariant spatial integral
- Fixed d — 1 scale dimension in d spacetime dimensions

No suitable virial current = Scale invariance implies

conformal invariance (examples: ¢f in d = n — ¢ for
(p.n) =(6.3).(4.4) and (3.6))
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Scale versus conformal invariance
o00e

Virial current candidates

Most general classically scale-invariant renormalizable theory in
d = 4 spacetime dimensions Jack, Osborn (1985)

1
/{—f Z FA FA;”: qu)ZHJC D;t‘-"b D e

e

L =

1. 1, 1
172% 72 7. = v, 1727 =27 =Y
ZZU Z,.k(jfrr D;,( P QZU Z‘,.kD!,(Jrrr 2

1 ¢ A / / /
a1l (f\Z )9!)(0”-’3""!)‘-’ Dd

3102 (yZ7 )alijbatiivy — 312 (YZ¥ )51 0a iy

Af}(x) gauge fields
¢a(x) real scalar fields
(' (x) Weyl fermions

Dimensional regularization (d = 4 — ¢)
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Scale versus conformal invariance
o00e

Virial current candidates

Most general classically scale-invariant renormalizable theory in
d = 4 spacetime dimensions Jack, Osborn (1985)

1
L=—p"Zay FA FAwW 4 Zq,)z;CDf,(;,meC

e

1. 1, 1
172% 72,0, i5H w1t =3 Tl
EZU Z,.k(jfrr D/,( P 2Z,-j- Z‘,.kD!,(J,rrr z

f (’\Z,\)abcd‘-’I’;a"f’i)‘-"c‘-"d
"(yzv)?m”ql ;(J—rl) (yzy);w”a‘_f(__f

Aff(x) gauge fields

Mnslu \ class/cal I'I)'

¢a(x) real scalar fields df

{ .}\ (X ) Wey I fe rm ion S 2 ;IuI:(rzn.._w.w"u‘,Mg‘ui*(yzw:

o Af(x) gauge fields
& dha(x) real scalar flelds

Dimensional regularization (d = 4 — ¢) R

@ Dimenslonal regularization (d = 4 = «)
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Scale versus conformal invariance
| lelelele]

Virial current candidates and new improved EM tensor

e Virial current V¥ (x) = Qb2 D" op — Pjjuriich
- Qb;r — _an
- P =—P;

JI

@ New improved energy-momentum tensor ©,/'(x) Callan,
Coleman, Jackiw (1970)

- Finite
- Not renormalized
- Anomalous trace Robertson (1991)

: , "
@”’”(X) =54 FA FAI” + Yaar D504

28, MV
— 7 i“i (_',-f('_r’” D.H Urir = i D,H (_-f’.f_r“ U
— 41] ( )}ch'd — 7 J’J/\J’b('d — Ib’b f\nb’c'd
— Tctc /\':b("d — Td'd /\.';bctd’ )f-’;zf-’b‘ el

1 - - - y.a/ly
— 2(jJJ|U — ;‘-.'?’c')y.)’|l’.j' o ;'f.’!.y.]|f’j p— .'.jfj'y‘)‘v'r)()‘}f ,‘(J' ) hC
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Virial current candidates and new improved EM tensor

e Virial current V¥ (x) = Qb2 D" op — Pjjuiich

- Qb;r — _an
- Pr = _PU

Ji

e New improved energy-momentum tensor ©,/'(x) Callan,
Coleman, Jackiw (1970)

- Finite
- Not renormalized
- Anomalous trace Robertson (1991)

1 / ')
@”’”(X) - ),A* FA FA;” + Yaa’ D_”J”J’

283 nv

— Y Vi Dy + i Dy 0 ia b

Virial current candidates and new improved EM tensor

o Virlal current VI(x) = Quuda DOy = Pylilety .
« Q= =Qu 3
e —p ) - ) ~ ]
e 4! ( Dabed 1a’a ’\J' bed b’ b ’\.ﬂ)' cd
o New Improved energy-momentum tensar @,/ (x) Callan .
Colarman, Jacki (1970)

BT i — "ic’c /\.'Hr}(“'d — id'd /\.'rb(“d’ )(-’.'N-’b‘ re @l
< Apomalous trace  Roberson (1991)

