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Abstract: For stationary black holes it is universally agreed that entropy is proportional to horizon area. It is not so clear what the relationshij
dynamical black holes. In such spacetimes the event horizon is teleologically defined while the apparent horizon is non-unique. Thus ever
believes that entropy continues to be well-defined and proportional to horizon area, there are many possible areas to choose from. In this wa
review some recent work that | have done with M. Heller, G. Plewa and M.Spalinski that examines this issue from the perspective
fluid-gravity correspondence. In this quasi-equilibrium regime the slowly evolving black brane horizons on the gravity side are dual to a pert
fluid flow. The fluid manifestations of the various horizon definitions can be compared and the blackbrane mechanics is du:
hydro-thermodynamics. In particular, the uncertainty as to which is the &quot;correct&quot; horizon can be interpreted as dual to the in
freedom in defining an entropy current.
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null expansion:
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surfaces

outward null expansion:
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true event horizol
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=.-.\°°Apparen’r horizons (and their problems)

O :

® Hypersurface foliated with
L A surfaces of vanishing
R ' outward null expansion:
9((?) — (}ubv“[‘;b =0

orizon

® Can be (quasi)locally
identified. Local dynamics.

Ev()((‘) = £[-0(r) 2= h'-v()({) — (FC -+ 2@“(1,,0
=(C [”"‘:}”2 = du":)“ = R/g A Gub{‘m ”-h '_ 0([)9(;;)]

apparent h

-
-

® Are NOT unique.

f
surraces 2, ap par‘enf

horizon
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What is a fluid? / ut /

® The sfress-energy for a perfect fluid is:

T = eutu” + pht*”

é(T') = energy density = ;w w, v
p(T') = pressure =4 + }u,

ut = velocity field J ’ ’ J

® In near equilibrium fluid 7' and u" vary slowly
(relative to energy scale)

® Near perfect fluids include lower order dissipative terms

(eg. viscosity)
® Conservation of energy/momentum demands:

VT = 0 «——"Navier-Stokes"
® Enfropy current is model dependent:

Jg =sut + T st v, J& >0 (think TdS = dE + §W )
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What is a fluid? uk
® The stress-energy for a perfect fluid is: / /

T = eutu” + pht” ’
é(T') = energy density = ;w w fo
p(T') = pressure e + ’u

ut = velocity field ) ’ ’ J

® In near equilibrium fluid 7' and u* vary slowly
(relative to energy scale)

® Near perfect fluids include lower order dissipative terms
(eg. viscosity)
® Conservation of energy/momentum demands:
VI = 0 «——"Navier-Stokes"
® Enfropy current is model dependent:

Jg = sul' + J5. . st V,J5 >0 (think TdS = dE + 5w )
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R. Loganayagam JHEP 05 087 (2008)
Trace-free conformal fluids

® A (perfect) fluid is trace-free if: / / /
Qedise =108 ="'c =p(d—1) / /
e Its conformally invariant if EOMs are / / /
invariant when:
Juv = €% . g — e2PgH" } J |

T — e?T ., u* —efyt
so that V= D and: = Do g —10

® This severely restricts possible stress-energy and entropy flow.
first order in derivatives:  second order in derwahves
2 1,012
Oy = ‘2‘(Du'"w +Dyuy) scalars: |lo||®, |lw|=,
vectors: h,, D0 | h,wD,,.u"”

1 n
Wy = 3 (Dyw, —Dyu,)  TT-tensors: u Doouv 3 Cuavgu’u® , w, Lo + Wlan,
O" al"" hi”"”a” /(d T l ;1’ Wpu h;u}"df” /(d — 1)

® A CFT in the long-wavelength limit reduces to such a fnid
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R. Loganayagam JHEP 05 087 (2008)
Trace-free conformal fluids

® A (perfect) fluid is trace-free if: / / /
qodlls =100 = ‘e =p(d—1) / /
® Its conformally invariant if EOMs are / / //
invariant when:

T = A e'f’ u“
so that V, — D, and: D,g,, =0

© This severely restricts possible stress-energy and entropy flow.
first order in derivatives:  second order in derivatives:
O = 5 (Dptta, + Dyuy,) SCElers e e
vectors: NuD,a"? , hy,D,w"f

1 D D.. p a, A
w‘ﬂ\l‘ - §( 7 u-" —_— pu“) TT—fGI'ISOTS' (1 D’;G‘,“: . Cﬂ(ﬂl"} u U' N UJ Gpp + Juu G'p”

T, bop, — h,,,,"a” [(d—1), *’;: "Wou — ":wlldll /(d— 1)
0 A CFT in the long-wavelength limit reduces to such a fluid
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Bhattacharya, Hubeny, Minwalla, Rangamani JHEP 02 (2008) 045
AdS-CFT - The hydrodynamic regime
aka fluid-gravity duality

1
A
ds* = —1? (1 - (:—r—) ) wpupdetde” — 2wy dat (dr — A,de”) + r2hy,, det dz”
+ correction terms

® The T and u"in the metric satisfy the (almost)

perfect fluid equations and corrections specify
dissipative terms.

