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Abstract: We generalize the result of Bravyi et al. on the stability of the spectral gap for frustration-free, commuting Hamiltonians, by removing the
assumption of commutativity and weakening the assumptions needed for stability.
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The question The assumptions Spectral Flow The future

Example

1 Consider the N x N Ising Hamiltonian Hy and a perturbation Ay:

Hy=-) oi®0Z, An=0nY o2, Oon~1/N
P

pr~q
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The question The assumptions Spectral Flow The future

Example

1 Consider the N x N Ising Hamiltonian Hy and a perturbation Ay:

Hy=-) oi®0Z, An=0nY o2, Oon~1/N
P

pr~q

2 The groundstate subspace is spanned by |000---0) and
[111---1), with spectral gap 1.
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The question The assumptions Spectral Flow The future

Example

1 Consider the N x N Ising Hamiltonian Hy and a perturbation Ay:

Hy=-) oi®0Z, Ay=0nY o2, on~1/N2
P

prq
2 The groundstate subspace is spanned by |000---0) and
[111---1), with spectral gap 1.

3 H) = Hy — Ap has unique groundstate |000-- - 0), with
|111---1) having energy of order 1.
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The question The assumptions Spectral Flow The future

Example

1 Consider the N x N Ising Hamiltonian Hy and a perturbation Ay:

Hy=-) oi®0Z, Ay=0nY o2, on~1/N
P

pr~q

2 The groundstate subspace is spanned by |000---0) and
[111---1), with spectral gap 1.

3 H) = Hy — Ap has unique groundstate |000-- - 0), with
[111---1) having energy of order 1.
4 Good classical memory, bad quantum memory: Encoded state

[+) = [000...0) + [111...1) flips to |-} = |000...0) — |111...1),
since e |4+) ~ |000...0) + e |111...1).
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The question The assumptions Spectral Flow The future

Example

1 Consider N x N Ising Hamiltonian with a defect at the origin:

g z - g A
Hy = erp@aq a5

p~q
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The question The assumptions Spectral Flow The future

Example

1 Consider N x N Ising Hamiltonian with a defect at the origin:

s z gl
Hy = Zap@mq a5

p~q

2 Hp has unique groundstate |000---0), with spectral gap 1.
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The question The assumptions Spectral Flow

Example

1 Consider N x N Ising Hamiltonian with a defect at the origin:

i z T p
Hy = erp@aq a5

p~q

2 Hpy has unique groundstate |000---0), with spectral gap 1.

3 Use local order parameter, such as o7, to lower the energy of
[111...1) relative to [000...0).

Spyridon Michalakis
Stability of Frustration-Free Hamiltonians 5/ 38
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The question The assumptions Spectral Flow The future

Example

1 Consider N x N Ising Hamiltonian with a defect at the origin:

e z L
Hy = ZUp@aq T0-

p~q

2 Hpy has unique groundstate |000---0), with spectral gap 1.

3 Use local order parameter, such as o7, to lower the energy of
[111...1) relative to |000...0).

4 Hy = Hy +0n)_, 05 has degenerate groundstate space spanned
by [000---0) and |111---1), for vanishing 5y ~ 1/N?.

Spyridon Michalakis
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The question The assumptions Spectral Flow The future

Hamiltonians are unstable because local order parameters can act as
perturbations to split the groundstate subspace, or close the gap

between groundstates and local, low-energy excitations.
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The question The assumptions Spectral Flow The future

1 We say Hp = >, .p Qu is frustration-free, if the groundstate
subspace P, satisfies for all u € A C Z9:

Qup(l = )\upﬂ-

where )\, is the smallest eigenvalue of Q,. Substitute @, with
@, — Ay1 > 0. This generates a global energy shift, which is
irrelevant for spectral gaps.
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The question The assumptions Spectral Flow The future

1 We say Ho = }_,.p Qu is frustration-free, if the groundstate
subspace P, satisfies for all u € A C Z9:

Qupﬂ e )\upo-

where )\, is the smallest eigenvalue of Q,. Substitute @, with
@, — Ayl > 0. This generates a global energy shift, which is
irrelevant for spectral gaps.

