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Abstract: The study of fermionic and frustrated systems in two dimensions is one of the biggest challenges in condensed matter physics. A
most promising tools to simulate these systems are 2D tensor networks, including projected entangled-pair states (PEPS) and the 2D mt
entanglement renormalization ansatz (MERA), which have been generalized to fermionic systems recently.

In the first part of this talk | will present a simple formalism how to include fermionic statistics into 2D tensor networks. The second part c
recent simulation results showing that infinite PEPS (IPEPS) can compete with the best known variational methods. In particular, for the t-J
and the SU(4) Heisenberg model iPEPS yields better variational energies than obtained in previous variational- and fixed-node Monte Carlo

Future perspectives and open problems are discussed.
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Motivation: Strongly correlated quantum many-body systems
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Motivation: Strongly correlated quantum many-body systems

Fractional QH Effect
High-temperature ) - Quantum magnetism /
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Quantum Monte Carlo

Main idea: Statistical sampling of
the exponentially large configuration space

v Very powerful
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Strongly correlated fermionic systems

2D Hubbard model  H = —t » &l o + U iy,
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On-site repulsion between
electrons with opposite spin
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Strongly correlated fermionic systems
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Strongly correlated fermionic systems

2D Hubbard moedel H = —t § él o+ U § it
. (,9),0 2
~ - ? - > Hopping between On-site repulsion between
S nearest-neighbor sites  electrons with opposite spin

e O O (=) O

= ? ?) & = Is it the relevant model

5 & B of high-temperature
superconductors?
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Methods to study strongly correlated fermions in 2D

» Exact diagonalization of small systems  » Fixed-node Monte Carlo

» Density matrix renormalization group  » Diagrammatic Monte Carlo

(small 2D systems / ladders) Gaussian Monte Carlo

» Variational approaches _and more ...

w

» (Cluster) dynamical mean field theory
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Strongly correlated fermionic systems

2D Hubbard model  H = —t » ¢l ¢jo +U ) iy,
(i.5).0
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= Still controversial!!
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Overview: tensor networks in |D and 2D

1D MPS

Matrix-product state

rrrrrrTeY
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Related to the famous
density-matrix renormalization
group (DMRG) method
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Overview: tensor networks in |D and 2D

1D MPS ID MERA

Matrix-product state Multi-scale entanglement renormalization ansatz

| | | | | ﬂ fgt ‘A | and more

I 2 3 4 5 6 7 8 T » ID tree tensor
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Overview: tensor networks in |D and 2D

1D MPS ID MERA

Matrix-product state Multi-scale entanglement renormalization ansatz
e e —
TTTTTTTT = b and more
I 2 3 4 5 6 7 8 ~ S ) 1D tree tensor

__“'_] L:_,__
Related to the famous TilT >[ network
density-matrix renormalization H I H g { b ...
group (DMRG) method | f o K j 2 -j. e ( (

14 H15t16 T )R

IR |
()PEPS 2D MERA

and more
(infinite) projected entangled-pair state

» 2D tree tensor
network

» String-bond states

» Entangled-
plaquette states

|
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Fermions with 2D tensor networks

Simulate fermions in 2D?
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Fermions with 2D tensor networks

Simulate fermions in 2D?

Before April 2009: NO!

Since April 2009: YES!

Different formulations:

P. Corboz and G. Vidal, Phys. Rev. B 80, 165129 (2009)

T. Barthel, C. Pineda, and J. Eisert, Phys. Rev. A 80, 042333 (2009)

C. V. Kraus, N. Schuch, F. Verstraete, J. |. Cirac, Phys. Rev. A 81, 052338 (2010)
Q.-Q. Shi, S.-H. Li, J.-H. Zhao, and H.-Q. Zhou, arXiv:0907.5520

P. Corboz, G. Evenbly, F. Verstraete, G. Vidal, Phys. Rev. A81, 010303(R) (2010)
C. Pineda, T. Barthel, and J. Eisert, Phys. Rev. A 81, 050303(R) (2010)

P. Corboz, R. Orus, B.Bauer, G. Vidal, PRB 81, 165104 (2010)

I. Pizorn, F. Verstraete, Phys. Rev. B 81, 245110 (2010)

Z.-C. Gu, F. Verstraete, X.-G. Wen. arXiv:1004.2563
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Summary:Tensor network algorithms
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Summary: Tensor network algorithms

L PEPS
2D MERA phiig m;x
Structure ,,_rrr'rr*rrm_,,_,,"'_,q
:F "h ’%‘ ﬁ" (ansatz) / fHAIAAS

