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Juestion

How to quantize gravity 7

T'wo main approaches to quantize a theory
e Lagrangian (path-integral) approach ~~ non-renormalizable theory.

@ Hamiltonian approach 7

., 0 ~
lhg't'W):HW)

Problem: in General Relativity, there is no time!

@ Hamiltonian formulation of GR = dynamics encoded in constraints.
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Jutline

D From classical to quantum gravity

) Spin network states

) Hamiltonian constraint and recurrence relations
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D From classical to quantum gravity
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_lassical general relativity in 3d

@ Dynamics of general relativity

Senlg] = / - Ry/det(g) d® L0 R, =o.

@ In 3 dimensions: linear relation between Riemann and Ricci tensors,
Rw=0= R,,0=0 (flat spacetime).
Hence, 3d gravity has no local degrees of freedom.

@ Physical consequences:

e no gravitational force between point particles;
e no gravitational waves.
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1amiltonian general relativity: ADM formalism

-undamental equation of ADM formalism

Spacetime = Space + Time

Spacetime | Space + Time
xH " -
Buv | Qab, N, N?
Ruv Raba Kab

@ N = lapse, N? = shift
@ K,, = extrinsic curvature
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-undamental equation of ADM formalism
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1amiltonian general relativity: ADM formalism

-undamental equation of ADM formalism

Spacetime = Space + Time

Spacetime | Space + Time
XK
Buv Qab, N, N?
Rp,v Raba Kab
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1amiltonian general relativity: ADM formalism

-undamental equation of ADM formalism

Spacetime = Space + Time

Spacetime | Space + Time
xH | i :
Buv Gab, N, N?
va Raba Kab

@ N = lapse, N? = shift

@ K,, = extrinsic curvature
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1amiltonian general relativity: constraints

I'he Lagrangian density of gravity £ enables to define canonical momenta
p and the Hamiltonian density H

def. OL def. .
e o =P b4.6 — L = NC(q, p) + N*Vi(q, p),
d
vith
05
=0 Intrinsic dynamics
0 SenH 0qab

- Nk IV (g,p) =0 Hamiltonian constraint
V.(q,p) =0 Vector constraint

C(g,p) = \/;T?[tr(p — (trp)?] — V/detq (°R)
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Encodes crucial information spacetime flatness.




1amiltonian general relativity: ADM formalism

-undamental equation of ADM formalism

Spacetime = Space + Time

4

Spacetime | Space + Time

xH | x t
Buv Gab, N, N°
R;w Raba Kab

irsa: 11080072

@ N = lapse, N? = shift

@ K,, = extrinsic curvature

Page 19/101




1amiltonian general relativity: constraints

I'he Lagrangian density of gravity £ enables to define canonical momenta
p and the Hamiltonian density H

ab def. oL def. . 3
P B Bd...’ H = p Qab_’c Nc(qy )+N Va(qsp)s
Qab
vith
0S5
=0 Intrinsic dynamics
O SeH 0qab

08uv = C(g,p) =0 Hamiltonian constraint
V.(q,p) =0 Vector constraint

C(g,p) = \/;,_Ti[tr(p — (trp)?] — v/detq (°R)
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Encodes crucial information spacetime flatness.




oward the quantization: triad and connection

Recall Einstein-Hilbert action

Senlg] = f y R(g)+/det(g) d’x
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oward the quantization: triad and connection

Recall Einstein-Hilbert action

Siselal = /M R(g)V/det(g) d*

2roposition

romote the connection as an independant and fundamental variable.
New system of variables:

e Connection one-form: A= A, dx*, A, € s0(3) = su(2).

e Triad / Dreibein: (E, E;, E3) = 3 vector fields, local frame.

cipstein-Hilbert action Sex[g] — Sp[A, E] Palatini action.
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oward the quantization: triad and connection

Remarkable fact: connection and triad are conjugate in Palatini action

1 : 2 a pail
SelA, E] = &T—mfo dr/m)d x [E,- Al — H(A, E)]
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oward the quantization: triad and connection

Remarkable fact: connection and triad are conjugate in Palatini action

1 : 2 a aAl
Sp[A, E] = &r—nfo dr/md X [E,- Al — H(A, E)]
I'he hamiltonian density remains a combination of constraints
H(A, E) = NC + N3V, — ALG;

vith

e (: Hamiltonian constraint, generates ‘time’ evolution.
Alternatively. encodes embedding of ‘space’ in spacetime.

@ V,: Vector constraint, generates ‘space’ diffeomorphisms.

@ (.- GauB constraint, generates SU(2) gauge transformations.
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.00p quantization

Elementary QM LQG
Position x Connection A
Wavefunction %(x) Cylindrical function v¥r ¢[A]

Position operator X1 = x1(x) | Connection operator A = A A

Bw ‘Ur f

Momentum operator PIJ) X Triad operator E?,b X
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.0op quantization

Elementary QM LQG
Position x | Connection A
Wavefunction 9(x) Cylindrical function ¥r ¢[A]
Position operator X1 = x ¥(x) " Connection operator A = Ar Al
Momentum operator ﬁ’w X %—‘E Triad operator Ez,b X —}’u

_ylindrical functions

" is an oriented graph with N edges e;,&...,ey and f : (SU(2))N — C,

Ur Al = £ (hey[A], her[AL ..., hey[A])
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Nhere h TAl € STT(?2) is the holonomv of A alone e