8,(x) =44 FARARY o DR igehar 1

1) At 'Y -~ ~up . 2 s omm ™ep s .. Y. v .
—l—.;-.-ﬁf" P \‘ — 2(,)‘)“]' - -‘“')"')y‘flfj —_— ”f’y‘]“fj -"J,JyJ‘U’)( YU J } h.C.
g 1 f:;:’-’:m Jihathytheti

= by = wa¥ary = Ytymry = Yol bbatint b s
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Scale versus conformal invariance Scale-invariant trajectories Discussion and conclusion
o] lelele]

@ /J-functions from vertex corrections and wavefunction
renormalizations (d = 4 spacetime dimensions)

- RG time t = In(j10/ 1)

d
B3p = — EA _ ~“Ag€a (no sum)
dt

. df\.?b((f
dabed — — dt
A " - - "
— (/\ ! )Jb(‘d * .‘.)’.}’\J’ bed /b’b “\.)b’('d F Vele f\l?br’d - Yd'd /\.)bc‘d’

, dy‘?[:'j Ly ~ R ~
Jalif o dt 7(y / ).1|:'j t+ ra’aYal|ij + VitiYalij t+ 1j'jYalij’
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Scale versus conformal invariance

ycale-invariant trajectories
jsle] lele)

@ Divergence of dilatation current

r‘)“'p'”(X) '7');/\*- FA FA!”’ - (H:JJ’ T QJJ’)D:)“J“J’

2g3 " v
o (ﬂ-'f.’:' t Pi"i)‘_‘ff(-_rﬂ D/af it (nrr'r" + PH’ )D/r i_‘r-f(‘_T“{',-;
- 41|_ (')’ch‘d — Ya’aNa’ bed — ﬁ,.'b’bf\ab’cd

— “Yc’c f\.')b(_"’d = H;d’df\.ab(.“d’)”J”b”c'”d

]_ ) - -~ - ', ',
- 2( dalij — Tara¥Ya'lij — TitiYalitj — -'j’jyaw")”-l( vy h.c.

e Conserved dilatation current 0, D! (x) = 0 (up to EOMs)

‘{A:O

'{abc.‘d — —Qa’af\a’bc.‘d - Qb’b’\ab’c.‘d — Qc.‘"c.‘ ’\abc."d — Qd’d f\abcd’

'fal,{j _Qa’aya’hj - Pi’iyah"j - Pj’jyahj’

e Conserved conformal current 0,C/(x) = 0 (up to EOMs)

‘iA — 'fabcd — ‘));;|jj' = 0
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@ Divergence of dilatation current

a 3 A A 2
{)jIDlI(X) 7_)£-:j:: F!Jj/F at } (ﬂ-"'l(]lil * QJJ'{)D ()J‘()J,

— (~5; + pi:,,,),_.f.f(—rﬂ D, vy + (viir + P )D, Ui iE
- 41|_ (')’chd - HJJIJ’\JIIJ('(f - ﬁ_.'b’bf\ab’cd

— “Yc’c f\.')b(_"’d — Hf(f’(f’\.'}f)(."(lr’)()J()f)r)('()d
o 3( )’a|fj — Ta'aYa'|ij — TitiYalitj —

Vit Yalir )©atit + h.c.

e Conserved dilatation current 0, D! (x) = 0 (up to EOMs)

‘{A — 0
'{abc.‘d p— —Qa’af\a’bc.‘d — Qb’b’\ab’cc/ — Qc.‘"c.‘ ’\abc."d - Qd’d f\abcd’

'fal,{j _Q‘a’;9Y;a’|1j' - Pi’:' ali'y — Pj’jya iy’

e Conserved conformal current 0,Cl/(x) = 0 (up to EOMs)

‘iA — 'fabcd . ‘))J|fj =0
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Hi rical review Scale versus conformal invariance
000e0

Interlude: Current conservation

@ Divergence of current J/(x) without use of EOMs Collins
(1984)

(X) s AH()]\[ =4 A( lassical T A.'\II(HII.‘I')'

@ Green's function of elementary fields with current J/(x) and
Ward identity

Apron = Expected contact terms from Ward identity
Aciawical = Usual non-anomalous classical violation

