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Abstract: Classical constraints come in various forms: first and second class, irreducible and reducible, regular and irregular, al of which will be
illustrated. They can lead to severe complications when classical constraints are quantized. An additional complication involves whether one should
guantize first and reduce second or vice versa, which may conflict with the axiom that canonical quantization requires Cartesian coordinates. Most
constraint quantization procedures (e.g., Dirac, BRST, Faddeev) run into difficulties with some of these issues and may lead to erroneous results.
The Projection Operator Method involves no gauge fixing, no auxiliary variables of any kind, and can treat simultaneously any and all kinds of
constraints. It also admits a phase space path integral formulation with similar features.
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Outline

Classical constraints
Dirac & Faddeev quantization:
the good and the bad

Projection operator method:
how it can lead to better results

Coherent state path integrals:
how they can include the projection

operator
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Constraihed Dynamics (1)

Action [ = .[[p,;‘]l —H(p.g)— AZp, (p.q)] dt

Equations dq’ /dt=0H /op,+ A“C¢p,/ Ip, . ¢,=0
dp,/dt =—0H /oq’ — 270, / Oq’

Poisson brackets

(A BYy= (A og’ (OB (‘“pj )y — (A (‘”pj WOB/ Og”)
dd/dt ={A.H}+ X {d.p,}

deo, ' dt={p, . H}+ 2 {p, . p,}=0
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Constrain'ed Dynamics (2)

First class constraints on ¢ ={p, =0}

— R ) — T — e
O=3@,-Psy=c,5 . - O=ip,.H}=h,"¢,
(1t latter equation 1s ftalse. then

it becomes a new constraint)

5

Requires "imitial value equation' to putiton ¢

B B

Once on ¢ then dvnamics keepsiton ¢
No restriction imposed on A7 variables

Solution requires A7 wvariables ("gauge choice'")
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Constrained Dynamics (4)

Irreducibl e constraints : ¢“ ¢,

Reducible constraints :  ¢“¢p, =

Regular constraints :
P (p.g)y=0 1 Op, /' dp’ =0. Op, O, =0

Irregular constraints: @/ (p.g)=¢ (p.q) . etc.
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Constraint Quantization (1)
Dirac procedure : & before 22
o, (p.q)—> D _(P.O)[=D_ (FP.O)]

D ([)())‘(// V=0

pf."l 5 f

\ PP
‘(/ phvs ) € 'Lpfn‘-v < K

Two possible ditticulties

-“f ‘\.I i
{‘u'(//pln‘.«.- (//p;”“_ ’; —'®)

[D,,.D,] ‘;,/p),”_&_:;) =0 = |y Mm \ =0
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Constraint Quantization (2)

Good examples : compact Lie algebras

(I)d I//pj;‘]r,‘;' '_.-" = 0 s [(I) o (I) & ]“‘//‘Lr};‘y;; '_f;. =1 f_“' a3 (I)' ’ ’I/Ip};};;;' _,.J" =0

Special open first class constramnts

‘ _ N : ; . N\ o y \
Na|Wpngs ) =0+ [N Ap W pnys ) = ThE i AW/ s ) = O
Bad examples :

) .\I — ’ “".I —
(.-_) |1/ g phys /T 0. \ "4 phys ‘I/ / phys ;} -

Sccond class example

\ ) \ ) . . N \
/] = 0 . 7 t//p}.?‘:.f:\' ,.j =0 3 l(_)* r ] (//;_'.nr"?‘)f.:r ‘,f} =il 1//;_'1}.?_)7,5' /= 0

phys

(,_)‘I/f

Elminate second class constraints classicall v!
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Phase Space Path Integral
[Q.Pl=inl . Qlq)=4q|q) . P|p)=p|p)
I =ilgXqldg = T|pXpldp . (q|p)=e" /2an
(q"e ™G Y = (g e e T e T gy L [T = (N + Dsh]

/!
T N / —I&h 5 N ”r __ r __
.' an” (‘-_‘f'jn+l |U |qu } 1—[”:1‘-;(1” > ( (‘j T (fj\f+1 > (f - £jU )

