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Pi

acroscopic Continuum Thermomechanics

Independent fields:

Dependent fields:

Balance laws:

Constitutive equations

IIIII : 11080077

Mass density p(x, t)
Velocity v(x, t)
Temperature 6(x, t)
Specific internal energy u(X, t)
Heat flow q(x. t)

Stress T(x. t)
Specific entropy s(x, t)

Oep—V-(pv) =0

V-T+b—0(pv) -V -(pv2v)=0
" —F=8
pOru+ 3p0v? —V - (TT .v) +V - q—
—QR—b-v=0
= afx, £ p(-,-), V(). 0, )]
= q[x, t; p(+, ), v(+, ), 0(-, )]
T( ) T|x, t.,u( ) v(-,-).60(-.-)]



Independent fields:

Dependent fields:

Balance laws:

Constitutive equations
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acroscopic Continuum Thermomechanics

Mass density p(x, t)
Velocity v(x, t)
Temperature (x. t)

Specific internal energy u(x. t)
Heat flow q(x, t)

Stress T(x. t)
Specific entropy s(Xx, t)

Oep—V - (pv) =0
V-T+b—08(n)—V-(ov®v) =0

T -T=0
;}(’_)ru + %—pf'j)rvz e N (TT : V) 2-XF . q—
—Q—-—b-v=

7 (- -
q(x‘ r) ::ﬁ_[x' r:f"(.")‘v(-'.)'ﬁ("‘)] Page 5/61
T(x.t) :=T[x.t; p(+.-). v(-.-).0(-.-)]



acroscopic Continuum Thermomechanics

The Clausius-Duhem inequality

podss +pv - Vs + V- (%) —

— —_— — T—— —-— - T— _—
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acroscopic Continuum Thermomechanics

The Clausius-Duhem inequality

podss + v - Vs + V- (%) e

@ Different expression of the Second Law of Thermodynamics
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acroscopic Continuum Thermomechanics

The Clausius-Duhem inequality

poss +pv - Vs + V- (%) —

@ Different expression of the Second Law of Thermodynamics
@ [raditional interpretation: Restriction of processes
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acroscopic Continuum Thermomechanics
The Clausius-Duhem inequality
q

p0t5~pv-VS+V-(§)-%20 ‘

. — —— o e e —— e o — e e —_ e e . B . il

@ Different expression of the Second Law of Thermodynamics
@ [raditional interpretation: Restriction of processes
@ Here: Restricts the constitutive equations
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acroscopic Continuum Thermomechanics

The Clausius-Duhem inequality

pats—pv-Vs+V-(—g—)—%20

@ Different expression of the Second Law of Thermodynamics
@ [raditional interpretation: Restriction of processes
@ Here: Restricts the constitutive equations

Constitutive Entropy inequality
Traditionally: equations found ¥  restricts allowable
by experiment processes
Here: Entropy inequality | All resulting
irsa: 11080077 restricts constitutive - processes Page 10/61

equations allowable



acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

M = {p(x,t),v(x,t),0(x, t)|¥x, t; < t < to}

M = {p(x,t),v(x,t),0(x,t),0(x,t)

The past values of the independent variables are termed histories.

VX, t = to}

Form of macrostate

Afercall the specification of the history-dependencies the macrostates: e

fn-.“. e I WL BE R el B el -H-Aﬂr-.':'l-ali-:l.nn ﬂﬂllﬂ‘.’:ﬁ“l"



acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

M= {p(x.t),v(x,t),0(x,t)|Vx.t; <t < 1

M = {p(x, t),v(x,t),0(x,t),0(x,t)

|
VX, t =1}

The past values of the independent variables are termed histories.

Form of macrostate

=\Mfercall the specification of the history-dependencies the macrostat@ger%l
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

= {p(x,t),v(x,t),0(x,t)|vx, t; <t < tp}

=7 ( t),v(x,t),0(x.t), ()(x t)|

e Y

The past values of the independent variables are termed histories

Form of macrostate

Afercall the specification of the history-dependencies the macrostates: e
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acroscopic Continuum Thermomechanics

Macrostate

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:
M = {p(x,t),v(x,t),0(x,t)|¥Vx, t; <t < tp}
M = {p(x. t),v(x,t),0(x, t),0(x, t)

VX, t = to}

The past values of the independent variables are termed histories.

Form of macrostate
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A\Mfercall the specification of the history-dependencies the macrostat@ger
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

M= {p(x,t),v(x,t),0(x,t)|vx,t; <t < tp}
M = {p(x, t),v(x, t),0(x, t),0(x, t)

The past values of the independent variables are termed histories.