X Axnomale = Possible anomalous violation in divergent Green's
function
E le: £ = —5F/\FA™ 4 (i Doy — Mij)ej
o Xampe — 4 !”; _|_ t f(’; f‘r(U U)(Jr

- Vector current J{;7(x) = Uyt with Agon # 0,
A('lilhr-'ll';li — 'f{ ‘[M' t(.]]( ' end A.'\Ill)lll.‘li_\' — 0
- Axial current J47(x) = 5[, ~7°]t7> with Agon # 0,

Aciassical = 1 ‘_“.-5{M. t? iy and )
Ac\ll”lll?ll\' — ';lii“{ﬂ.'“- " 5}t‘}D,,{' — .13 DI'('{H-‘“' ",5}["}('
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Scale versus conformal invariance
O000e

Virial current and unitarity bounds

New improved energy-momentum tensor = Finite and not
renormalized Callan, Coleman, Jackiw (1970)

Operators related to EOMs =- Finite and not renormalized
Politzer (1980) & Robertson (1991)

Virial current = Finite and not renormalized

- Unconserved current with scale dimension exactly 3

Unitarity bounds for conformal versus scale-invariant QF Ts
Grinstein, Intriligator, Rothstein (2008)

Non-trivial virial current = Non-conformal scale-invariant

QFTs
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Scale versus conformal invariance Scale-invariant trajectories
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@ Divergence of dilatation current

a 3 A A 2
").“'D"[(X) 7_)£-:j:£ F!;j/F at } (ﬂ-'Jd'lil +- QJJ'{)D ()J‘()J,

.. AYNT. 1L ; " Iy § M0y
— (viri + Pri)widc" Dybie + (i + Piir ) Dywii " i
1 ) " -
31 (')ch‘d — Ya'aNa’bed — Vb bAab’cd
= q.‘c"('f\.)b(_"d = qf(f’(f’\.}b(_'(lr’)()J()f)()('()(f

1 ) - -~ - Y.y,
- 2( dalij — TaraYa'lij — TitiVYalij — .'j’jy‘aw")”.)’ v h.c.

e Conserved dilatation current 0, D' (x) = 0 (up to EOMs)

‘{A:O

5]

abcd

- Qa’a A a' becd — Qb’ b ’\ab’ccl — Qc.‘" c ’\;a!)c."cf — Qd’ cf A abcd’

'fal,rj — —Q‘a’;9Y;a’|rj' - Pi’i ali'y — Pj’jYa iy’

e Conserved conformal current 0,C/(x) = 0 (up to EOMs)

‘iA — 'fabcd = ‘))J|fj =0
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Historical review Scale versus conformal invariance
L J

RG flows along scale-invariant trajectories

Scale-invariant solution (ga. A\abed- y3|,-j) = RG trajectory

ga(t)
febcd( )
)

-~

f)beb( ) Zere () Zara () Narbrcrat
f) i’ f(t)‘zj j(t)y;’\f

2;3’(]:-)

<

Ziin(t)

(
y?ltj( (

@ (ga(t.g.\.y). ,_\‘.;.,z)cd(t. g.-A.y). Vai(t.g. A y)) also
scale-invariant solution

@ (.5 and Pj; constant along RG trajectory

o Z;b(t) orthogonal and Z-j(r) unitary = Always non-vanishing
3-functions along scale-invariant trajectory
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Scale versus conformal invariance Scale variant t
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@ Divergence of dilatation current

‘.);:'D’I(X) ’71);/\*- FA FA!”’ ; (A:JJ’ T QJJ’)D:)“J“J’

2g; ' nv
o (ﬂ-'f.’:' + P:’"i)‘_‘f'f(_rﬂ D/af it ("rir” + PH’)D/r ‘_‘ff(-_rw('i'
- 41! (')’ch‘d — Ya'aNa’ bed — ﬁ,.'b’bf\ab’cd

- q.‘c"('f\.)b(_"d = Hrd’df\.}b(.'d’)”;)”b”c'”d
o 3( ia|fj — Ta'aYa'|ij — TitiYalitj —

Vit Yalir )Catitj + h.c.