N N
fr=UL/1U H”:ler(j”

i+l 2

- N / N/ —1 8N Y
— | | 4 N '\l |
.' n=0\Yn+1 | ])n'+1 2 /N })J.r+l f2 € |qu

- - j\,"r F \ {',r o ~ - ' N\ _,r\ur “T\lr
o llll] N—>w | 1_‘[:'!:“ {\qu+l | ])n-t»l /2 JB\ ])u+l f2 |[l 1&.N ]‘qn H‘}l—‘[u:l?(i])n+l- 2 Huzlc{qu

. oy AV o fr o F e .
1111] N—>c0 _' C‘\‘Ij[ —p1=0 ’} ).-'1+1 f 2 { (.!H‘-i—l (ju ) n I"‘H( ])n+1 f2* (fn ),]

27h Tl dg, . [H(p.q)={p|I™|q)/{r|q)]

ST r - - ! T o — (g ) |dt
h |Cj /}:‘;"1- | L’” 1| =2 (gl [‘)})[)(j
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Constraint Quantization (4)
Faddeev procedure : 22 before &
p=~%r’y . g=4%q,} . j=il.....J} .
‘,‘ e lpg—H (p.q)- 4@ (p.g)ldt DpDgD 2
y Lpg-H(p@ldt 54, (. )Y DpDe
Introduce auxiliary conditions :
2Mp.q)=0 1 Ag=det{y. ;=0

- i pa—H (p.g)ldt ¢
IL"'[J"’ Y j]f ():

2(p-q)y detix .y} St p.q)yDpDqg

! [p'a" —H (" g )H]ldt ok "
= | Q!.I.J‘ 7 r g )] [,)[) I-)(]
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Does QR =RQ ?

A=1pg—2(p>+q" — E)]dt

What values of £ are allowed?

- [(PP+OYHY—E] |lw)y=0 . E<={FE}

7l

-

[o§p* + g — EY 17 DpDg

1o{py TI(4g?) S{p° +qg* — E} P9 DDy
= i TI(4q°) ofq* — EY Dg
=1 or O . independernt of E'/

——
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B?ST MethOd

BRST involves additional variables including
anti-commuting Grassmann variables, BRST

charge, gauge fixing fermion, etc., all designed
to reproduce the Dirac formulation.

Difficulties when reduced phase space is non-
Euclidean and a Gribov problem exXists.
Nevertheless, useful for gauge invariance in

perturbative formulations of first class systems.

A different quantization procedure without
additional variables that also works for an

arbitrary set of constraints.is preferred.
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Coherent States

General Hewsenberg group coherent states

—ia Zf W/ —ip() f Tad -
gl h ().r; Ok ,—ipE2 F;()n‘u I h ]

m{p.q)=e [T (p.qg)" =«
I (p'.qg) W (p.q)=eP9"" T (P + p.g’ +q)
.y =T (p.Plmy=|p.q.n7y . 7))y =1
. aXp.q| dulp.g)=1 1 du(p.q)=dpdg/2an .| w(p.q)={p.q|ly)
— (W) =Ty p.q) " p.q) du(p.q) = {y|p)y +—

Every w(p.q) 13 a bounded. contirntons firiction

(p.q|Ply)=—ite/eq)p.qly) . {p.q|Olyw)=[qg+ih(od/ e Kp.qly)

e/ o wp.q)=H(—=ihe/ oqg.qg+ihe/ dp) wp.q)

i

Y p.q)=in(x)*e” *Rus(x+q) dx

[2 721227 (0)*] Tw(p.q) dp =y (qg)
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Reproducing Kernel Hilbert Space