NOT all COMMUTING Hamiltonians are FRUSTRATION-FREE!
Take 3 qubits on the vertices {u, v.w} of a triangle, with Ising
Hamiltonian Hao = 02 ® 02 4+ 02 ® 0% + 0% ® 0,.

Since 02 @ 0%, = (02 @ 02) - (62 @ 0,), it is impossible to have
common groundstate for all three terms.
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Pirsa: 11100106 Page 12/76



The question The assumptions Spectral Flow The future

We say Hg = > .a Qu is frustration-free, if the groundstate
subspace P, satisfies for all u € A C Z9:

Qupﬂ = )\upo-

where )\, is the smallest eigenvalue of Q,. Substitute @, with

@, — Ay1 > 0. This generates a global energy shift, which is
irrelevant for spectral gaps.

NOT all COMMUTING Hamiltonians are FRUSTRATION-FREE!
Take 3 qubits on the vertices {u,v.w} of a triangle, with Ising
Hamiltonian Hp = 02 ® 02 + 02 ® 0% + 0% ® 0,.

Since 02 @ 0%, = (02 @ 02) - (62 @ 0,), it is impossible to have
common groundstate for all three terms.

NOT all FRUSTRATION-FREE Hamiltonians are COMMUTING!
Generic parent Hamiltonian of a Matrix Product State (e.g. AKLT).
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Pirsa: 11100106 Page 13/76



The question The assumptions Spectral Flow The future

We say Hg = > ,.a Qu is frustration-free, if the groundstate
subspace P, satisfies for all u € A C Z9:

Qupﬂ . )\uPO-

where )\, is the smallest eigenvalue of Q,. Substitute @, with

@, — Ay1 > 0. This generates a global energy shift, which is
irrelevant for spectral gaps.

NOT all COMMUTING Hamiltonians are FRUSTRATION-FREE!
Take 3 qubits on the vertices {u.v.w} of a triangle, with Ising
Hamiltonian Hao = 02 ® 02 + 0% ® 0% + 0% ® 0,.

Since 02 @ 0%, = (02 @ 02) - (62 @ 0,), it is impossible to have
common groundstate for all three terms.

NOT all FRUSTRATION-FREE Hamiltonians are COMMUTING!
Generic parent Hamiltonian of a Matrix Product State (e.g. AKLT).
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The question The assumptions Spectral Flow The proof The future

Every frustration-free Hamiltonian Hp on A is the extension of another
frustration-free Hamiltonian Hg on B C A. This implies that the local
groundstate projector Pg contains Py; that is, PgPy = Py.

Spyridon Michalakis
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The question The assumptions Spectral Flow The future

Proof:
First, recall that Hy = >, Qu, with @, > 0 and Q,Py = 0.
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The question The assumptions Spectral Flow The future

Proof:
First, recall that Hy = >, Qu, with @, > 0 and Q,P, = 0.
So, Hg > vg(1 — Pg), for some vg > 0.
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The question The assumptions Spectral Flow The future

Proof:
First, recall that Hy = >, Qu, with @, > 0 and Q,P, = 0.
So, Hg > vg(1 — Pg), for some vg > 0.
Then, Q,P;o =0 = HgPy =0.
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The question The assumptions Spectral Flow The future

Proof:
First, recall that Hy = >, Qu, with @, > 0 and Q,Py = 0.
So, Hg > vg(1 — Pg), for some vg > 0.
Then, Q,Po =0 = HgPy = 0.

And so, v8(1 — Pg) < Hg = Py(1 — Pg)Py < 0.

Spyridon Michalakis
Stability of Frustration-Free Hamiltonians 12/ 38
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The question The assumptions Spectral Flow The future

Proof:
First, recall that Hy = >, Qu, with @, > 0 and Q,Py = 0.
So, Hg > vg(1 — Pg), for some vg > 0.
Then, Q,Po =0 = HgPy = 0.

And so, v8(1 — Pg) < Hg = Py(1 — Pg)Py < 0.
But, AAA=0 = A=0,so(1-Pg)P;=0.

Done. But, only works for frustration-free Hamiltonians!