e Conserved dilatation current 0, DH(x) = 0 (up to EOMs)

‘{A:O

'fabc.‘d — —Qa’af\a’bc.‘d — Qb’b’\ab’c.‘d — Qc.‘"c.‘ ’\abc."d — Qd’d f\abcd’

'f;al,rj _Q‘;’;9Y;a’|rj' - Pi’i ali’y — Pj’jya iy’

e Conserved conformal current 0,,C/(x) = 0 (up to EOMs)

DA = 'fabcd . ‘));;|jj' =0
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L

RG flows along scale-invariant trajectories

Scale-invariant solution (ga. \abed- y3|,-j) = RG trajectory

ga(t)
febcd( ) ( )ZC’C(t)zd’d(t)/\a’b’c’d’
y?ltj( ) ( ) j"j(t)}/a’\f’j’

@ (ga(t.g.\.y). ,_\‘.;.;,Cd(t. g.-A.Y). Vai(t.g. A y)) also
scale-invariant solution

@ (.5 and Pj; constant along RG trajectory

o Z;b(t) orthogonal and Z.j(r) unitary = Always non-vanishing
3-functions along scale-invariant trajectory
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Scale versus conformal invariance Scale-invariant trajectorie
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@ Divergence of dilatation current

a . ] A A 2
‘).{I Dl’(X) — —)f-:j:i F!Jj/F at * (ﬂ-"'l(filil +- QJJJ)D ()J‘()J,

.k + _‘ o=y . — s =t "
— (v + Pap)wiic! Dy + (i + Piin ) Dyiict g
1 ) " N
31 (')ch‘d — Ya'aNa’bed — Vb bAab’cd
- q.‘("('f\.)b(_"d = Hrd’d*\.}b(_‘d’)“;)“b”('“d

]_ ) - -~ - Y. Y.
o 2( dalij — TaraYa'lij — TitiYalitj — -'j'jya|y’)”-1{ vy h.c.

e Conserved dilatation current 0, D! (x) = 0 (up to EOMs)

‘{A:O

5]

abcd —

- Qa’a A a' becd — Qb’ b ’\ab’c.‘cl — Qc’ c ’\3!’)(."({ — Qd’ cf A abcd’

'f;al,rj —Q‘a’;9Y;a’|1j' - Pi’i ali’y — Pj’jya iy’

e Conserved conformal current 0,Cl/(x) = 0 (up to EOMs)

‘iA — 'fabc.‘d = ‘));;|jj =0
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Scale versus conformal invariance
[ Jele]

Scale invariance and recurrent behaviors

RG flows along scale-invariant trajectories = Recurrent behaviors !
Lorenz (1963,1964), Wilson (1971) & Kogut, Wilson (1974)

@ Virial current = Transformation in symmetry group of kinetic
terms (SO(Ns) x U(Ng))

- Q,p antisymmetric and Pj; antihermitian = Purely imaginary

eigenvalues
- Zyp(t) and Z;(t) in SO(Ns) x U(Ng)

Periodic (limit cycle) or quasi-periodic (ergodicity)
scale-invariant trajectories
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L

RG flows along scale-invariant trajectories

Scale-invariant solution (ga. \abed- y3|,-j) = RG trajectory

-~ -~

£)Zr () Zerc(t) Zara () Aoy cra
t)Zini(t) Zjrj(8)Yar ivjr

a’a

(
(

a'a

~

.fi’(
o (Za(t.8.\.y). Nabea(t. 8. A y). 74;i(t. 8.\ y)) also
scale-invariant solution

@ (.5 and Pj; constant along RG trajectory

o Z;,«,(t) orthogonal and Zj(r) unitary = Always non-vanishing
3-functions along scale-invariant trajectory
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Scale versus conformal invariance
(o] le]

Recurrent behaviors

Intuition from D (x) = x"O,/"(x) — VH(x)

e RG flow = Generated by scale transformation (x"©,/(x))

@ RG flow = Related to virial current through conservation of
dilatation current

@ Virial current = Generates internal transformation of the
fields

- Internal transformation in compact group SO(Ns) x U(Ng)
Rotate back to or close to identity

@ RG flow return back to or close to identity = Recurrent
behavior
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Scale versus conformal invariance
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Scale-invariant trajectories 7

RG flows ~ Field redefinitions = Scale-invariant trajectories or
fixed points ?
@ RG-time-dependent field redefinitions = Generates RG flows
Wegner (1974) & Latorre, Morris (2001)
- RG-time-dependent field redefinitions = All exact RG flows
(Wilson, Wegner, Polchinski, etc.)