ID MERA

Find the best
(ground) state

iterative optimization
of individual tensors imaginary time
(energy minimization) evolution
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Summary:Tensor network algorithms

FEPrTTTT PEPS
2D MERA PR Wm—rx—ﬁrm?
oy
Structure \ frrrrrrs
; fﬁ ’ﬁ“ ﬁ‘ (ansatz) / A
ID MERA
Find the best P .
(ground) state St
g = observables
v) (¥[0|P)
iterative optimization Contraction of the
of individual tensors imaginary time tensor network
(energy minimization) evolution exact / approximate
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Outline

» Motivation

» Part I: Fermionic tensor networks

4 Formalism to take fermionic statistics in 2D tensor networks into account!

» Part Il: Benchmark results (exactly solvable model)

4 Accuracy depends on the amount of entanglement in the system

» Part lll: Recent studies with iPEPS

4+ Infinite PEPS can compete with the best known variational methods
4+ t-) model: stripes

4+ SU(4) Heisenberg model: new prediction for the ground state

» Summary
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Crossings in 2D tensor networks

(V|¥)
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Crossings in 2D tensor networks

NI [\3%3 PEPS
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-~ Bosons vs Fermions

-
N N
N _Z P “\.L __7_)_/" .
Vp(r1,22) = Vp(22,21) U (21, 22) = =W p(x2,71)
symmetric! antisymmetric!
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-~ Bosons Vs
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Fermions
\_;_L__i o |
Ve(x, To) = [/ 1,‘(.!'-_3. xr)

antisymmetric!
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-~ Bosons vs Fermions

v
el e ‘/_,__,..)——‘,_\\
~— - \;k_ A |
Up(z1,22) = ¥p(r2, 21) Up (21, 20) = =W p (22, 21)
symmetric! antisymmetric!
[).,‘I)J' — [J-}‘])',' CiCj = —C4C4
operators commute operators anticommute
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~~ Bosons

Fermions

¥ T
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bib; = b
operators cor

o) = =Vp(2r2,21)

tisymmetric!

Cj = —CjCi

ors anticommute
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-~ Bosons vs Fermions

v
r N N
N M \_;_k__ _H/,/" .
Vp(z1,22) = Yp(r2, 21) Ve (21, 29) = =W p(x2, 1)
symmetric! antisymmetric!
bfb.f = [J_}‘])',' (-'(l = _('J-(."-
OPEI’B.['.OI"S commute operators anticommute
. \ / N\ /
Crossings 4 K 4 K
H .,T’(/ + \\'(, r—
in a tensor P P
y, \\ y \\\
network / \ / \
ignore crossings take care!
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The swap tensor

# Fermions
even even odd even
/
\ / N
rs

even

odd
/

odd

odd < Parity
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The swap tensor

# Fermions
even even odd  even even  odd odd odd <« Parity
\ o o 4
RULE: N N¢ N —

r/ / ‘\ [/ \\\ / ‘\\ ‘//./ 4 \\“l

P = +1 (even parity), even number of particles
Parity I’ of a state:

P | (odd parity), odd number of particles
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The swap tensor

# Fermions
even even odd even even  odd odd odd < Parity

\ / \ / \
RULE: \\ /‘/ Y / LY N ‘/

N\ S/ Vd \
/ N 4 N\ / N

/ \ / \\ / \\ // \

P = +1 (even parity), even number of particles
Parity F” of a state

P | (odd parity), odd number of particles

Replace crossing by swap tensor

A Bitis =6y, ;.00 12 S(P(in). Pliz))

' if P(i Plis ~1
/ “ S(P(iy), ’(u))—{ 1 e =0

1 otherwise
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Parity symmetry
* Fermionic systems exhibit parity symmetry!

* Choose all tensors to be parity preserving!