VX, t = to}

Form of macrostate

eA\fercall the specification of the history-dependencies the macrostates: e
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

M= {p(x,t),v(x,t),0(x.t)|Vx,ty < t < tp}
M = {p(x. t),v(x, t),0(x, t),0(x, t)

The past values of the independent variables are termed histories.

V& —10Q)

Form of macrostate

Afercall the specification of the history-dependencies the macrostates: e
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

M= {p(x,t),v(x,t),0(x,t)|vx,t; < t < tp}

M = {p(x., t),v(x,t),0(x,t),0(x,t)

VX, t = to}

The past values of the independent variables are termed histories.

Form of macrostate

sA\fercall the specification of the history-dependencies the macrostates: i
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly

including their values at earlier times.
Examples:

M= {p(x.t),v(x,t),0(x,t)|vx.; <t < tp}
M = {p(x. t),v(x,t),0(x, t),0(x, t)

The past values of the independent variables are termed histories.

VX, t = to}

Form of macrostate

AMfercall the specification of the history-dependencies the macrostates: e
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

M = {p(x,t),v(x,t),0(x,t)|Vx,.t; < t < tp}
M = {p(x. t),v(x,t),0(x, t),0(x, t)

The past values of the independent variables are termed histories.

YRt = !'0}

Form of macrostate

AMfercall the specification of the history-dependencies the macrostates: e
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

M = {p(x,t),v(x,t),0(x,t)|vx,t; < t < tp}
M = {p(x, t),v(x.t),0(x, t),0(x, t)|vx, t = to}

The past values of the independent variables are termed histories.

Form of macrostate

Afercall the specification of the history-dependencies the macrostates: s
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly

including their values at earlier times.
Examples:

M= {p(x,t),v(x,t),0(x.t)|vx,ty < t < tp}
M = {p(x, t),v(x, t),8(x, t), 8(x, t)

VX, t = to}

The past values of the independent variables are termed histories.

Form of macrostate

AMfercall the specification of the history-dependencies the macrostates: e

fﬂ-.‘- RS (5. e STTOISS e, atameee: F Seamer 7 TN ﬂﬂ“ﬂ.‘:.’ll":ljﬂ ﬂﬂllﬂ.‘:ﬂ“l"



acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

M = {p(x,t),v(x,t),0(x,t)|¥Vx,t; <t < tp}
M = {p(x, t),v(x, t),0(x,t),0(x, t)|¥x, t = to}

The past values of the independent variables are termed histories.

Form of macrostate

eAfrcall the specification of the history-dependencies the macrostates:#«
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

M = {p(x,t),v(x,t),0(x, t)|¥x,t; < t < to}
M = {p(x, t),v(x, t),0(x, t),0(x, t)|Vx,t = to}

The past values of the independent variables are termed histories.

Form of macrostate

eAfercall the specification of the history-dependencies the macrostates:«
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

M = {p(x,t),v(x,t),0(x,t)|vx,t; <t < tp}

M = {p(x, t),v(x,t),0(x,t),0(x,t)

The past values of the independent variables are termed histories.

Form of macrostate

A\Mfercall the specification of the history-dependencies the macrostates
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times. |
Examples:

M = {p(x,t),v(x,t),0(x,t)|vx, t; < t < tp}
M = {p(x, t),v(x, t),0(x, t), 0(x, t)

The past values of the independent variables are termed histories.

VX, t =t}

Form of macrostate

A\fercall the specification of the history-dependencies the macrostates:#«
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

M = {p(x,t),v(x,t),0(x,t)|¥Vx,ty <t < tp}
M = {p(x, t),v(x. t),0(x, t), 0(x, t)

VX, t = to}f

The past values of the independent variables are termed histories.

Form of macrostate

Afercall the specification of the history-dependencies the macrostates: e
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

M= {p(x,t),v(x,t),0(x,t)|vx,t; <t < tp}
M = {p(x. t),v(x,t),0(x, t),0(x,t)

VX, t =t}

The past values of the independent variables are termed histories.

Form of macrostate

Afercall the specification of the history-dependencies the macrostates:#e

I‘,-\.-.-~ --;-..' ot R N[ ey, Rl 8 Ay < .r-ﬁﬂﬂ.':fal'-:l.nn ﬂﬂllﬂ‘.’:ﬁ“ﬂ



acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

= {p(x,t),v(x,t),0(x,t)|vx, t; <t < tp}

{( )(nﬂﬂﬁi)ﬂmﬂ

The past values of the independent variables are termed histories.

