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Abstract: Time-reversal invariant band insulators can be separated into two categories: “ordinary' insulators and “topological' insulators. Topological
band insulators have low-energy edge modes that cannot be gapped without violating time-reversal symmetry, while ordinary insulators do not. A
natural question is whether more exotic time-reversal invariant insulators (insulators not connected adiabatically to band insulators) can also exhibit
time-reversal protected edge modes. In 2 dimensions, one example of thisis the fractional spin Hall insulator (essentially a spin-up and spin-down
copy of a fractional quantum Hall insulator, with opposite effective magnetic fields for each spin). | will discuss another family of strongly

interacting insulators, which exist in both 2 and 3 dimensions, that can have time-reversal protected edge modes. This gives a new set of examples
of “fractional’ topological insulators.
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Building Fractional Topological
Insulators
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The program

* Background:
— Topological insulators

— Fractionalization

* Exactly solvable Hamiltonians for “fractional
topological insulators”

* When are they really fractional topological
insulators?
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Ordinary Insulators
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Chern insulators
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Topological insulators
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Topological insulators

* 2D: quantum spin Hall effect

(HgTe; Bernevig Hughes Zhang; Konig et al)

* 3D: single surface Dirac cone

(Moore Balents; Fu Kane; Roy; Hsieh et al)

i :

mgi’{)}locmre, Nature physics 2009

irsa:

Page 7/75



What’s the big deal?

e Even without interactions, there are different
kinds of insulators

A

Conduction band

* Bulk properties are all ordinary -
E: Gap

— (gapped, incompressible states) ‘m ==

Momentum

* Distinguished by properties of boundary
— (Quantized transport of charge, spin)
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Fractionalization

e What?

— Excitations carry a fraction of quantum numbers
of constituent particles.

* How?
— Strong interactions

* Example
— Fractional QHE
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Fractional topological insulators

* Can you make a model with a single surface
Dirac cone of fractionally charged fermions?

— Exactly solvable lattice model
— Fractionally charged fermionic excitations
— Band structure.

* |s it a topological insulator?

— Time reversal protected edge modes
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Solvable models with fractionally
charged fermions

. : B
» Strongly interacting charged bosons ( 2_“)
(RVB; Toric code; Senthil & Motrunich) F

* Charge conserving, exactly solvable

* Couple tofermions ¢qf =€+ kq—B
p

* Band structure
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Solvable models with fractionally
charged fermions
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Solvable models with fractionally
charged fermions
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Fractionally charged bosons

2
/:Qs-

H = Qs — Z Ngs’ T 2”5
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"l
rorr TT T *Equal amplitude superposition
Bo = UisUsal4,
p = UnUnUsily of all link occupation numbers
2 - k. compatible with Qs

H=VY Q=33 (Br+BL)
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Fractional Charge

1
(Ns)Q.=1 — (Ns)Q.=0 = 5

Pirsa: 11090070




links :2; sites :-1
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-l
rorr TT 7T *Equal amplitude superposition
Bp = li9lsal/a,
p = Un2UnUsyly of all link occupation numbers
2 = k. compatible with Qs

H=VY Q-3> (Br+BL)

P



Fractionally charged fermions

Qs = Qs — knfs
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Fractional Charge

1
(Ns)Q.=1 — (INs)Q.=0 = 5
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Fractionally charged fermions

Qs = Qs — knfs
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"l
o0 aah 2R o *Equal amplitude superposition
p = Un2UnsUsyly of all link occupation numbers
® = P compatible with Qs

H=VY Q-3> (Br+BL)

P



Fractional Charge

1
(Ns)Q.,=1 — (Ns)Q.=0 = 5
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Fractionally charged fermions

@s — Qs — knfs
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Fractionally charged fermions

Qs = Qs — knf.s
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ngs #0 excitations:
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(fractionally
charged)
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H=VY Q-5 (Bp+B})+ny_ ny.

S ¥ &
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ngs 7 0 excitations:

composite fermions
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Band structure

E : k
sz’n — tss’orcr’csf fcsaU

ss’
* Hops one fermion and k fractionally charged
bosonic excitations

szk Qs =0

Pirsa: 11090070



H=VY Q2= 3 (Br+B)+u) n.