Tirig..ing =0 if P(i1)P(iz) ... P(ips) # 1
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Parity symmetry

Fermionic systems exhibit parity symmetry! [H ]A)] =

Choose all tensors to be parity preserving! @

Tirig..ing =0 if P(iy)Pig)... P(ip) # 1 g

* Decomposing local Hilbert WV = V(—H TN V( —)
spaces into even and odd parity
sectors even odd
parity sector _ enumerate states in
.~ parity sector p
* Label state by a composite index ) = (p: (}*P)

= tensor with a block structure (similar to a block diagonal matrix)
= Easy identification of the parity of a state!
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Example

Bosonic tensor network
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Example

Bosonic tensor network Fermionic tensor network
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Fermionic “operator networks™

v
State of 4 site system |W) = E ‘I’ilizi:}u |1 1 ‘12'1;;1f_1>

11121314
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Fermionic “operator networks”

{10}, (1)}
. R
State of 4 site system |W) = E \I’ilizinu |i 1 ‘1.2'1;;1f_1>
11121314
i 3 P "
" Tensor ; ; bosonic
‘)
S 7 S 2 — tensor Contract
A 11121314 A B.fz
ke i149 i3i4 network
| | 1 T 1
iy io 13 1i4 1 122 13 14
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Fermionic “operator networks”

/
State of 4 site system \‘I’) = E lp'i1i2?13i4 |1 1 ’I»Q'L;;'?f.;}t)

11121314
D.. .
. Tensor E :
8 ( v ] J1 J2
11121314 J J2
6 A5 6 [Bi;;i_;]
@ | |

™1 T ]

Tensor + fermionic ops

Fermions

fl i;g L3 f.| il 19 f;; !'_1

A= ‘4‘5: ip 10182)(J1| = fl’fﬂlu‘l"lljt("Sz

bosonic
tensor
network

fermionic
operator
network

{10),[1)}

Contract

Contract
+

operator
calculus

0)(0|é)
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Fermionic “operator network”™

Use anticommutation rules to evaluate
fermionic operator network:

A A A A
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Fermionic “operator network”

Use anticommutation rules to evaluate
fermionic operator network:

A A A B
~ e == Easy solution:
Map it to a tensor
network by
replacing crossings
by swap tensors
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Cost of fermionic tensor networks??

t

I (lower half)

"1 o 'y : 'y
\ ~_l\ . él; ;{\\ ~ (’x; ;h -~ = =
N — e +f

L|H

jl ,r\ rl”\

9 P
N /
- /

p (upper half)

First thought:
Many crossings=> many more tensors
- larger computational cost??
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The “jump” move
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The “jump” move

* Jumps over tensors leave the tensor network invariant

* Follows form parity preserving tensors

[T,é1] =0, if k ¢ sup[T]
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The “jump” move

Jumps over tensors leave the tensor network invariant

Follows form parity preserving tensors

[T,é1] =0, if k ¢ sup[T]

Allows us to simplify the tensor network

Final cost 1s the same as in a bosonic tensor network
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Example of the “jump” move

] S — /[ 3
e T \
e K

Pirsa: 11100084 Page 43/77



Example of the “jump” move

A A

\ now
contract as usual!

<
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Fermionic (i)PEPS
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Fermionic (i)PEPS
N NN
. TN NN
= o No-o4—o
g E> J) Z] ) r E> O—10110

O @, Q O O O
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Fermionic (i)PEPS
N N
= \ \L\ \\ \
g ‘:"> J) p : C C
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Fermionic (i)PEPS
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Fermionic (i)PEPS

(W)
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Fermionic (i)PEPS
[NANANE ANANAY
S i \7\
> = | ||l

B O @ @, @, Q

=

o

—
\ W
-/k

@, O Q O O O

» Fermionic character taken : \

: : =X - I :
into account locally! ~ © ; :

» No crossings left!
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Summary ‘Ragts'ls

= Simulate fermionic systems with 2D tensor networks

Pirsa: 11100084 Page 51/77




Computational cost

* Leading cost: O(DI"')

(I)PEPS Bond dimension 1)

MERA o 7 YIS A FLS
g ’A‘ . :__\"'2;“ G W » ﬂ"mm
PP PP PPN ¢ ».5.68esy
Ty rrrr.
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Computational cost
MPS: & =3

* Leading cost: O(Dk) PEPS: k ~ 10...12 polynomial scaling
2D MERA: k — 16 but large exponent!

It depends on the amount of
entanglement in the system!

« How large does [) have to be? ’

(I)PEPS Bond dimension 1)

D 9y
MERA ~ 7 g g g 4

- |
- |
. |
j

|

T FETEEL LS

e e
=
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t-/ model

: 1
H, ; ==t Z (-j,ﬂ(..m + H.c. + J Z(.S’,-S_,— - _l,'ifl") constraint: only one
(ij)o (i3)

electron per site!

Nearest-neighbor hopping Antiferro interaction
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t-/ model

= e Z 1o Cic T H.c. IZ iS; — n 75 ) constraint: only one
(ij)o electron per site!
Nearest-neighbor hopping Antiferro interaction
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