J-function operators ~ Redundant operators = Scale-invariant
trajectories or fixed points 7

@ Wavefunction renormalization operators = Redundant
operators

- Redundant s-function operators necessary for scale invariance

Non-conformal scale-invariant QF Ts = Non-trivial RG flows
(recurrent behaviors)

Page 32/57



Pirsa: 11110064

Hi rical revi Scale versus conformal invariance
ooe

Scale-invariant trajectories 7

RG flows ~ Field redefinitions = Scale-invariant trajectories or
fixed points ?
@ RG-time-dependent field redefinitions = Generates RG flows
Wegner (1974) & Latorre, Morris (2001)
- RG-time-dependent field redefinitions = All exact RG flows
(Wilson, Wegner, Polchinski, etc.)

J-function operators ~ Redundant operators = Scale-invariant
trajectories or fixed points 7

@ Wavefunction renormalization operators = Redundant
operators

- Redundant 3-function operators necessary for scale inva

Non-conformal scale-invariant QF Ts = Non-trivial RG flows
(recurrent behaviors)

Page 33/57



Historical review Scale versus conformal invariance
@

Scale invariance, gradient flows and a-theorem

@ Gradient flow

dg;

- Gj; positive-definite metric
- Potential c(g) function of couplings

@ Potential ¢(g) monotonically decreasing along RG trajectory

dc(g(t)) j
dt = —GY(g)33 <0
- Recurrent behaviors (scale-invariant trajectories) < Gradient
flows (scale implies conformal invariance) Wallace, Zia (1975)

@ a-theorem Barnes, Intriligator, Wecht, Wright (2004)

- RG flow = Irreversible process (integrating out DOFs)

- ¢c(g) ~ measure of number of massless DOFs

- a-theorem =- (cir < cuv), (% < 0), strongeet
(RG flows as gradient flows)
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Scale invariance, gradient flows and a-theorem

@ Gradient flow

dg;

- Gj; positive-definite metric
- Potential c(g) function of couplings

@ Potential ¢(g) monotonically decreasing along RG trajectory

dC(cgﬁ(t)) — —G’j(g)'ff'))j =0

- Recurrent behaviors (scale-invariant trajectories) < Gradient
flows (scale implies conformal invariance) Wallace, Zia (1975)

@ a-theorem Barnes, Intriligator, Wecht, Wright (2004)
- RG flow = Irreversible process (integrating out DOFs) =«
- ¢c(g) ~ measure of number of massless DOFs
- a-theorem = (cir < cuv), (f;‘r < 0), $tro,.
(RG flows as gradient flows)
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- Recurrent behaviors (scale-invariant trajectories) < Gradient
flows (scale implies conformal invariance) Wallace, Zia (1975)

@ a-theorem Barnes, Intriligator, Wecht, Wright (2004)
- RG flow = Irreversible process (integrating out DOFs)
- ¢(g) ~ measure of number of massless DOFs
- a-theorem = (cir < cuv), (f;‘r < 0), gtrongeést
(RG flows as gradient flows)
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Scale versus conformal invariance
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Why dilatation generators generate dilatations

Dilatation generators do not generate dilatations in
non-scale-invariant QF T's Coleman, Jackiw (1971)

@ Quantum anomalies at low orders

- Anomalous dimensions
Possible to absorb into redefinition of scale dimensions of fields
Preserve scale invariance

@ Quantum anomalies at high orders

- J-functions
Not possible to absorb
X Break scale invariance
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Scale versus conformal invariance Scale variant trajectorie:
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@ Divergence of dilatation current

‘.);:'D'H(X) _);_:j:; F!/,A,JFA!”’ ; (H:JJ’ f QJJ’)D:)“J“J’