Spyridon Michalakis
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Pirsa: 11100106 Page 20/76



The question The assumptions Spectral Flow The future

TQO: Py satisfies Topological Quantum Order, if for all Ox:
P()OAPO :C(OA)P ) C(OA) ZTI‘(OA Po)/TI‘Po. (1)

where A = b,(r), r <L* ~ L% a € (0,1].
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The question The assumptions Spectral Flow The future

1 The Ising Hamiltonian does not satisfy the TQO condition.

2 P(}OAPO = C(OA)PU — (U’f0| OA |'t,"?0) = ((f)ol OA |(f)0) = C(OA), for
any groundstates |¢)) , [¢o). But, (000---0[cZ[000---0) =1 and

(111---1|¢Z|111---1) = —1.
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The question The assumptions Spectral Flow The future

The Ising Hamiltonian does not satisfy the TQO condition.

P(}OAPO = C(OA)PU = ('t,/?0| OA |'t/‘?0) = ((f)ol OA |(,f)0> = C(OA), for
any groundstates |1)) , [¢o). But, (000---0[c7[000---0) =1 and
(111.--1|oZ|111:--1) = —L.

It is no coincidence that zp o7 is used to split the groundstates.

Kitaev's Toric Code, a four-fold degenerate groundstate subspace,
satisfies the TQO condition with &« =1, so L* ~ L.
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The question The assumptions Spectral Flow The future

The Ising Hamiltonian does not satisfy the TQO condition.

PoOaPo = ¢(0a)Po = (t0| Oa|v0) = (0| Oa [¢0) = c(Oa), for
any groundstates |1)) , [¢o). But, (000---0[cZ[000---0) =1 and
(111..-1|6Z|111---1) = —1.

It is no coincidence that zp o is used to split the groundstates.

Kitaev's Toric Code, a four-fold degenerate groundstate subspace,
satisfies the TQO condition with &« =1, so L* ~ L.

Of course, so does every Hamiltonian with a unique groundstate.
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The question The assumptions Spectral Flow The future

But the second counterexample had a unique groundstate!
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The question The assumptions Spectral Flow The proof The future

PRI PErE

Toric Code: Plaquettes and Stars...

Plaquettes have B, = [, qeu(p)

Note that [As, Bp] = 0 for all s and p.

r4 e X
of and stars have A, = [, ars) 77
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The question The assumptions Spectral Flow The future

Example

The standard toric code model is defined by the Hamiltonian:

He=—Y Bp—) A
P s

where qubits live on the edges of a lattice on a torus.

m Lowest-energy subspace Py (toric code) has B, =1, As = 1 for all p
and s. That is, for any ground state |Wq) we have:

By, [Wo) = As [Wg) = |Wp). stabilizing property (2)
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The question The assumptions Spectral Flow The future

Example

The standard toric code model is defined by the Hamiltonian:

He=—Y Bp—) A
P s

where qubits live on the edges of a lattice on a torus.

m Lowest-energy subspace Py (toric code) has B, =1, As = 1 for all p
and s. That is, for any ground state |Wy) we have:

B, [Wo) = As |[Wg) = |Wp). stabilizing property (2)

m Since [[; As =[], Bp = 1, there are 4 such ground states on the
torus, distinguished only through macroscopic string operators.

Spyridon Michalakis
Stability of Frustration-Free Hamiltonians 19/ 38
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The question The assumptions Spectral Flow The future

Example

Ho=—) B,®By—Bo— ) A

p~p’ s

» Groundstate subspace F; is still the toric code.
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The question The assumptions Spectral Flow The future

Example

Ho=—) B,®By—Bo— ) A

p~p’ s

» Groundstate subspace P, is still the toric code.

w Is this gapped Hamiltonian stable?

m Perturb Hy by adding the vanishing B-field: o ) B, with
oa ~ 1/|A| and A the lattice (torus) on which Hp is defined.
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The question The assumptions Spectral Flow The future

Example

Ho=—) B,®By—Bo— ) A

p~p’ s

m Groundstate subspace P, is still the toric code.

w Is this gapped Hamiltonian stable?

m Perturb Hy by adding the vanishing B-field: o, ), B, with
oa ~ 1/|A| and A the lattice (torus) on which Hy is defined.

m The subspace A; = 1, B, = —1, becomes the new groundstate.

