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How to solve hard problems

Carl Bender
Washington University

Perimeter Institute, 2011
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Series arise when you use
perturbation theory

Perturbation theory for a HARD PROBLEM:
Step 1. Insert a small parameter &:
HARD PROBLEM(g)

Step 2. Expand answer as a perturbation series in powers of &:

>0
ANSWER(e) = S ane”
n=0

Step 3. Set e=1 and sum the series — this is not so easy!
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Simple example

HARD PROBLEM: Find the positive root of
>+ = 1
ANSWER: & = 0.75487767 - - -

Step . Insert &: 55'5 + ex = 1 (Strong coupling)

o0

Sten 2, x(€) = Zanen
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Match powers of €

bar +1 = 0,
5as +10ai +a; = 0,
das + 20a1a9 + as + IOa:f = (),
5as + 20a,a3 + a3 + 10a; + 30atay + 5a; = O.
1 1 1
a=--, a@=--—, a3=——,
=75 2T 75 BT
. 21 T
“=" %= 156250 T 78125
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The perturbation series...

zr(e) = 1_16__1__62_ L 3 21 & 4 (8

6
€ + € + .«
5) 25 125 15625 78125

Step 3. Sum the series at x = 1

Radius of convergence of this series: 1.64938. ..

Sixth-order result x(1) = 0.75434

Exact answer x = ().75488
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Conclusion:

We need to learn how to
sum a series!




Qutline of Course

* Beginning
« Middle

* End
* (applause)
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Accelerating the convergence
of a convergent series...

1. Richardson extrapolation
2. Shanks transformation

oy

3. Fourier series
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How to sum a
divergent series...

1. Euler summation
2. Borel summation
3. Continued fractions and Pade theory
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Asymptotics and
perturbation theory...

. Boundary layer theory
2. WKB theory
3. And lots more...
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Shanks transformation
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Asymptotics and
perturbation theory...

. Boundary layer theory
2. WKB theory
3. And lots more...
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Oz 2& =2,
X —=00
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Fo + g0 = )

Qe T C) ao X—=>

Hoen Loy~ hea o5
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