— (ﬂ-';‘.’f e Pj‘r,')!_‘,'f(_Tﬂ Dj,f =+ (";,‘;‘f + P;‘," )D/’ f_'ff.(_T“ Ui
- 41! (')’ch‘d — H:.}":I\J’b('d 7 ﬁ,.'b’bf\ab’cd

— Tlc’c f\.')b(_"’d — Td'd f\.rbff'd’ )‘ Ya( bW d
o 3( )’a|fj — Ta'aYa'|ij — TitiYalitj —

Vit Yalir )©atit + h.c.

e Conserved dilatation current 0, D' (x) = 0 (up to EOMs)

34 =0
'{abc.‘d S— _Qa’af\a’bc.‘d - Qb’b’\ab’ccl — Qc.‘"c.‘ /\abc."d — Qd’d’\abcd’

'i;a][j —Q‘a’;9Y;a’|rj' - Pi’i ali’y — Pj’jya iy’

e Conserved conformal current 0,C/(x) = 0 (up to EOMs)

DA = 'fabcd — ‘))3|fj =0
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Scale versus conformal invariance Scale-invariant trajectoris
Ce00000

Why dilatation generators generate dilatations in non-conformal
scale-invariant QFTs ?
@ -functions on scale-invariant trajectories

- Both vertex correction and wavefunction renormalization
contributions

Very specific form for vertex correction contribution
Equivalent in form to wavefunction renormalization
contribution (redundant operators)

Also possible to absorb into redefinition of scale dimensions of

fields

Preserve scale invariance !
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Historical review Scale versus conformal invariance
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Ward identity for scale invariance

Callan-Symanzik equation for effective action Callan (1970) &
Symanzik (1970)

) ) o N ) ) N
Mg+ g+ [ @ixeit s | Tleto.g. M) = 0

@ In non-scale-invariant QFTs

Anomalous dimensions
X 5-functions

@ In CFTs

Anomalous dimensions
Vanishing 3-functions

M () ' d4 m( ) )
oM +(y + )/ XX dpi(x)

@ In non-conformal scale-invariant QF Ts

Me(x).g. M] =0

Anomalous dimensions
J-functions (redundant operators)
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Poincaré algebra augmented with dilatation charge

3-functions on scale-invariant trajectories

- Quantum-mechanical generation of scale dimensions
- Appropriate scale dimensions required by virial current
- Conserved dilatation current D/ (x)

e Poincaré algebra with dilatation charge D = [ d*x D%(x)

[Ml”" MI"’T] — _"-(I/I’I’M”("' o ’/-”IPM;NT + oo M;t;r - ff/.rrerp)
[M ] - -("/;fﬂPV - ’/ff;:P;J)
[D Pul = —iP,

@ Algebra action on fields O;(x)
My O1()] = —i(xu0 — %0 + ) O (x)
[Py O1(x)] = =19, O (x)
[D.O(x)] = —i(x -+ A)O(x)
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Scale versus conformal invariance Scale-invariant trajectories
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@ New classical scale dimensions of fields due to virial current

[D. ¢a(x)] = —i(x -0+ 1)@a(x) — iQab®p(X)
[D. vi(x)] = —i(x - O+ 3)wi(x) — iPyuy(x)

- How do non-conformal scale-invariant QFTs know about new
scale dimensions 7
Generated by 3-functions !

@ Quantum-mechanical scale dimensions of fields

Aab — ‘Sab + Vab T Qab
3¢ -
Ajj = 305 + i + Py
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Scale versus conformal invariance
(slelelalel lo]

Scale-invariant trajectories 77

$-functions ~ Anomalous dimensions = Scale-invariant
trajectories or fixed points 7

@ Shift J-functions away = Scheme change

X Non-conformal scale-invariant QFTs with traceless EM tensor

@ Shift J-functions away = Global shift

X Conformal fixed points become conformal trajectories

Non-conformal scale-invariant QF Ts = Non-trivial RG flows
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Non-conformal scale-invariant correlation functions

@ Scalar fields O;(x) with scale dimensions A,

’ ’ - g1J
(O1(x1)O0(x2)) = (X1 — x2)AI+A,

1511\;“\.,’

c
(O1(x1)O4(x2)Ok (x3)) = - - UK
ba)Osle) ( 51 IJ_ZI«M— (x1 — x2)%(x2 — x3)%2(x3 — Xx71)°2