® In this regime, gravity is equivalent to
hydrodynqmics_ ie. gravitational perturbations on
r=constant surfaces obey Navier-Stokes

® Fluid is usually deemed to live on the boundary.
(conformal invariance from need to rescale to avoid r — o0

® Thermodynamics should match.

Does this select a horizon?2?

divergence)
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Boosted black-brane spacetimes (5D)

1
ﬂ) ) wuydat de” — 2uyde (dr — A, da”) + 12 by, dat de”

p,v € {v,z,y, z}

Ay =u’'Vou, —u,(V,u")/3 = conformal connection

® This is an exact, static solution for constant
T and u*. AdS radius = 1.

® Lines of constant z*are ingoing null geodesics
with r as an affine parameter (EF-like).

® If the “constants” are allowed to slowly vary

(relative to (7T) ) then can perturbatively

construct dynamical solutions in the derivative
expansion.
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Bhattacharya, Hubeny, Minwalla, Rangamani JHEP 02 (2008) 045
AdS-CFT - The hydrodynamic regime
aka fluid-gravity duality

¢

1
'—T ’
g — 2 (1 = (“_) ) wyuydat dz” — 2u, dx (dr — A, dz”) + 7'2h.,”,d:1:"d:1:"
+ correction terms

® The 7" and u"in the metric satisfy the (almost)

perfect fluid equations and corrections specify
dissipative terms.

® In this regime, gravity is equivalent to
hydrodynamics. le. gravitational perturbations on
r=constant surfaces obey Navier-Stokes

) © Fluid is usually deemed to live on the boundary.
# (conformal invariance from need to rescale to avoid r —

® Thermodynamics should match.

Does this select a horizon?2?

¢ divergence)
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Bhattacharya, Hubeny, Minwalla, Rangamani JHEP 02 (2008) 045
AdS-CFT - The hydrodynamic regime
aka fluid-gravity duality

4
7wl I
— (1 — (-—) Uy detde” — 2w, dz (dr — A, dz") + r o dat da

+ correction terms

® The T and u'in the metric satisfy the (almost)

perfect fluid equations and corrections specify
dissipative terms.

® In this regime, gravity is equivalent to
hydrodynamics_ ie. gravitational perturbations on
r=constant surfaces obey Navier-Stokes

® Fluid is usually deemed to live on the boundary.
(conformal invariance from need to rescale to avoid r —

® Thermodynamics should match.

Does this select a horizon???
12

>0 divergence)
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Bhattacharya, Hubeny, Minwalla, Rangamani JHEP 02 (2008) 045
AdS-CFT - The hydrodynamic regime
aka fluid-gravity duality

4
7l 2 ]l
ds® = —r? (1 - (—T—) ) wuydatdz” — 2u,da (dr — A, da”) + rehy, datde

+ correction terms

® The T and u"in the metric satisfy the (almost)

perfect fluid equations and corrections specify
dissipative terms.

® In this regime, gravity is equivalent to
hydrodynamics. ie. gravitational perturbations on
r=constant surfaces obey Navier-Stokes

| ©® Fluid is usually deemed to live on the boundary.
*>" (conformal invariance from need to rescale to avoid - —

® Thermodynamics should match.

Does this select a horizon?2?
12

> divergence)
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Conformally invariant horizons

® Horizon position conformally invariant

i = =+ 7 (o] + hallw]* + haR) N

® Evolution vector conformally invariant .24
(determines foliation of horizon) order

' N - 2
ol = (T‘) L+ [eillo|® + cal|w]| + caRj u /

9

i -

£AE vihE D afY 1. e R w
+(’1") {cah®,D,a?” + c5h wDpals

® Event horizon must be null and
asymptote to final state

® Apparent horizons must have 6, = 0

In principle: compare expansions to entropy flow...
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BUE

1) The boundary is dual to the FULL spacetime.

4

2) How do you match bulk to boundary?
Bhattacharya et al, JHEP 06 (2008) 055

3) Thermodynamics isnt uniquely defined
on the boundary either...