Spyridon Michalakis
Stability of Frustration-Free Hamiltonians 20/ 38
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The question The assumptions Spectral Flow The future

TQO is not enough for stability. Now what?
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The question The motivation Spectral Flow The future

Local-TQO: Hy satisfies Local-TQO, if there exists a rapidly-decaying

function Agy(/), such that:
1Pa(ey OaPaey — c(Oa)Payll < [|Oall Bo(f).  (3)
Here, A= b,(r), r < L* and A(¢) := by(r + ¢).

Spyridon Michalakis
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The question The motivation Spectral Flow The future

Local-TQO implies that groundstates on A(/) are identical when
viewed on the bulk A, up to error 2Ay(/).
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The question The assumptions Spectral Flow The future

1 The Ising Hamiltonian does not satisfy the TQO condition.

2 PoOAPO = C(OA)PU — ('(;“’f0| OA |'t;"’0) = ((f)ol OA |(,f)0) = C(OA), for
any groundstates |1)) , [¢o). But, (000---0[cZ[000---0) =1 and

(111---1|¢Z|111---1) = —1.
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The question The motivation Spectral Flow

By definition of the trace norm and pa = Tra\a [Vae)) (VA l:

1 2 )1 )1 2 /2
lpa — pallr = HSUH : ’ <"+"’A(l’)‘ Oa ’#”A(ﬁ)) 7 <".+"A(l’)’ Oa ’U'A(P)) ‘
A —

Local-TQO implies | {1'a(¢)| Oa [tae)) — c(0a)| < Ao(f). Use the
triangle inequality:
lpa = Palls < 2D0(0).

Spyridon Michalakis
Stability of Frustration-Free Hamiltonians 24/ 38

The future
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The question The motivation Spectral Flow The future

Any groundstate |Wq) of Hy satisfying Local-TQO, also satisfies a
bound for the entanglement entropy of ps = Trac |Wo)(Wol|, with
A—Dhilr) r<i:

S(pa) < (caInD) (1 +r)d-1. ¢, (4)

where cq and D are constants and (g = min{l : Do(¢) < /(1 +7r)}.

Spyridon Michalakis
Stability of Frustration-Free Hamiltonians 25/ 38
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The question The motivation Spectral Flow The future

Local-Gap: We define Hy to be locally gapped w.r.t. a function
v(r), if Hg > v(r)(1 — Pg), where B = b,(r). If v(r)
decays at most polynomially, we say that Hy satisfies
the Local-Gap condition.

Open Problem: Is the Local-Gap condition always satisfied if Hp is a
sum of local projections with frustration-free ground-

state and a spectral gap?

Open Problem: Is Local-TQO important for Local-Gap in this setting?

Spyridon Michalakis
Stability of Frustration-Free Hamiltonians 26/ 38
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The question The motivation The assumptions Spectral Flow The future

| (Euclid, 314 B.C., Kato, '66) Let Hyp have spectral gap v > 0 and
unique groundstate. Then, Hy + V retains a gap if || V|| < v/2.

Spyridon Michalakis
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The question The motivation The assumptions Spectral Flow The future

1 (Euclid, 314 B.C., Kato, '66) Let Hy have spectral gap v > 0 and
unique groundstate. Then, Hy + V retains a gap if || V|| < v/2.

> (Datta, et al. '95, Yarotzky, '00) Let Hy be sum of classical terms,
with gap 7 and unique, frustration-free groundstate. Then, for
V =3, Vu, with exponentially decaying V,,, 3/ : |Vl £ o =
stable gap. (common product eigenbasis)
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The question The motivation The assumptions Spectral Flow The future

(Euclid, 314 B.C., Kato, '66) Let Hy have spectral gap v > 0 and
unique groundstate. Then, Hy + V retains a gap if || V|| < v/2.