4 P
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Band structure

E : k
sz'ﬂ, — tss’acr"csf fcsorU

* Hops one fermlon and k fractionally charged
bosonic excitations

Qs =k Qs =0
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Band structure

§ : k
Hk?iﬂ, — tss’acr’csf fcsorU

ss’
* Hops one fermion and k fractionally charged
bosonic excitations

Qs =k Qs =0
R = 3
o,
bé"x.hQS O Qb‘ == }1
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Band structure
Hkiﬂ, — = Z tss”o'g’c;fo.f CSO'UE‘{{:S"
55’

* Hops one fermion and k fractionally charged
bosonic excitations

Qs =k Qs =0
E =3 3
Uk,
Q- =0 Q. =k

Pirsa: 11090070



Pirsa:

00000000



Fractional topological insulators

* We can choose any band
structure

e Choose Tl band structure

* Fractionally charged

surface states
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A few interesting properties

* Topological order

irsa: 11090070 Page 39/75



A few interesting properties

* Magnetoelectric effect
— Break T on the surface

— % integer Hall conductivity




A few interesting properties

* Fractional magnetoelectric effect
— Break T on the surface

— % integer Hall conductivity
ttetteteeteeteeeroeee

Ti
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Fractional topological insulators

* Can you make a model with a single surface
Dirac cone of fractionally charged fermions?

— Exactly solvable lattice model
— Fractionally charged fermionic excitations
— Band structure.

* |s it a topological insulator?

— Time reversal protected edge modes
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Time-reversal protected gapless
boundary modes

e Kramers theorem: if

I k— —k=k
T =]
* then states must be degenerate.

Tl



Time-reversal protected gapless
boundary modes

e Kramers theorem: if
T : kK — —k
T2 = —1

* then states must be degenerate.

!

k




Topological insulators:

* odd number of Kramers pairs in the edge spectrum

\

Ordinary insulator Topological insulator
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Interacting equivalent:

P
b =0

[ ————— . B

0000000000000



Interacting equivalent:

e ® = (O, 7 : Time-reversal
o invariant

* Kramers degeneracies:

TI | Non-TI
® =0 | Yes No
® =7 | No No
(Fu and Kane ‘06) =0 No Yes
® =7 | Yes Yes

" Odd |  Even |




Constructing low-lying excited states

O =) E
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Constructing low-lying excited states

O =T E




Flux insertion in fractional insulators

D
* |nserting o :a
different ground state

Levin and Stern ‘09
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Flux insertion in fractional insulators

iy
* |nserting o :a
e ®y different ground state

g% 2

Levin and Stern ‘09
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Flux insertion in fractional insulators

iy
* |nserting 5 :a
e ®y different ground state

g*. 2

Levin and Stern ‘09

odd Kramers — No Kramers

a7 even: No change

6*
a5 {p-l—?k (p odd)
e* Les i OEY 5 evet)
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2D Fractional topological insulators

. 4 odd : protected edge modes
€>E=

. q—ic even : Not protected!
e

— Can add interactions that preserve T and gap the
edge
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Fractional 3D insulators

e

> . e

e -

€ (I)Q
= > : same ground state sector .
o : changes Kramers degeneracy if —‘3: odd
e
qdf .
« ~L odd : protected surface modes
e*
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2D Fractional topological insulators

. q—i odd : protected edge modes
e

. q—f: even : Not protected!
e

— Can add interactions that preserve T and gap the
edge
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Flux insertion in fractional insulators

iy
* |nserting o :a
e ®y different ground state

Pe* 2

Levin and Stern ‘09

— odd: Kramers — No Kramers

47 even: No change

e-‘-‘k
qar {p + 2k (p odd)
e* Lo LOEY 5 oven)
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Fractional 3D insulators
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Conclusions

* Models of fractional insulators
— Fractionally charged fermions
— Exactly solvable: band structure
— Gapless edge/ surface states

* Fractional topological insulators?

