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Title & Bullets
A: Because lots of things have a Boltzmann distributioz
Maero14 v
S ur rule is that in equilibrium the probability of appearing in a particular region of phase
; ﬂ ace is dy exp(-p E). Therefore, if we move from one configuration Y to another Y*
Wl ith the same volume in phase space, the probability of the move is P(y ---> Y ') Because
's“::; 2:::: -eversal invariance, the move in the opposite direction is closely related to the
'eee>y ) = P(Y ---> Y'). This is a special property of classical mechanics, not true
: wple of the Lorenz system. The only thing that stops this proportionality from
g equality is that the system in question must gather up energy to make the move
; Lﬁ_ﬁobabilistic cost of gathering energy is proportional to exp(-p E). Therefore,
: in statistical equilibrium alwys obey a detailed balance condition
. Delete >y ) = P(y -==> Y ‘Jexp(-B OE) (self-consistent)
= ?:lg'c'f‘:lf 'Eis the difference in energy between the two configurations. If y has more
C han y* then P(y -==> Y) is more larger reflecting a more likely even. We go
:-wmy a-""-‘-,‘ﬁi‘.ﬂf«.atit\lly downhill. Then d E is positive.
e If our system is going downhill in energy and if it is on contact with things in equilibrium
e then some other guy is going uphill in energy, with a probability distribution that has & E
g = negative. So everything works together. This working together is one of the primary
it . reasons that equilibrium implics the Bolzmann distribution.
‘K TN
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Q: Why do we have a Boltzmann distribution for a
particular system in equilibrium?
A:Because lots of things have a Boltzmann distribution

ARy 96

Qur rule is that in equilibrium the probability of appearing in a particular region of phase
space is dy exp(-P E). Therefore. if we move from one configuration Y to another Y
with the same volume in phase space, the probability of the move is P(y ---> Y*) Because
of time reversal invariance, the move in the opposite direction is closely related to the
first P(Y' =-=> Y ) ~ P(y ---> ¥"). This is a special property of classical mechanics, not true
for example of the Lorenz system.The only thing that stops this proportionality from
being an equality is that the system in question must gather up energy to make the move
and the probabilistic cost of gathering energy is proportional to exp(-B E). Therefore,
systems in statistical equilibrium alwys obey a detailed balance condition

P(Y' -==>Y ) = P(Y ---> Y )exp(-B SE) (self-consistent)

where d E is the difference in energy between the two configurations. If Y has more

energy than Y then P(y ---> y°) is more larger reflecting a more likely even. We go
preferentially downhill. Then 3 E is positive.

L DHESE

If our system is going downhill in energy and if it is on contact with things in equilibrium
then some other guy is going uphill in energy, with a probability distribution that has & E
negative. So everything works together. This working together is one of the primary

: reasons that equilibrium implies the Bolzmann distribution.
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Monte Carlo

This rule for relative probabilities is the basis for a tremendously useful
calculational method called a Monte Carlo simulation. The basic idea is to divide
the phase space up into equal sized volumes defined by an index Y. Then we
imagine setting up a process in which a system cycles through the states, Y, Y.
Y™ etc. Pick a probability for hopping from Y to Y' as P(y --> Y') obeying the
detailed balance condition, Then imagine that we go through a process
specifically y --> y*  with P(y --> Y') >=0

P(Y" ==-> Y ) = P(Y ===> Y )exp(-p BE) with BE=E(Y")-E(Y)

being the energy difference between y and y' -detailed balance condition

e.g. use P(y -->y") = 1ifOE <0 and = exp(-p OE) if b E >=0

loop:

start with state=y
pick a Y' at random
let del=- [E(v)-E()]

if del <0 :
state = y*
go to loop
Else:

generate a random number, r, between 0 and 1
if r<= exp(-del):

state = y'
¢lse no change
go to loop
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This process generates the correct probability
distribution

Let p(Y.t) be the probability for being in a state Y at time t.

or p(Y.t+ 1)-p(Y.t)= Zy [P(Y'. t) P(Y'-->Y)- p(Y. t)(P(Y-->Y"))]

see whether this has the correct equilibrium distribution
p(Y .t) = 1/z exp(-B H(Y)) independent of t
RHS = 2y [exp(-B H(Y") P(y'-->Y)-exp(-B H(Y)) P(y-->Y")

exp(-B H(Y'))/exp(-B H(Y)) = exp(-B B E) QED

I think that you can prove that this will converge to the right answer if the
number of states is finite and all P's are nonzero
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