(Datta, et al. '95, Yarotzky, '00) Let Hy be sum of classical terms,
with gap 7 and unique, frustration-free groundstate. Then, for

V =3, Vi, with exponentially decaying V,, 3/ : |Vl £ o =
stable gap. (common product eigenbasis)

(Bravyi, Hastings, M., '10) Hp is sum of commuting projections,
with spectral gap 7 and frustration-free groundstate subspace,
satisfying a form of Local Topological Order. Then, for V a sum
of rapidly decaying terms V,,, there exists a Jy such that for
|Vull £ Jo = stable gap. (common eigenbasis)

Spyridon Michalakis
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The question The motivation The assumptions Spectral Flow The future

(Euclid, 314 B.C., Kato, '66) Let Hy have spectral gap v > 0 and
unique groundstate. Then, Hy + V retains a gap if || V|| < v/2.

(Datta, et al. '95, Yarotzky, '00) Let Hy be sum of classical terms,
with gap 7 and unique, frustration-free groundstate. Then, for

V =3, Vi, with exponentially decaying V,,, 3/ : |Vl £ o =
stable gap. (common product eigenbasis)

(Bravyi, Hastings, M., '10) Hp is sum of commuting projections,
with spectral gap 7 and frustration-free groundstate subspace,
satisfying a form of Local Topological Order. Then, for V a sum
of rapidly decaying terms V,,, there exists a Jy such that for
|Vull £ Jo = stable gap. (common eigenbasis)

(M., Pytel, '11) Let Hy have gap 7 and frustration-free groundstate
subspace, satisfying Local-TQO and Local-Gap. Then, stability
holds for all perturbations V/, as above. (common groundstate)

Spyridon Michalakis
Stability of Frustration-Free Hamiltonians 27/ 38
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The question The motivation The assumptions Spectral Flow The proof The future

For each site u € A, we allow perturbations supported on b,(r). As the radius
of the support increases, the norm of the perturbation decreases rapidly.

Spyridon Michalakis
Stability of Frustration-Free Hamiltonians 28/ 38
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The question The motivation The assumptions Spectral Flow

We say that V/ has strength J and rapid decay f, if we can write

e =%

uel r>0

such that V,(r) has support on b,(r) and ||V, (r)|| < Jf(r). r > 0.

Spyridon Michalakis
Stability of Frustration-Free Hamiltonians 29/ 38

The future
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The question The motivation The assumptions Spectral Flow The future

Let Hy be a frustration-free Hamiltonian satisfying Local-TQO
and Local-Gap with decay given by Ag(r) and ~(r), respectively.

Spyridon Michalakis
Stability of Frustration-Free Hamiltonians 30/ 38
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The question The motivation The assumptions Spectral Flow The future

Let Hy be a frustration-free Hamiltonian satisfying Local-TQO
and Local-Gap with decay given by Ag(r) and ~(r), respectively.

Assume periodic-boundary conditions and a spectral gap v > 0.

Spyridon Michalakis
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The question The motivation The assumptions Spectral Flow The future

Let Hy be a frustration-free Hamiltonian satisfying Local-TQO
and Local-Gap with decay given by Ag(r) and ~(r), respectively.

Assume periodic-boundary conditions and a spectral gap ~ > 0.
Let V be a strength J perturbation, with decay f(r).
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The question The motivation The assumptions Spectral Flow The future

Let Hy be a frustration-free Hamiltonian satisfying Local-TQO
and Local-Gap with decay given by Ag(r) and ~(r), respectively.

Assume periodic-boundary conditions and a spectral gap ~ > 0.
Let V be a strength J perturbation, with decay f(r).
Then, Hy + V has spectral gap bounded below by

0 iy Ld( No(L*) + w(L*)).

where ¢y = ZLI rd . [w(r)/~(r)] and w(r) has rapid decay related
to the decay rate of f(r).

Spyridon Michalakis
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The question

The motivation The assumptions Spectral Flow The future

Let Hy be a frustration-free Hamiltonian satisfying Local-TQO
and Local-Gap with decay given by Ao(r) and ~(r), respectively.

Assume periodic-boundary conditions and a spectral gap + > 0.
Let V be a strength J perturbation, with decay f(r).
Then, Hy + V' has spectral gap bounded below by

6 iculiy o Ld( Do(L*) + w(L*)).

where ¢y = ZLI rd . [w(r)/~(r)] and w(r) has rapid decay related
to the decay rate of f(r).
Groundstate splitting is bounded by J Ld( Do(L*) + w(L*)).