14
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B

1) The boundary is dual to the FULL spacetime.

2) How do you match bulk to boundary?
Bhattacharya et al, JHEP 06 (2008) 055

3) Thermodynamics isnt uniquely defined
" on the boundary either...

® Entropy flow can be (almost any)
conformally invariant vector field
with non-negative divergence

127l 220
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BUIESS

1) The boundary is dual to the FULL spacetime.

2) How do you match bulk to boundary?
Bhattacharya et al, JHEP 06 (2008) 055

3) Thermodynamics isnt uniquely defined
on the boundary either...

® Entropy flow can be (almost any)
conformally invariant vector field
with non-negative divergence

D,Jt >0

° [Perhaps the uncertainties mafcﬂ
)

(for example AH non-uniqueness?
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B

1) The boundary is dual to the FULL spacetime.

2) How do you match bulk to boundary?
Bhattacharya et al, JHEP 06 (2008) 055

3) Thermodynamics isnt uniquely defined
" on the boundary either...

® Entropy flow can be (almost any)
conformally invariant vector field
with non-negative divergence

D, JE >0

° Eerhaps the uncertainties match?
(for example AH non-uniqueness?)
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X 005"?' PRD 80, 126013 (2009)

Bjorken flow

® A particularly simple example is boost-invariant flow:

4D flow with boost invariance in direction of motion
and planar symmetry perpendicular to motion

® All variables depend on proper
time alone (large 7)

. de A
i 1 , 20 3 4
— (sl A = 3 —T° and T -———1/3

® Dual is a (perturbed) boosted
black brane
ds® = —r2A(r, r)dr® + 2drdr
+(1 + 77)2eb(™ ") dy2 + 'rgec("”')dmﬁ_
® Symmetry selects unique AH but
entropy flow freedom remains:

~ Quark-gluon plasma at RHIC (2000)
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B

1) The boundary is dual to the FULL spacetime.

2) How do you match bulk to boundary?
Bhattacharya et al, JHEP 06 (2008) 055

3) Thermodynamics isnt uniquely defined
on the boundary either...

® Entfropy flow can be (almost any)
conformally invariant vector field
with non-negative divergence

DuJs >0

° EDerhaps the uncertainties match?
(For example AH non-uniqueness?)
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cos"' ‘ PRD 80, 126013 (2009
X B JOT ken l IOW ALecotz :
“QE’

® A particularly simple example is boost-invariant flow:

4D flow with boost invariance in direction of motion
and planar symmetry perpendicular to motion

® All variables depend on proper
time alone (large 7)

. de, , A
E'—‘-GoTl N e =—27° and T
3 —1/3

® Dual is a (perturbed) boosted
black brane
ds®* = —r%A(r,r)dr? + 2drdr
+(1 + Tr)2e”(""')dy2 -+ 'r"!f:":("*")d:r:':')L
® Symmetry selects unique AH but
entropy flow freedom remains:

'-I 'TQ'qamegluon plasma at RHIC (2000)
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0050 PRD 80, 126013 (2009)
< Bjorken flow - gravity vs fluid

® For apparent horizons, formalisms match (to lowest order):

i) natural expansion parameter is ¢ =

72/3
o e E 2w A
ii) surface gravity is x = 73
- Imr2 A9
iii) first law: xvLy\/G = /illow || ~ “?‘\ L
. 1~

® Entropy:
: : A* I 1 00083 1 1
l) fluid: Sbnd X v {1 ~ oA T2/ =) - =+ 0 (-—,)}

A 3

p : NS AR 1 1 0.039 1
ii) AH: san=—5—: o7 T8 T A2 'T-U“H)(.—‘-'

Ni2z2 A3 1 1 0.056 1
. S - ! § — l—. . shd R 1
U)ER: dza = —5 T{ by ’_w+o(-_—)}
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® Horizon position conformally invariant
T

— + 2 (tullo|? + halw]? + hsR) \

® Evolution vector conformally invariant second
(determines foliation of horizon) order

'} 7r 1 2
o = (Z) {1+ [elol + callll + e} u /

i (:T) {cah, Dy’ + csh!, D,a® )

gy =

® Event horizon must be null and
asymptote to final state

v\c Apparent horizons must have 0y =0
Fix a bulk-boundary map...
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preferred Horizo ns false event harizon

‘L__ i B

S

: ~
® Event Horizon: (Bhattacharya et al, JHEP 06 (2008) 055) | . -\
® There is only one null surface satisfying E

Y o o )
= = - T (In'l”ﬂ'”- -+ /lg“&d”u | h;;R)