9f a4 :protected (2D & 3D)

&" : Not protected (2D)

q
Y even - ? (3D)
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Conclusions

* Models of fractional insulators
— Fractionally charged fermions
— Exactly solvable: band structure = o i
— Gapless edge/ surface states St On Cick

Property:

Speed:

* Fractional topological insulators?
9f .44 : protected (2D & 3D)

e : Not protected (2D)

a5
o* even ? (3D)

s
v
s
.
w
L3
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Conclusions

* Models of fractional insulators
— Fractionally charged fermions
— Exactly solvable: band structure 5 = =
— Gapless edge/ surface states Sart | On Cick

e

Speed:

* Fractional topological insulators?
9f .44 :protected (2D & 3D)

e : Not protected (2D)

ar even .72 (3p)
e* T
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Conclusions

* Models of fractional insulators
— Fractionally charged fermions
— Exactly solvable: band structure = ol =
— Gapless edge/ surface states St On Ciek

Speed:

* Fractional topological insulators?
q_{ odd :protected (2D & 3D)

3 : Not protected (2D)

ar even .2 (3p)
e* T

Click 1o add nates
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Conclusions

* Models of fractional insulators
— Fractionally charged fermions
— Exactly solvable: band structure ~rille
— Gapless edge/ surface states Sart on Cick

Property:

Speed:

Fractional topological insulators?
97 .44 :protected (2D & 3D)

E : Not protected (2D)

i‘cr«'e*sren :? (3D)
= e* :

Y
L4
-
s
-
L
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Topological insulate

s : * 2D: quantum spin Hall effect

: - (HeTe; Bernevie Hughes Zhang; Kanie et al) a ad

2 BEMEVIE Lome 0d’

T

Start On Tick
. * 3D: single surface Dirac cone
(Moore Balents: Fu Kane: Roy; Hsieh et al) e

- a 3 “—
my. g
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Topological insulators

* 2D: quantum spin Hall effect ; /
(HgTe; Bernevig Hughes Zhang; Konig et al) a a‘é" /
° 9
a‘ai

* 3D: single surface Dirac cone

(Moore Balents; Fu Kane; Roy; Hsieh et al)

4

1109?\'71000re, Nature physics 2009
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Fractionally charged bosons

2
/:Qs-

H k- Qs — Z Ngsr + 27
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H=)Y_tw vordl,

[Hkinr Qs] =1

[Hk‘iﬂ:r BP] = O

——

Nfs 7
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Fractional topological insulators

* Can you make a model with a single surface
Dirac cone of fractionally charged fermions?

— Exactly solvable lattice model
— Fractionally charged fermionic excitations
— Band structure.

* |s it a topological insulator?

— Time reversal protected edge modes
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Interacting equivalent:

()
b =7
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Constructing low-lying excited states

O =7 E
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Flux insertion in fractional insulators

* Inserting - :a
ebgP, different ground state

t?f .«“22’

Levin and Stern ‘09

Kramers — No Kramers

even: No change
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Flux insertion in fractional insulators

)
* Inserting 5 :a
ePd, different ground state

ie*2 2

Lewin and Stern ‘09

a5
e#

odd: Kramers — No Kramers

4 even: No change

© q5 p+ 2k (p odd)
s(p+2k) (peven)

E*

" |-’|['HI

T

f

Hil |

il 1

IE LRI B

Page 72/75

L —



: 11090070

2D Fractional topological i
95
e*
af
e*

odd : protected edge mode

even : Not protected!

+ 3

Start:

Properoy:

Speed:

x

On Click

edge

— Can add interactions that preserve T and gap the

s
v
s
s
4
L

Click o add notes
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* Inserting -
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IL e *: ! 2 Start On Click

Lewin and Stern ‘09

Propesty:

Speed:-

a5
8*

odd: Kramers — No Kramers

q—{ even: No change
e
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Flux insertion in fractional insulators

iy
* |nserting o :a
e ®y different ground state

g, 2

Levin and Stern ‘09

— odd: Kramers — No Kramers

17 even: No change

e*
a {p + 2k (p odd)
e* Lo BEY 5 even)
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