Since L* ~ L“, this implies exponentially small splitting for
rapidly decaying Ao and w.

Spyridon Michalakis
Stability of Frustration-Free Hamiltonians 30/ 38
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The question The motivation The assumptions Spectral Flow The future

Here is one of the tools used in the proof. Hot stuff.
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The question The motivation The assumptions Spectral Flow The proof The future

Define the unitary operator U; (Spectral Flow), by:

8,Us = iD, U;, Up =1, (5)

where D, simulates the generator of the adiabatic evolution for a
family of gapped Hamiltonians H. (Next slide.)

Spyridon Michalakis
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The question The motivation The assumptions Spectral Flow The proof The future

For Hs = Hy + sV, define the generator D, by:

o0 t
= / dt s (t) / du e™Hs(V)e~uHs, (6)
— 00 0

where the function s, (t) (called a filter function) is chosen to satisfy
the following properties:

1 The Fourier transform of s, (t), denoted by s (w), obeys:

lw| 279/2 — §(w)=0 (compactsupport). (7)

Spyridon Michalakis
Stability of Frustration-Free Hamiltonians 33/ 38
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The question The motivation The assumptions Spectral Flow The future

For Hs = Hy + sV, define the generator D, by:

o0 t
o / dts (t) / du e™He(V)e=uHs, (6)
— 00 0

where the function s, (t) (called a filter function) is chosen to satisfy
the following properties:

1 The Fourier transform of s, (t), denoted by §. (w), obeys:

w|=2v/2 — §(w)=0 (compactsupport). (7)

s, (t) decays like exp{— 4—L—|—} (sub-exponential decay).

log
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The question The motivation The assumptions Spectral Flow The proof The future

For Hs = Hy + sV, define the generator D, by:

o0 &
= / dt s (t) / du e™He(V)e=uHs, (6)
— 00 0

where the function s, (t) (called a filter function) is chosen to satisfy
the following properties:

1 The Fourier transform of s, (t), denoted by s (w), obeys:

lw|=2v/2 — §/(w)=0 (compactsupport). (7)

> s,(t) decays like exp{— 4—L—|—} (sub-exponential decay).

log
3 5,(0) =1 and s,(t) > 0, so that Ds is Hermitian.
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The question The motivation The assumptions Spectral Flow The future

For Hs = Hy + sV, define the generator D, by:

o0 t
o — / dts (t) / du e™He(V)e=uHs, (6)
— 00 0

where the function s, (t) (called a filter function) is chosen to satisfy
the following properties:

1 The Fourier transform of s, (t), denoted by 5. (w), obeys:
lw| 27v/2 — §/(w)=0 (compactsupport). (7)

s, (t) decays like exp{— 4—L—|—} (sub-exponential decay).

log
5,(0) =1 and s,(t) > 0, so that D is Hermitian.

Note: This magical function s, (t) exists and can be quite the
ice-breaker on a first date.
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Let Hs be a differentiable family of Hamiltonians.
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The question The motivation The assumptions Spectral Flow The proof The future

Let Hs be a differentiable family of Hamiltonians.

Let P(s) denote the projection onto the eigenstates of H, with
energies in [Epin(s). Emax(s)], where these energies are continuous
functions of s.
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The question The motivation The assumptions Spectral Flow The proof The future

Let Hs be a differentiable family of Hamiltonians.

Let P(s) denote the projection onto the eigenstates of H, with
energies in [Epin(s). Emax(s)], where these energies are continuous
functions of s.

Assume that [Epin(s), Emax(s)] is separated by at least +/2 from
the rest of the spectrum, for 0 < s < s*.
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The question The motivation The assumptions Spectral Flow The future

Let Hs be a differentiable family of Hamiltonians.

Let P(s) denote the projection onto the eigenstates of H, with

energies in [Ein(s). Emax(s)], where these energies are continuous
functions of s.

Assume that [Epin(s), Emax(s)] is separated by at least +/2 from
the rest of the spectrum, for 0 < s < s*.