Continuous function of positive tvpe A (/".7"), <2

S apa, K, 1,)=0 . N o <<= KJ"IHY={1"|l")

m =1

Elements of a dense set of abstract vectors

lwy==N a.l|l.y . N<w . |py=Sm_b |l Y . M

m=1-"ml"m

Functional representatives

. \ / Y . N i / !
’ I/f(]) T‘ 1(J”<Z| )‘: ':\]’1//) » ’ ‘/)(i) \_‘u; lim\\]| u;};': \]|‘/)z>
Inner procluct . complete the space by proper lmuits

{ _ <« M.N _ £ g
‘ (I//"‘/) — \‘—‘m n=1%n ‘)m {‘\/.f.? ]mz} 4i {\_1//|‘/)>
—  All elements determuned by A (77.7") «——
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Projection Operator Method (1)

Classical constraints :
- ) | 2 -

(/)u.’ ( ]")" Cj) = () > :t_/.:l{)u’( j'j" Cj ) - ()

Quantum constraints :
: ) 4 N2 (o -

D _(P.0O) : S D (P.O)Y =[] u dE(u)
Dirac:
VY= ()

\ - -
Noe— PR < -4 D) g —
;o () ~— _‘r/:l(I)rl ( I > (.E) ) ’l//})/ﬂ‘.\’ /

/p/n'.v /

2 -
D, (P.O)y
Projection operator method :

E=ECE, D2 <o) =[] " dE(u)
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Projection Operator Method (2)

Three basic examples :
) J—
1. (D, =J,.D, 1 1
E=ECX _Jr=h/2)=E(
;(Dl = . @D,

E=E@Q =07 )=E(—o<0 <0)

74

lim 5 (p'.q \E| P-4 <-._‘77|E’77,..-’ P -d ‘P— q/)
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Projection Operator Method (3)
Additional examples:

4. E(() +() <¢‘>-)—E(() o'

)
5. E(O* =07)=EO" "2y L Q>0

2 '-m
- 7))

6. E(O°+0'=<5")=E©O
(all lead to same RK as example 3)

7. E(P?+0O" =cnt )y =070

8. E(O°(1-0) =07) . (07 << 1)

-~

=E (O =5)+E((1-0) =57)
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Classical/Quantum Connection

Quantum action : Ay = 1w O iho/ o — W)y (1) )dt
(lassical action A= [ p(O)G(t) — H (p(1). g(t))]dr
(p().q(r)) = R?

s sk sle sk ke

State space : O l://(f)} =H . C

Restricted quantum action : ]://(r)} —> ‘p(r)“ c](r)}
— Aoy = Hp(H.gOH|lihe o — W (P.O) ]| p(r). q(r))dr
= [ p(D)q(r) — H(p(r). q(r)]dr ——

Classical theory is a restricted version of guantium theory!
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Classical/Quantum Connection

Quantum action : Ay = Ty (D) [1ho ) or — |y (1) yddt
(lassical action A = [ p(OYG(t) — H (p(1). g(t))]dr
(p().q(r)) = R?

5 = 3 sle e B

State space : O ]://(f):} =H . C

Restricted quantum action : | |[y(7)) —> | p(1).q(1))
— Aoy = Hp(H.gO|ihe or — (P O)]| p(r). q(r))dr
= 1Lp)g(r) — H(p(r).q(r)]dr ~——

Classical theory is a restricted version of guantium theory!
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Coherent State Path Integral (2)

r JE W —FE N —7 Eh

)' r\"‘ _ _."f )n , & N I ’ }r '\\.
P-q )= -q | ¢ ¢ P-dq

" —7 T 77

TN/ i EN N
.| ]‘—IH:()("-,])JfﬁLl“ ('jH+]. |L ’ ])H" ('jH ,-") I_‘[H:l{’/o[(( })H“ C/” )

. . N _ o~ _ Y N
lllll N—cn .' 1—[:1:() <]')n-|-l » L/zm--l |[1 — &N ]| [)n“ (fu ,-') I—In:l‘“/.(l( j')u > (/u )

=lim. . (T {1+ ii{n+1 |77+ 1)y — ) —isln+ 1|7 |n)}

X H;?;l“{l[( })H > (']H )

r —I1T W/ 1 o ’
e P'-q’)

