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Brownian motion :
Robert Brown (1773-1858) saw particles of pollen “dance around” in fluid under microscope. This
motion was caused by many tiny particles hitting the grains of pollen.

The many moving tiny panticles are of course molecules of the
liquid. They were too small to see under a microscope when
Brownian motion was discovered, but it was obvious they were
there. You can see the molecules of liquid hitting the bigger particle
in the animation on the left. (The size of the molecules has been
drumatically increased in order 1o make them visible).

bty wwrm wea il e heo! AL LAY 1L Bromnan maten ol
Albert Einstein (1905) explained this dancing by many, many collisions with melecules in fluid
dpldt=...+ n(y-ph
P=(pe. by p) n= (M. N, N vl

N(t) is a Gaussian random varable resulting from random kicks produced by collisions. Since
the kicks have random directions <n(t)>=0 Different collisions are assumed to be
statistically independent

<NV Nifs)> =Md(t-4)5,4 v2

The relaxation time, T, describes friction slowing down as the particles moves through the
medium. In contrast I" describes the extra momentum picked up via the collisions. Both
represent the same physical effect. little particles hitting our big ane. However, they operate in
a somewhat different fashion. The individual kicks point in evary which direction and only in
the long run produce any concerted change in momentum. On the other hand the term in Tis

a friction tending to continually push our particle toward smallar speeds relative to the
medium.
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Liouville’s Theorem and conservation of phase space
volume

This theorem is the statement that volume elements in phase space are
conserved in the course of a mation. That's the consequence of the
vanishing dilation term. So if you start off with a probability distribution
function p(p.q.0) at time zero and that function is non-zero in some region of
phase space. of volume Q(0), after a time, p(p.q.t) will progress to occupy a
different region of phase space of volume Q(t). According to Liouville's
theorem the volumes of the regions before and after will be unchanged,
Q(t)= Q(0). Imagine that the probability density was constant within the

region you picked. i.e. p(p.q.0)=1/Q(0). Then, by the same argument to any
tiny subvolume of the original region would also have its volume preserved
under the transformation, and therefore the value of p(p.q.t) within the new
region would be the same as as the one within the old. Within the new
region, pP(p.q.t)=1/Q(0).
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Liouville's Theorem and conservation of functions of
the energy

plpogt) 4 Z:(H‘,,_. I )., = (., I Jed plpog.t) =0

If p(p.q.0) is any function of the Hamiltonian, e.g. p(p.q.0)= Z*exp[~ BH(p.q)] then this
same functional form will hold for all times, assuming that the Hamiltonian has no explicit
time dependence.  p(p.q.0)=f(H(p.q)) implies that p(p.q.)=f(H(p.q)) for any f.

Further.if p is any function of a time-independent H and of any other conserved functions of

p and g, with no explicit time-dependence, then p will be a solution of our equation,  Thus.

not only is the Maxwell- Boltzmann distribution function a solution describing the equilibrium
time-dependence of a Hamiltonian system, there are many other solutions as well.

Classical mechanics is not enough to specify a unique equilibrium probability density in a
classical system. Something else is needed in addition

Give some examples of functions of H with and without explicit time-dependence.
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Liouville's Theorem and conservation of functions of
the energy

plpogat) 4 3—‘_11'),,.” )iy ul_,_le-‘,,l plpagt) =0

If p(p.q.0) is any function of the Hamiltonian, e.g. p(p.q.0)= Z''exp[- BH(p.q)] then this
same functional form will hold for all times, assuming that the Hamiltonian has no explicit
time dependence. p(p.q.0)=f(H(p.q)) implies that p(p.q.t)=f(H(p.q)) for any f.

Further.if p is any function of a time-independent H and of any other conserved functions of

p and q, with no explicit time-dependence, then p will be a solution of our equation.  Thus,

not only is the Maxwell- Boltzmann distribution function a solution describing the equilibrium
time-dependence of a Hamiltonian system, there are many other solutions as well.

Classical mechanics is not enough to specify a unique equilibrium probability density in a
classical systern.  Something else is needed in addition

Give some examples of functions of H with and without explicit time-dependence.
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Any function of H will do

To achieve equilibrium we can have the probability density be any function of the
Hamiltonian and the other conserved quantities in the system. The following functions
are in broad use. We assume one type of particle, with number N.

Canonical ensemble: p = exp(-BH)/Z(B) N is fixed

This is the right ensemble to use if a small system with a known
number of particles is weakly coupled to a larger system so that
it might exchange energy but not particles with the larger
system. This is OK to use if there are no other important
conserved variables, beyond the ones mentioned. If you have a
system in motion, watch out for the momentum. If you have a
galaxy, watch out for angular momentum.

Microcanonical ensemble: p = (E-H)/ X(E) Nis fixed

This is the right ensemble to use if the energy and number of
particles in a small system are known, This is OK to use if there
are no other important conserved variables, beyond the ones

mentioned. However. small systems with fixed energy can often
have other hidden conserved things.
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Any function of H will do, continued

Grand Canonical ensemble: p = exp[~B(H-UN)J/Z(B.1)

This is the right ensemble to use if a small system is weakly coupled to a
larger system so that it might exchange energy and particles with the
larger system. This is OK to use if there are no other important
conserved variables, beyond the ones mentioned.  However watch out
for many different kinds of particles, each type has a conserved N.
Classical mechanics is provided with extra factors of 1/N! in p for each
different kind of particle. Particle statistics automatically does this in
quantum theory.

For large systems, and for most purposes. all these ensembles are equivalent to one
another. Why?

However, the canonical and grand canonical ensembles are particularly convenient. They
have the property that if the Hamiltonian is a sum of independent picces, p, will describe

independent probabilities for these pieces. This result simplifies both thought and
calculations.

We still need a demonstration that the canonical ensemble is a good result for a small
system.
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Say it again
For the simplest case in which H=p?/(2M) + U(r), the result of Hamiltonian mechanics is
that the probability distribution p(p, r, t) has the time dependence

dp(pyr )t pMyVy plpyre) = (Ve UV plpyre) =0

A time independent solution of this equation would be that p could be any function
of . This result stands in apparent contradiction to our knowledge of statstical
mechanics which tells us that the prabability distribution should be the Maxwell-
Boltzmann distribution, L.e. ane which is exponential in H. What additianal
infarmation should we bring to bear an this sicuation?

We already have a hint from the Brownian motion caleulation thac this calculation
might give the Maxwell-Balezmann result. Let's go back to that and see what aquation
we get for 1, The Einstein madel for Brownian motion |s

dpldi=....+ w(t=p/r

where ... might stand for additianal terms coming from Hamiltanian mechanics, |
plan to study successively the effect of the twe terms in this madel
equation for jrand then put it all together.
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