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Abstract: We investigate the entanglement spectra of topological insulators which have gapless edge states on their spatial boundaries
physical energy spectrum, a subset of the edge states that intersect the Fermi level translates to discontinuities in the trace of the single
entanglement spectrum, which we call a ‘trace index'. We find that any free-fermion topological insulator that exhibits spectral flow |
non-vanishing trace index, which provides us with a new description of topological invariants. In addition, we identify the signatures of sp
flow in the single-particle and many-body entanglement spectrum; in the process we present new methods to extract topological invariai
establish a connection between entanglement and quantum Hall physics in translationally invariant and disordered systems.
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(2+1)-d Topological Insi
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(2+1)-d Topological Insulators

[nteger Quantum Hall

Bulk is gapped and described by
an intvgvr t:)lmlugit'al invariant,
Chiral Edge States on the Edge

(
- S

Unitary Class (requires no

sln't'ial symmetrices)

Quantum Spin Hall

Bulk is gapln'(l and described by

a Z> topological invariant.

Chiral and Anti-chiral Edge

States on the Edge (a time-

reversed pair)

S.\'ml)ln‘a‘tit‘ Class ('l{rquil‘rs'l'

symmetry)
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Response to Background Fields

How does a 2D topological insulator respond
to external applied electromagnetic fields?

Example Analogy: [sing model in an external B-field

I[B, o] Zﬁn +Zb

(1,7)
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Response to Background Fields

How does a 2D topological insulator respond
to external applied electromagnetic fields?

Example Analogy: [sing model in an external B-field

=Y oio; +ZB

1B, o]

Z|B] =

(1,7)

2.

spin configs

xp [-BH|[B, o]] = e PFIB
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Response to Background Fields

How does a 2D topological insulator respond
to external applied electromagnetic fields?

Example Analogy: [sing model in an external B-field
[} ”} 2{:47 aj '+‘§E: B
(1,7)
ZIB]= Y exp[-BH[B,o] = FFIB

spin configs
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Response to Background Fields

How does a 2D topological insulator respond
to external applied electromagnetic fields?

Example Analogy: [sing model in an external B-field

H[B,o;] = Zﬁn+ZB

(1,7)
Z[Bl]= Y  exp[-BH[B,o] = PFBI
spin configs
, I | OF |
F[B] = —= log Z[B] M = -
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Response to Background Fields

How does a topological insulator respond
to electromagnetic fields?

S[A, ¥, yY] = /fh‘ d?z 1 [ (-0, + eAy) — m| Y
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Response to Background Fields

How does a topological insulator respond
to electromagnetic fields?

S[A, ¥, Y] = /(/!‘ d?z 1) [y (—20, +eA,) — m| 1

Z[Ayu] = /Dt.‘Dr, exp {ih‘[;l. W, H — ¢tSesslAu]

o 8SeqylA)

S.s¢[A] = —ilog Z|A]
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Electromagnetic Response (QAHE)

Electromagnetic linear response:
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Electromagnetic Response (QAHE)

Electromagnetic linear response:
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Electromagnetic Response (QAHE)

Electromagnetic linear response:

A, A,
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Trivial insulator has n=0 and “(,_2
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Quantum Hall Current From
Flux Threading
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Quantum Hall Current From

Flux Threading
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Quantum Hall Current From
Flux Threading
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Quantum Hall Current From

Flux Threading
EED )EE[/ &2 = -2
- Conduction Band - / / -dl = | /'f nf
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Outline

o Discuss single-particle and many-particle
entanglement spectra of these systems

Pirsa: 11090053 Page 25/94



irsa: 11090053

The Rise of Entanglement in
Condensed Matter

The goal: Give me a many-body quantum
ground state and | can tell you the state
of matter.
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The Rise of Entanglement in
Condensed Matter

The goal: Give me a many-body quantum

ground state and | can tell you the state
of matter.

Easy to do if state has a broken symmetry
e.g. amagnet @M[y) #0
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The Rise of Entanglement in
Condensed Matter

The goal: Give me a many-body quantum
ground state and | can tell you the state
of matter.

Easy to do if state has a broken symmetry
e.g. amagnet (@M[y) #0
If the system is featureless what can we

do¢ Are all “featureless” systems
identical?
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The Rise of Entanglement in
Condensed Matter

The answer is no. Quantum systems can
exhibit topological order which globally

distinguish them from truly featureless systems.
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The Rise of Entanglement in
Condensed Matter

The answer is no. Quantum systems can
exhibit topological order which globally
distinguish them from truly featureless systems.

Entanglement is great for diagnosing the
subftle features due to non-local or long-range
correlations.
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The Rise of Entanglement in
Condensed Matter

The answer is no. Quantum systems can
exhibit topological order which globally |
distinguish them from truly featureless systems. |

Entfanglement is great for diagnosing the |
subtle features due to non-local or long-range
correlations.