A +A 4+ Ak

- Non-vanishing two-point functions with A; # A, contrary to
CFTs

@ [wo-point correlation functions of fundamental real scalar
fields

(0a(x)0p(0)) =

- G? constant real symmetric matrix
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Historical review Scale versus conformal invariance
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Non-conformal scale-invariant correlation functions

@ Scalar fields O(x) with scale dimensions A,

gl

(O)(x1)O(x2)) = (Xl _ XQ)A’ Ay

151(\-Jr\.4

(O1(x1)O4(x2) Ok (x3)) = Z - Sk

(31 = x2)" (x2 = x3)% (x3 — x1)*

N +024d3=

A +A 4+ Ak

- Non-vanishing two-point functions with A; # A, contrary to
CFTs

@ [wo-point correlation functions of fundamental real scalar
fields

(0a(x)0b(0)) =

- G? constant real symmetric matrix
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Scale-invariant trajectories
@00

Polchinski—Dorigoni—Rychkov argument at one loop

Non-conformal scale-invariant /J-functions

@)

'iabcd — Yabcd

")}a|1j - P?|U

Qabcd — _Qa"a’\a’bcd — Qb’bf\;ab’cd - Qc’cf\abc"d — Qd’d/\a\bcd’
P;|U — _Q‘?"?}/;q’\tj - Pr”iya|f’j - Pj'jyah'j’

@ Real scalar fields only Polchinski (1988)

,(nllu'—[(l::p) N
- Q =0 = Q;)b(.‘d =0

abcd!? abed
Scale invariance implies conformal invariance

@ Real scalar fields and Weyl fermions Dorigoni, Rychkov (2009)
g " (:Jll|'—|ln-||) ) Nt ) .
ol P']|Uj’&}‘u — O m— P‘.}‘U — O
) one—loop . p )
- Qc-mm-n(,w ") = 0 using Paij =0 = Qapcd =0

Scale invariance implies conformal invariance
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Scale-invariant trajectories
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Polchinski—Dorigoni—Rychkov argument at two loops

scalar fields only JFF, Grinstein, Stergiou (2011)

(--) ,(t\\'ufituill) - O — Q‘}de _ O

abed I 3ped
Scale invariance implies conformal invariance

real scalar field only and Weyl fermions ibid

Y 4 ,(1\\“—!::'»|)) - . -
P1|U)}\U =0 = PJ|U =0
Q;)bc‘d =

Scale invariance implies conformal invariance (also at all loops)

scalar fields and Weyl fermions ibid

p " ,(I\\'il—i:ur]))
P.1|U")J\ij # 0
Scale invariance does NOT imply conformal invariance
ply
Obstruction due to v\ and y\? terms (also obstruction to
Y Y

gradient flow interpretation Wallace, Zia (1975))
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conformal invariance Scale-invariant trajectories
o0e

Schematically,

@ Conformal field theory fixed point

- Stable with respect to higher-order corrections

@ Non-conformal scale-invariant theory solution

- Would-be conformal fixed point at lowest order unstable with
respect to higher-order corrections

Conformal Field Theory Fixed Point Non-Conformal Scale-Invariant Theory Solution

00,000y
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Schematically,

@ Conformal field theory fixed point

- Stable with respect to higher-order corrections

@ Non-conformal scale-invariant theory solution

- Would-be conformal fixed point at lowest order unstable with
respect to higher-order corrections

Conformal Field Theory Fixed Point Non-Conformal Scale-Invariant Theory Solution

0 S B S '//\\'\ 1
\ r 02 004 H..:-r. -1l-x///"’?\\\l- 2
00002 / \\\\
0.0 \.
00044 | AN
\
\
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Scale-invariant trajectories
L J

Systematic approach

Scale-invariant trajectories at weak coupling

__E : (n) n—1 . E : (n) n E : (n) n—141
gA o gA € - /\‘)!)(ffj T /\JI)C(I( y:‘]lfj y,‘U -
n=1 n>1
n
;b—E:Q,b U—ELP( !

@ ¢ small parameter

- Obvious choice in d = 4 — «
- One-loop gauge coupling 3-function coefficient in d = 4
Banks, Zaks (1982)

@ Form of expansions determined by /3-functions

- For coupling constants = Lowest-order terms in J-functions
(would-be conformal fixed points)

- For virial current = Higher-order terms in /3-functions due to
Polchinski—Dorigoni—Rychkov argument
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Interlude: Scheme-(in)dependence of B-functions

Change of scheme A = \ 4+ alA\2 4 a(2)\3 4 ...