Then, for all s € [0,s*], we have P(s) = UsP(0)U!.
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The question The motivation The assumptions Spectral Flow The proof The future

Let Hs be a differentiable family of Hamiltonians.

Let P(s) denote the projection onto the eigenstates of H, with

energies in [Ein(s). Emax(s)], where these energies are continuous
functions of s.

Assume that [Epin(s), Emax(s)] is separated by at least +/2 from
the rest of the spectrum, for 0 < s < s*.

Then, for all s € [0,s*], we have P(s) = UsP(0)U!.
We can prove that U is generated by the quasi-local operator D;.

The spectral flow satisfies |[Us — Ua @ Up\aUsa(o)l| < A(F), where
the function A decays sub-exponentially.
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The question The motivation The assumptions Spectral Flow The future

Assume that s* is the largest number in [0, 1] such that
Hs = Ho + sV has gap at least /2 for all s € [0, s*].(assume gap)
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The question The motivation The assumptions Spectral Flow The future

Assume that s* is the largest number in [0, 1] such that
Hs = Ho + sV has gap at least /2 for all s € [0, s*].(assume gap)

Use energy filtering transformation to write Hs = Qu(s), where
[Qu(s). Po(s)] =0 and Q,(s) is quasi-local.(energy-filtering)
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The question The motivation The assumptions Spectral Flow The future

Assume that s* is the largest number in [0, 1] such that
Hs = Ho + sV has gap at least /2 for all s € [0, s*].(assume gap)

Use energy filtering transformation to write Hs = Qu(s), where
[Qu(s). Po(s)] = 0 and Q,(s) is quasi-local.(energy-filtering)

Use the spectral flow to unitarily transform the gapped family of
Hamiltonians Hs into

UIHU, = Ho + ) V.,

so that [V,.Pg] = 0 and V/ is quasi-local. (unitary-transformation)
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The question The motivation The assumptions Spectral Flow The future

Assume that s* is the largest number in [0, 1] such that
Hs = Ho + sV has gap at least +/2 for all s € [0, s*].(assume gap)

Use energy filtering transformation to write Hs = Qu(s), where
[Qu(s). Po(s)] =0 and Q,(s) is quasi-local.(energy-filtering)

Use the spectral flow to unitarily transform the gapped family of
Hamiltonians H into

UIH,U, = Ho + ) Vi,

so that [V, Po] = 0 and V/ is quasi-local. (unitary-transformation)
Decompose V) = W, + A, + E,1, where:

Au = (vlj T EU)P0|

E. is a constant energy. (energy-shift)
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The question The motivation The assumptions Spectral Flow The future

Use Local-TQO to prove that ||A,|| decays rapidly in L*.
(small-perturbation).
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Use Local-TQO to prove that ||A,|| decays rapidly in L*.
(small-perturbation).
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The question The motivation The assumptions Spectral Flow The future

Use Local-TQO to prove that ||A,|| decays rapidly in L*.
(small-perturbation).

Show that W, is a strength J perturbation with rapid decay
w(r), satisfying Wy(r)Pp,(r) = 0. (local-annihilation)
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The question The motivation The assumptions Spectral Flow The future

Use Local-TQO to prove that ||A,|| decays rapidly in L*.
(small-perturbation).

Show that W, is a strength J perturbation with rapid decay
w(r), satisfying Wy (r)Py,(r) = 0. (local-annihilation)

Combine the Local-Gap condition with local-annihilation to prove
that | (¢| Y, Wy |¥) | < @ J (| Ho |¢), for arbitrary states ).

(relative-bound)
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The question The motivation The assumptions Spectral Flow The future

Use Local-TQO to prove that ||A,|| decays rapidly in L*.
(small-perturbation).

Show that W, is a strength J perturbation with rapid decay
w(r), satisfying Wy(r)Pp,(r) = 0. (local-annihilation)

Combine the Local-Gap condition with local-annihilation to prove
that | (| 3°, Wy [¥) | < co - J (¥| Ho [¥), for arbitrary states ).
(relative-bound)

Relative-bound and small-perturbation imply that
Ho + Y- ,(V, — E.), has spectral gap > (3/4)7, for J < &.
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The question The motivation The assumptions Spectral Flow The future

Use Local-TQO to prove that ||A,|| decays rapidly in L*.
(small-perturbation).