VX, t = to}

Form of macrostate

eAfercall the specification of the history-dependencies the macrostates:e
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

= {p(x,t),v(x,t),0(x,t)|Vx,t; < t < tp}

= {p(x. ) v(x,t),0(x.t),0(x.t)

VX, t = to}

The past values of the independent variables are termed histories

Form of macrostate

Afercall the specification of the history-dependencies the macrostates:e
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:
M = {p(x,t),v(x,t),0(x,t)|¥x,t; <t < tp}
M = {p(x, t),v(x, t),0(x,t),0(x, t)

The past values of the independent variables are termed histories.

VX, t = !‘0}

Form of macrostate

A\Mfercall the specification of the history-dependencies the macrostates:os
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

M = {p(
M = {p(x. )

The past values of the independent variables are termed histories.

X, t),v(x,t),0(x,t)|vx, t; <t < tp}
t), v(x, t), B(x, t), O(x, t)

VX, t = to}

Form of macrostate

Afercall the specification of the history-dependencies the macrostates-se
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

M = {p(x,t),v(x,t),0(x,t)|¥x,ty <t < tp}
M = {p(x. t),v(x,t),0(x, t),0(x, t)

The past values of the independent variables are termed histories. |

VX, t = to}

Form of macrostate

AMfercall the specification of the history-dependencies the macrostates:#«
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acroscopic Continuum Thermomechanics

A macrostate is defined as a list of the independent fields, possibly
including their values at earlier times.
Examples:

M = {p(x,t),v(x,t),0(x,t)|vVx, t; < t < tp}
M = {p(x, t),v(x. t),0(x, t), 0(x, t)

The past values of the independent variables are termed histories.

VX, t = to}

Form of macrostate

Afercall the specification of the history-dependencies the macrostates:we
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Comparison between the Models

Independent
quantities

Dependent
quantities

Balance
equations

Constitutive
equations

Pirsa: 11080077

State

Macroscopic model

p(x,t), vix,t), #(x,1)
[u(x,t), q(x.t), T(x,t)]==

Oep—V -(pv) =0

V-T+b—-0/(pv)-
-V -(pv@vVv)=0

I‘"l',tu - %;H'jtv: — T o (TT - u)+
+V-q—Q—b-v=0

=(x.t) = =(x.t; M)

Mt Ma) = {ol-. -) vl-.-). 0(- -)}

Microscopic model

xi(t}- U;'(t)

Page 34/61
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Space-time Averaging

A continuum field can be expressed as a space-time average at position
x and instant t, given a particular microstate g, in the following way

N O
y(X, tipg) = Z / vi(T)o[x — xj(t|pg), t — 7]dT
j=1 Y —o¢

yi - molecular quantity associated with point mass P;

® - normalized weighting function of dimensions (length) 3(time)
assigning greater contribution to point masses close to x and
times close to t than to those remote therefrom.

-1

In the simplest case:

s, X=X <r,|t—7 <At

0. otherwise
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Space-time Averaging

Space-time averages for independent continuum fields:
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Space-time Averaging

Space-time averages for independent continuum fields:

e Mass density

|.|.'

/ n?r-"[x — Xt r'j'-'-j :' E— -jd_

.

X, Tipg) =

1M
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Space-time Averaging

Space-time averages for independent continuum fields:

e Mass density

I
;'(X. f,f-':) .= T- / n?.-_"[x - XilTlpg). T "']d'-"
j=1 ¥ ¢
e Velocity
B
V‘ / ."'I'L%[J([;f:).[}( )(,(fluj-}f T]d.-
v P, =1
V[X.T'mj} _— T — N
0 . N
S / m;jo[x — xi(t|uo), t — 7]dT
f—1 * o
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Space-time Averaging

Space-time averages for independent continuum fields:

o Mass density

4 .

N .
p(x. tluo) :=) / mio[x — Xi(t|po). t — 7|dT
J 1 -

e Velocity

N
T‘ / ."T.';%[J( [ Iic't) [)( = )(,:( [ IH:-_:'. [ — ‘.']df'
v(x. tlug) = E - P; o
S / m;o[x — xj(t|uo). t — T]dT

e lemperature

(x. tluc) 2 :j“' y oo smyvi(Tlpe) — v(x, 7 po)|°@[x — x;i(7|po), t — T)dT

X, Il'-l’f . — —~N roc E =

’ 3kg }__:." | [x — xi(7|pg). t —7]dr
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Space-time Averaging

Space-time averages for independent continuum fields:

e Mass density

/ m;o[x — xi(t|puo), t — 7]dT

.

X, Tig) =

1M

e Velocity

N o
T / mivi(x.t ;.':‘)-.'-[x — XilTlpg ), T — T]d.-
7 -

U{X.I;nj}—g = | N‘L -
S / .fn,.-_'-[x - Xi(tlpo). t .-]d.—

e lemperature

2 \;—M ’ lk_‘_ %m,[v.{?‘ }‘:) - V(X.T .i'-".:.}]: ‘-[X = x_-(-— J'Irj)- e T—}d'-—

-y 1.