+ bIN3 4 pBINA 4
A2+ bBAN3 4 BB 4.

@ One coupling constant case

Scheme-independence = Only two lowest-order terms
Scheme-dependence = All higher-order terms
Scheme-dependent terms all be set to vanish
High-precision numerical analysis possible (but useless)
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Scale-invariant trajectories
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Change of scheme
(1) (1)

— = — (1
(gA- Aabed - y‘.,|,j) — (gA- Aabed - yJ\:'j) + (aA + abed: 9, 3) +

2 2

(‘{A- Babed - '))J|:'j) = (bfql) bg})?:.d. b(l)) -+ (b/(q—) b(_) b(—)

;7‘;} abcd: ;;|U

(‘_{A- ‘_f;?bc.‘d- _f?lfj) — (b(l) b(ai)(d b(l)) r (b % B B(—))) t

3‘;} ?b(‘(f 3|U

2

)+...

) = (b b bty

;b(_d alif

(bY). B, . Bl

abcd® Zalij
2

( B,(C\E) ’ B.(j))cd ’ b(;|2,3 ) # ( b»g\z) ’ b‘('j))c.‘d ’ b(;T;J)r )

@ General case

- Scheme-independence = Only lowest-order terms

- Scheme-dependence = All higher-order terms

- Scheme-dependent terms cannot all be set to vanish

- High-precision numerical analysis not possible (but useful)
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Scale-invariant trajectories
®

EES

Physical d = 4 case

@ No proper example yet = Maybe none 7
- Technically difficult to generate /3-functions
@ SU(2) gauge theory with two real scalars (singlet) and two
active flavors of Weyl fermions (fundamental)
- Unbounded-from-below scalar potential
- Only found numerically = Trustworthy 7

Unphysical d = 4 — ¢ case

@ [wo real scalars and one Dirac fermion

- Limit cycle (bounded-from-below scalar potential, CP
conservation, vacuum at origin of field space)

- Unsatisfactory unless condensed matter example in ¢ — 1 limit
(universality class 7)
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Discussion and conclusion

Features and future work

Physics of non-conformal scale-invariant QF Ts
@ Less constrained than CFTs

@ J-functions ~ Anomalous dimensions

@ Rare RG flows (recurrent behaviors)
- RG flows # Gradient flows

- Strongest version of a-theorem violated

Future work

@ Phenomenological applications

- Cyclic unparticle physics JFF, Grinstein, Stergiou (2011)

@ Generic examples (with 3-functions at higher order) ?
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Physics of non-conformal scale-invariant QF Ts
@ Less constrained than CFTs

@ J-functions ~ Anomalous dimensions

@ Rare RG flows (recurrent behaviors)
- RG flows # Gradient flows

- Strongest version of a-theorem violated

Future work

@ Phenomenological applications

- Cyclic unparticle physics JFF, Grinstein, Stergiou (2011)

@ Generic examples (with 3-functions at higher order) ?
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Scale-invariant trajectories
L J

Systematic approach

Scale-invariant trajectories at weak coupling

A = Z g/(;l)f n—s /\ abcd — Z \”)(d y"U Z y(}lf:J n—s;
n=1
1iJ — Z Q”,) U — Z P(H n

@ ¢ small parameter

- Obvious choice in d = 4 — ¢
- One-loop gauge coupling 3-function coefficient in d = 4
Banks, Zaks (1982)

@ Form of expansions determined by /3-functions

- For coupling constants = Lowest-order terms in J-functions
(would-be conformal fixed points)

- For virial current = Higher-order terms in /3-functions due to
Polchinski—Dorigoni—Rychkov argument

Page 57/57