- 17 ":-’i \ ."{ 2'e Y
| o/ milin{p.q| d/dt\p.ay{(pr.aql| -If-wflrff[_)[)[)q

AN ‘I- c“ L pag—H (p.qg )J(”[.)j.»’[)cj
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Making the Projection Operator (1)

Constraints form a compact Lie algebra:
P ' . _— .
[(I)u > (I)/r] = Icuh (I)«_‘ > l = J‘(){li( 24 )

di(gyog)=du(geg,)=du(g™")=du(g)

E = [V du(g)=[U(g) du(g)=EZ,D; =0)

E=E'"=E" = U(g,)E

Good. but limited use.

Need a more general construction.
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Making the Projection Operator (1)

Constraints form a compact Lie algebra:
. o : _ _
[(I)u > (I)h] = Icuh (I)«_‘ > l = J‘('{[[( 24 )

di(gyog)=du(geg,)=dwu(g™")=du(g)

E = [V du(g)=[U(g) du(g)=EZ,D; =0)

E=E'"=E" = U(g,)E

Good. but limited use.

Need a more general construction.
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Abstract Dyhamics

Combination of dynamics (“h) and constraints (E)

Case 1. Hamiltonian 1s an observable: [T E]= 0

Evolution operator: | U, (7)) = exp(-irh h) E

Clase 2. Hamultonian 1s NOT an observable: [T E]=0

Evolution operator: U, (H)=Ee " "Ee " ...eE
Ug () =1limy_, 4 . Ec ' Ee ™" ..o "E
5 N=t/ & —
- i “h 7 o A '_“,F 7
[ E(f'):EL’ #(ENE) E =FKe¢* 10

0 then ¥ =EWE _0- S A extensions exist
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Coh. State P. |. & Constraints

(p".q" [Ee™ TEXEVIg| 1y g

=1lim,, (" ¢ [ Ee"FE Ee ™ ... EXEe " E)| p'. ¢")
— - N ,— 18K N
' llll] N—>c0 ! 1—‘[;!:” <})JI+1 ? ('J’u+1 I]IL E| -Pn ? (ju } 1—[”:1(!”11( })H ” (jf.f )

— Xy 114V . ;_Tl‘i&- N1V
=1"1"lim N—>co ! 1 Iuﬂia‘-.*\ P11 | € ’])n‘ Y n >/)I ‘[url(f-il}'( Pr-dy)

—_ 37y et MInpald/dlpay-pa|XlpgNldt

A p.q)
(Can rewrite the former equation in terms of | p.g)
»

Yip.g)r={p.qElp.¢>" . duy(p.q)={p.q|E|p.q dpdq/ 2xh

»

7.9))=E|p.q)/{p.qlE|p.q}"
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| ' ' Ah = xample

A=(lpg+rs—H(p.r.qg.s)— Ajr— A-s|dt
E=ER +S"<h)=1, ®[0,)0,]
par.g.s))=|p.q)@[0,X05|r.s)/ | {05 |r.s) ]
ih <fj<pq1xqq.s‘ ‘(d/c'/f)‘pq/:qqsy} = pg +cx(r.s)
<:ﬁ:/<pq/:q“w|fﬂt pP-r.q. A‘}} =1 (p.0.q.0)

dity (p.r.q.s) = {05 |r.s)|” dpdgdrds /(2xh)~
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An Example (2)

e

R OPE "E|p'.r'.q,

— A/ -|- L’” it p.r.g.si(d/dtp.rg.s)){{p.r.gsnp.rqg.: §>]f2f[)£[‘ (D7 5)

cr e IO pg+e(r.s)—H __-,AL._-J»',_'; 2
— " .|L)h' [ pg+e(r.s)-H(p.0.g.0)] !|<{) . \) dpdgdids /(27h)

— 't —y 7i ] X (. 0.0, f:{ —
_ Z LZ .. L)l.? W pag—H (2.0.g.0)] fl ,[!(/]_7(4/(‘/ (2]7_;})
Z" ={r".s"10,Y . Z'={0,|r'.s"y 1+ Y =|Z|

Same result as it we had elimunated 7 and s classicall v

Folding property of the propagator still holds
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A Second = Xxample

For what values of £ can the tollowing system be quantized?