P ——
SORE ;-u—-:—vﬂ

1

true event horizon

singularity

® This does not mean that it is locally
defined: it's still teleological. [
(PRD 82 (2010) 124046)

® This is a near-equilibrium behaviour

!
® Apparent Horizon: (prp 83 (2011) 106005; arxiv:1102.2885)

® There is only one 6 = Osurface satisfying

w

7

® To second order, conformal invariance selects a unique apparent
horizon. At higher orders?

ry = ; -+ h.l|[f7||2 -+ hg”.‘..t,‘”:2 - h:;R)

- fy pm s e ] e A T = | . -~ .-
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Preferred Horizons

® Event Horizon: (8hattacharya et al, THEP 06 (2008) 055)

® There is only one null surface satisfying
’I‘ w ) ) :
r ;f, (h]”ﬂ'”- =1 -’I"_lnk.a‘”- =} .’.I_';'R-)

® This does not mean that it is locally
defined: its still teleological.
(PRD 82 (2010) 124046)

® This is a near-equilibrium behaviour

1 ' 2 <
rin = =+ 7 (bllo]* + hallw]® + hyR)

i

horizon. At higher orders?

A near equilibrium behaviour?? '8
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singularity

® Apparent Horizon: (¢ro &3 (2011) 106005; arxiv:1102.2885)

false event horizon

I

I —

I
:

® There is only one 6, = 0surface satisfying

—

~
SN
I
I
I
I
I

I
A
I

b

true event horizon

second order, conformal invariance selects a unique apparent
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Preferred Horizons

® Event Horizon: (shattacharya et al, THEP 06 (2008) 055)

® There is only one null surface satisfying

I T

TH = —+ ha|la||* + hallw|
i

T ( & "}‘ -’!;;'R-)

® This does not mean that it is locally
defined: its still teleological.
(PRD 82 (2010) 124046)

singularity

® This is a near-equilibrium behaviour

® Apparent Horizon: (pro &3 (2011) 106005; arxiv:1102.2885)

® There is only one 6, = 0surface satisfying
r 9 9
ri = = + % (hallall® + hallw||® + hsR)

horizon. At higher orders?

® A near equilibrium behaviour?? 'e
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® To second order, conformal invariance selects a unique apparent



PRD 83, 061901 (2011)
Phenomenologlcal Horizons

® Minimal condition for entropy current (second law): D,J& = 0
® Minimal conditions for “horizon” (near equilibrium):

® Reduce fo universal horizon in equilibrium

® Form a causal barrier

I
® Be non-contracting (second law): 0y, > 0
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PRD 83, 061901 (2011)
Phenomenologlcal Horizons

® Minimal condition for entropy current (second law): D,J& = 0
® Minimal conditions for “horizon” (near equilibrium):

® Reduce fo universal horizon in equilibrium

® Form a causal barrier

I
® Be non-contracting (second law): Ovy =0
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PRD 83, 061901 (2011)
Phenomenologlcal Horizons

® Minimal condition for entropy current (second law): D,JG = 0
® Minimal conditions for “horizon” (near equilibrium):

® Reduce fo universal horizon in equilibrium
® Form a causal barrier

g
® Be non-contracting (second law): Ovy =0
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PRD 83, 061901 (2011)
Phenomenologlcal Horizons

® Minimal condition for entropy current (second law): D,J& > 0
® Minimal conditions for “horizon” (near equilibrium):

® Reduce fo universal horizon in equilibrium
® Form a causal barrier

I
® Be non-contracting (second law): Oy >0

® Encompasses both apparent and event horizons

® Allows for membrane paradigm interpretations
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PRD 83, 061901 (2011)
Phenomenological Horizons

® Evolution vector at horizon projects onto
surfaces of constant r and then maps to an
evolution vector on the boundary

For each ““horizon” there is an entropy flow:

V” — [H et :[’ g'{'“
S 4xGn \ g

so that: (')(v) = D,u l‘:

On the CFT side expanding horizon corresponds
to a positive entropy flow

® The horizon-boundary mapping uncertainty
renders the “horizons” CFT indistinguishable
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PRD 83, 061901 (2011)
Phenomenological Horizons

® Evolution vector at horizon projects onto
surfaces of constant  and then maps to an
evolution vector on the boundary

For each “horizon” there is an entropy flow:

vVt — lf: — 1 9-{!”
. "-ITTC;N q

so that: () =D, J&

On the CFT side expanding horizon corresponds
to a positive entropy flow

® The horizon-boundary mapping uncertainty
renders the “horizons” CFT indistinguishable
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