Practical advantage: The potential to learn
everything from the ground state without
having to calculate the entire many-body
excitation spectrum (costly in numerics)
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Entanglement in Real-Space

Procedure:

(i) Take many-body ground state y and construct the density matrix p
(i) Partition space into regions A and B and "“tfrace-out” B to get

the reduced density matrix p,. The trace procedure is not trivial.
(iii) Using p, calculate your favorite entanglement measure
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Entanglement in Real-Space

V) =3 e H ) © 0)
Procedure:

(i) Take many-body ground state ¢ and construct the density matrix p
(i) Partition space into regions A and B and "“trace-out” B to get

the reduced density matrix p,. The trace procedure is not trivial.
(iii) Using p, calculate your favorite entanglement measure
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Entanglement in Real-Space

Procedure:
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Measures of Entanglement

Entanglement Spectrum: Look at the entire
set of eigenvalues of p, iIn each quantum
number sector

Von-Neumann Entanglement entropy:
Condense the eigenvalues of p, info a single
number

5= =1 [/J’,;l l(};_'; /};1}

Renyi entropies: "Moments” of the
enfanglement spectrum containing the Von-
Neumann entropy as a special case.

]
Sla) = — log [TrpG]
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Entanglement of Free Fermions

We can get the \‘mt(//u /qu'm'/u vnl‘mglvmvnl spectrum «>|'.m'\' free

fermion Hamiltonian by using Peschel’s method:

| |. Peschel J. Phys. A: 36 L205
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Entanglement of Free Fermions

We can get the xm((//c /qu'm'/u vnl‘méj‘lmm'nl spectrum (>|'.m'\' free

fermion Hamiltonian by using Peschel’s method:
Given: H = = (('-'- C —+ (-T C )
ntn+1 n+1%n
(i

Calculate: (_7';1”3 — <£2|(‘1‘H(.

Q)

N|

|. Peschel J. Phys. A: 36 L205
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Entanglement of Free Fermions

We can get the \‘m}//c /Jcn'm'/c vnl‘mglmm'nl spectrum uli.m'\' free

fermion Hamiltonian by using Peschel’s method:

Given: H = —1 E ((';.I-,('u 1 5D (“:"1- |("")
n

Calculate: (__7'”1,” — <SE|(

H=1n[(l1-C)/C]

Where C is the two-point correlation function restricted to sites in region A

Entanglement “Hamiltonian”:

|. Peschel J. Phys. A: 36 L205
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Entanglement of Free Fermions
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Entanglement of Free Fermions

e e e e o o
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Entanglement of Free Fermions
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Entanglement of Free Fermions
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Entanglement of Free Fermions
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Entanglement of Free Fermions

o o e { *—o o -
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Entanglement eigenvalues of O, and 1 give no entanglement entropy
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Topological Insulators and
Entanglement

AreTI’s 1()1)()1()@('.111\' ordered?
No. They have non-degenerate ground states, always. Thus there is

no topological entanglement entropy.
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Topological Insulators and
Entanglement

AreTI’s 1()|)()1()Qi('.111\' ordered?

No. They have non-degenerate ground states, always. Thus there is

no In|m|ngim| cntanglement entropy.
Do TTI’s have interesting entanglement properties?
* Yes. They exhibit non-trivial fermion entanglement spectra and

cannot be deformed to have vanishing entanglement entropy.
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Topological Insulators and
Entanglement

AreTT's topologically ordered?
No. They have non-degenerate ground states, always. Thus there is

no tn|)n|nqi<'a| entanglement entropy.

Do TI’s have int'crcsting cntanglcmcnt ])r()])crtics?
» ch."lih('}-" exhibit non-trivial fermion a_‘nt'anglclmrnt spectra and

cannot be deformed to have \-'anishing cntanglcmcnt entropy.
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Topological Insulators and
Entanglement

AreTI’s 1()1)()1()Qi('.111\' ordered?
No. They have non-degenerate ground states, always. Thus there is

no tnpnlngiml cntanglement e ntropy.

(7
DoTI’s have interesting cnlang]cmcnt properties?
» ch.'l‘hc},' exhibit non-trivial fermion cntanglcmont spectra and

cannot be deformed to have vanishin cntanglcnwnt cntro])\;’. |

g

In contrast, quantum double models (toric code) and \11 ing-net states
only haw entanglement entropy coming from “gauge ﬂuclualmns of
the str ing L()ll(lt nsed ground state. T here is no fn 'rmionic piece and
the vnlanullm nt spe ctra are featurcless.
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Topological Insulators and
Entanglement

AreTI’s l()l)()lnqi('.lll\' ordered?

No. They have non-degenerate ground states, always. Thus there is

s

no I(:l)()l()Ql&'.]l entanglement entropy.

DoTI’s have inl'crcsting cnlang]clm_‘nt ])r()])crlics?
® ch.'l‘hc}-' exhibit non-trivial fermion cntanglcnu‘nt spectra and

cannot be deformed to have vanishing entanglement entropy.

In contrast, quantum double models (toric code) and \1! ing-net states
only haw entanglement entropy coming from “gauge ﬂuclualmns of
the str ing L()ll(lL nsed ground state, There is no h 'rmionic piece and
the vnlmwllm nt spe ctra are featurcless.

[nterestingly, the Kitaev honeycomb model has both, and they are

mml)lctclx (lcc()uplm] from each other.
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Topological Insulators and

Entanglement

While the entanglement properties of topological
iInsulators do not contain the topological piece
coming from gauge-like fluctuations, the
fermionic conftributions are very clear
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Topological Insulators and

Entanglement

While the entanglement properties of topological
iInsulators do not contain the topological piece
coming from gauge-like fluctuations, the
fermionic conftributions are very clear

Heuristic Picture: : O
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