Show that W, is a strength J perturbation with rapid decay
w(r), satisfying Wy(r)Pp,(r) = 0. (local-annihilation)

Combine the Local-Gap condition with local-annihilation to prove
that | (¢| Y, W, |¥) | < - J (¥| Ho |¢), for arbitrary states ).

(relative-bound)

Relative-bound and small-perturbation imply that
Ho + Y_,(V, — Eu), has spectral gap > (3/4)7, for J < &.

But, Ho+>_,V, — E -1 and Hy + sV have equal spectral gap!
(unitary transformation + energy-shift)
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The question The motivation The assumptions Spectral Flow The future

Use Local-TQO to prove that ||A,|| decays rapidly in L*.
(small-perturbation).

Show that W, is a strength J perturbation with rapid decay
w(r), satisfying Wy(r)Pp,(r) = 0. (local-annihilation)

Combine the Local-Gap condition with local-annihilation to prove
that | (V| 32, Wu |¥) | < co - J (| Ho |1), for arbitrary states ).
(relative-bound)

Relative-bound and small-perturbation imply that
Ho + >_,(V, — Eu), has spectral gap > (3/4)7, for J < &.

But, Ho+>_,V, — E -1 and Hy + sV have equal spectral gap!
(unitary transformation + energy-shift)

Contradiction! Hy + s*V has gap at most v/2, by assumption! So,
s—1 foed< .k
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How do we prove spectral gaps for 2D frustration-free
Hamiltonians?
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The question The motivation The assumptions Spectral Flow

How do we prove spectral gaps for 2D frustration-free
Hamiltonians?

What symmetries of the Hamiltonian imply Local-TQO?
Can we prove Local-Gap for all frustration-free Hamiltonians that
are sums of local projections?

Local-TQO =— Area Law.
Local-TQO == Stability of gap.

1
3 Stability of Gap —> Area Law preserved.
4 Area Law — Local-TQO?
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The question The motivation The assumptions Spectral Flow

How do we prove spectral gaps for 2D frustration-free
Hamiltonians?

What symmetries of the Hamiltonian imply Local-TQO?

Can we prove Local-Gap for all frustration-free Hamiltonians that
are sums of local projections?

Local-TQO = Area Law.
Local-TQO == Stability of gap.

1
3 Stability of Gap —> Area Law preserved.
4 Area Law — Local-TQO?

Is there a notion of frustration-free parent Hamiltonians? Do
they have optimal Local-TQO decay for given Py?
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The question The motivation The assumptions Spectral Flow

FIELDS arrancep By PORITY
MORE PURE

SOCIOLOGY IS PSYCHOLOGY 1S BIOLOGY 16 WHICH 1S JUsT OH, HEY, I DION'T

JUST APPUED  JUST APPLIED JUST APPLED  APPLIED PHYSICS, SEE YOU GUYS ALL

PC\-‘[‘H(\L"‘(V BIOLOGY. CHEMISTRY TS NICE TO THE \WAY OVER THERE
BE ON TOF L

. ———— ———( —
S»‘{‘kt':\':lf‘ TS5 h—q,-(‘u GISTS PTOLC‘FIC‘T': CHEMISTS v H\SC'Sr.‘; MATHEMATICIANS

There was no space for string theory on the right.

Thank you!
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The question The motivation The assumptions Spectral Flow The proof The future

Let H; be a differentiable family of Hamiltonians.

Let P(s) denote the projection onto the eigenstates of H; with

energies in [Ein(s), Emax(s)], where these energies are continuous
functions of s.

Assume that [Epin(s), Emax(s)] is separated by at least /2 from
the rest of the spectrum, for 0 < s < s*.

Then, for all s € [0,s*], we have P(s) = UsP(0)U!.
We can prove that Us is generated by the quasi-local operator D;.

The spectral flow satisfies [[Us — Ua @ Up\aUpa(y)|| < 4
the function A decays sub-exponentially.
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