3]"5 \._.N 'l_\\_ ._u[x — Xl-(-'.'",u.'_\l}_ g = ."]li'."

i |

#(x, tipo) =
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A specified microstate determines the macrostate

po — M(pio)

macrostate form)

(Note: The macrostate is not completely defined until we specify the

A specified macrostate determines a set of possible microstates
Mg e R(Mg) — {[lgIMg}

This set corresponds to a region in phase space of volume 2

Pirsa: 11080077

Page 41/61




Boltzmann's entropy formula

S =kginQQ

Macrostate form

Constitutive B Necessary values of

@ Determining the phase volume (2
requires a specification of the
macrostate M,

@ Once such a specification is
available we can find the entropy
given the microstate of the system

values of

/ | Delled

Q[M(p,)=M,]

S[M(p,)]=kglin Q[M(p )]

Pirsa: 11080077




@ Partition of phase space into
regions 2;

Pirsa: 11080077

1

[
[
J

Q
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@ Partition of phase space into

regions {; O O
B " --1 = :
@ lo each region we assign a Kk 1nO < InO
numerical value kg In Q; B 1 B "2
( (
’23 “24
kelnC2, kgln€2,
_——I*
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@ Partition of phase space into
regions 2; without
macrotheory

@ lo each region we assign a
numerical value kg In €2;

@ Introducing the
macrotheory: values of
macroscopic variables

Pirsa: 11080077

.(..).1 £
kBIan I<BInQ2
Q_: Q_l
kﬂan3 koIn€2,
e —
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@ Partition of phase space into
regions {2; without
macrotheory

@ To each region we assign a
numerical value kg In €2;

@ Introducing the
macrotheory: values of
macroscopic variables

@ Macrostate form—
meaningful partition and
entropy!

Pirsa: 11080077

*. | |

€ )
1 9

S=kBInQ1 S=kE..In!I!2

). Ql

S=kBInQ3 - S=k_In{)

-
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Example: Ideal gas

e Constitutive equations

= =Z=(p,#) (No history-dependencies)

e Macrostate
M= {p(x.t).0(x.t)|Vx.t = tp}

Specific entropy:

(m_N)M (3Tn7kBNH)‘T~H

s . 3k
sd.gas(p.0) = — In = —"Bn ;»+.1—B In(3kg#)+C

- P (5! m 2m
Space-time averaged entropy:
kg N _
SJdg'.-]S(x.r.“'D):— -—_._'_lﬂ (fﬂv / ._':[x = xl{["uﬂ)r - I-]ll.r..) L
m |

Pirsa:_llOS&)'kB h.l ( n]\_‘ N : J \.‘- [U;(-._ ‘HL']) - V[)(. T 0 )]2._:[}( E x[{-_ ﬂ[l} t— T]d'.— ) _ C Page 47/61
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b=

(-

- X
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- X
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i M = {p(x,t),v(x,t),0(x,t)| Y%, t=to, 1}
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v

i M = {p(x,t),v(x,t),0(x,t)| VX, t = tp, 11 }
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v

i M = {p(x,t),v(x,t),0(x,t)| ¥x,t =to, 1}

7 Considering history-dependencies
will decrease the entropy!
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Microscopic evolution

1

uit)

N
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Reproducibility

Microscopic evolution Macroscopic evolution
[ R — R M
Hq 0 0 0
>, ”
u(t) R, C M(t:M,)
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Microscopically: )

Liouville’'s theorem '

— QRQ — QR, /"f
7
~le
Macroscopically:
Qgr, < Qpr | _
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The Second Law of Thermodynamics

Microscopically:

Liouville's theorem | e

—— QRO — QR, /

4

-l
Macroscopically:
Qr, < Qp

The second law follows from the reproducibility requirement
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e Entropy cannot be defined a
priori, i.e. before the
macrostate is completely
specified.

Relation between the role of
the Clausius-Duhem
inequality in restricting the
constitutive equations and
the way that states have to
evolve in phase space in
order to ensure reproducible
behaviour.

po — pv.0.u.q. T

110 + macrostate form — s

Constitutive
I equations
Clausius- -
Du Macrostate
form |
' )
Reproducibility
Entropy
AN

@ The second law must be a restriction on constitutive equations

rather than on processes.

No constitutive No macrostate
No entro
equation; - - Py

Pirsa: 11080077
No entropy [ No reproducibility B "o macrocopic

theorv!

Conclusions
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Thank youl!
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