4 = _.‘U;(] — A p" -+ q4 — F )]u’r
(PP +QO'—E)n)=0 . E=E{P*+Q'—E}* =5 =n)n|

(P q"E|p.g"y=A] o llpd-A(p’ +q'- DI Dy DGDR ()

5

- N ; \ N ) s r rh

I o Ppir-Dir | P @ Iyt (P q, ) (P00 [E| 2. q )it po.qo)
I r r r !\_' . 4 r rr ‘-_' ! r '\'\.
(p".q"E|p.q)y={(p".q"|nyn|p'.q")

Result © A reproducing kernel tor a 1 - & Hilbert space
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Another Coh. St. Path Integral

I —ieW = [1—igh(p. P p-gX p-qldu p.q)

—ich(p.q) |

- g}c’:p. ¢/ |¢/‘u( 2. )+ O £7)

| ¢

"

)*." ;fr.-_". r ) ""'n
e pla’)

Iy

- i N o/ \L,—ieh(p,.q,) ry
lllll N—wn .' I—Irz:(.! i‘\]')u—f—l > ('/!I—i-l | ]').fz > c/.r'z .f'L} 1_[ 1=1¢ !-‘f[( ])u > ('/u )

;\ [ .l' L);‘ _"[‘;‘,Ii.,j'—;"i( 2.q Y]t Hr L'&) L/(]

.n','}.-:ﬂ +A}'j.‘.- H ";.‘:H _";.‘.- ) :_[‘ j'}n+l_1'].-.- '2 + ";.‘r+l._r'}.-: ': ] 4

/ L A
i*.})f.""’rl > Yl ’})n > > = €

Pirsa: 11100083 Page 32/36



Pirsa: 11100083

Yet Another Coh.St.Path Int.

Formal phase space path integral
N [ttt 1y 1 g
Wiener measure regularization

lillli,_)h_!‘;\'_f(;” [ pa—h( p.g)]dr L)—ll )l pP+qg? )Jf[)})[)cj

2 I(” [ dg—h(p.q)de]

. v _
=lim, 27 e dity- (p.q)

r” —:"-.'Tl

=(p".q"le r-q’)

Auvtomaticallv leadsito coherent state representation
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Yet Another Coh.St.Path Int. (2)
Canonical coordinate trastformation

pdqg = pdg +dG(p.g) » W(p.q)="h(p.g)

Wiener measure regularization (still 2 - flat space!)

’ ' o . T - i pdg—h(p.g)dt]
Yy — D, 5 > 4 y
p.qgy=lhm,_, 27 ¢ [ dity, (p.q)
- i pdg+dT(p.g)-h(p.g)dt]
| &

dity, (P.q)

Covariant under canonical coordinate transtormations

Pirsa: 11100083 Page 34/36



Yet Another Coh.St.Path Int. (3)

Constraints plus Weiner measure regularization

E = E(ZD; - 5(n)°) = [Te " DR(2)

Wiener measure regularization

/ —i(EnWE)T \
{:.j)".‘ c/n EL’ E| })'.‘ C/r }

_ lillll . l._-\ [ ‘|. L’I Mrpag—h(p.g)»-~Ao (p.g b]rjI!L)—( L' 2wy W pi+g? }l:??[.)] )[)Cj [)R( /1 )

T

N VN2 d [p dg—h(p.g)dt— 2o (p.q)dt] _ .
=lim, , 27 ¢ | € dity, (p.q) DR(A)
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Summary

Classical constraints have various forms that
lead to a reduction of phase space

Canonical quantization requires Cartesian
coordinates; may conflict with reduction

Projection operator method quantizes first and
works for all kinds of constraints

Universal construction of projection operator

Coherent state path integral representations
accommodate the projection operator
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