.00p quantization

Elementary QM | LQG
Position x Connection A
Wavefunction 1(x) Cylindrical function v¥r ¢[A]

Position operator X1 = x1)(x) | Connection operator A = Avr ¢[A]

Ow Ur f

Momentum operator Pw X Triad operator Et,b X

_ylindrical functions

" is an oriented graph with N edges e;,e...,ey and f : (SU(2))V — C,

Ur Al = £ (hey[A], hes[AL ..., hey[A])
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.00p quantization

Elementary QM LQG
Position x Connection A
Wavefunction 9(x) | Cylindrical function ¥r ¢[A]

' Position operator X = x Y(x) l Connection operator A = Atr ¢[Al

|
Bw | OYr ¢

Momentum operator P?,b X Triad operator Ez,b DC =k~

_ylindrical functions

" is an oriented graph with N edges e;, & ...,ey and f : (SU(2))N — C,

U r[A] = £ (hei[Al helAl, .., hey[A])
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.00p quantization

Elementary QM | LQG
Position x Connection A
Wavefunction %(x) Cylindrical function ¥r ¢[A]

Position operator X1 = x1)(x) | Connection operator A = Ay Al

c’)w | Urf

Momentum operator Pd} X Triad operator Et/) X

_ylindrical functions

" is an oriented graph with N edges e;, e ...,ey and f : (SU(2))VN — C,

Ur (Al F(hei[Al helAl, .., hey[A])
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.0op quantization

Elementary QM | LQG
|
Position x Connection A
Wavefunction 9(x) Cylindrical function ¥r ¢[A]

" Position operator X1 = x Y¥(x) | Connection operator A= Avr flA

c')w | ‘Urf

Momentum operator Pd} X Triad operator E1,b X —z-

_ylindrical functions
—C

" is an oriented graph with N edges e;, & ...,ey and f : (SU(2))V

def.

Ur f[A] = f( ﬁ[A]shﬂ[A]""’heN[A])
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.00p quantization

Elementary QM | LQG
|
Position x | Connection A
Wavefunction 9(x) Cylindrical function ¥r ¢[A]

' Position operator X1 = x1(x) | Connection operator A = Ay ¢[A]

OUr ¢

Triad operator Ez,b BCI =5

' Momentum operator P o %‘;

_ylindrical functions

" is an oriented graph with N edges e;,&...,ey and f : (SU(2))N — C,

Ur r|A] = f( m[A]shQ[A]""’heN[A])
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.00op quantization

Elementary QM | LQG
Position x Connection A
Wavefunction 9(x) Cylindrical function ¥r ¢[A]
Position operator X1 = x¥(x) | Connection operator A = Avr ¢[A]
Momentum operator ﬁ’?,b X %% Triad operator Ez,b X %"%i

_ylindrical functions

" is an oriented graph with N edges e;,&...,ey and f : (SU(2))N — C,

Ur Al = £ (hey[A], her AL ..., hey[A])
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.00p quantization

legularization of the triad operator: fluxes

~lux of the triad through a curve v,
o i def. i a
X! = / eapd? E? dx®
i
Choosing v conveniently,

Xsi(e)wl{'{;} A] = f(hel Al..., he[A]T": ooy hey A)

iyl 1Al = £ (hesfAL, .., T helAl, ..., hey [A])

with 7/ = —1o' € su(2)

Dn.several states: very nice geometric interpretation, as vectors. ...




) Spin network states
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Spin network : oriented graph I, ‘colored’ by
e irreducible representations of SU(2) (spins) on edges;

@ Intertwiners on vertices.
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ypin network state

" is a spin network with N edges, we define the corresponding

@ spin network function
'e def. -e
stN g1, g2, an) = [ DU (ee) - [] v
€ v

@ and spin network state

VAL SV (hey[A), e[l - hey[A]).
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»pin network state

" is a spin network with N edges, we define the corresponding

@ spin network function
.e def. -e
s'Hei, g, ....an) = ] DY) (ge) - I ] ov
— v

@ and spin network state

VU AL 58} (he[A), hes[Al, ..., hey[A]).

@ automatically gauge-invariant states;

@ nice geometric interpretation.
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ypin network states and triangulations

Spin network
Vertex
Link
Spin Je

Triangulation

Triangle
Triangle’'s edge

Length £e o< \/je(Je + 1)

irsa: 11080072 /

Page 45/101



ypin network states and triangulation

«ction of fluxes

Consider a vertex v of a spin network " and its dual triangle.

A J'l__

-jl(ji+1)

. X.U[j}

>

Ja(j3+1)
J3

(5(5(2) : Xs(.’?)) YAl = ByllA
(5(5(2) ' Xs(3)) w# Z} [A] = (5253 cos 902,3)11«'#{ §} [A]

irsa: 11080072
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ypin network states and triangulation

«ction of fluxes

Consider a vertex v of a spin network " and its dual triangle.

._jlf_f: +1)

Xs(3)

(Xs(z) : Xs(z)) YAl = ByliA
(Xs(z) : Xs(3)) w;{-{ Z} [A] = (3233 cos 902,3)112.{-{ 2}['4]
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ypin network states and triangulation

«ction of fluxes

Consider a vertex v of a spin network " and its dual triangle.

irsa: 11080072

bi

-_fl(f: +1)

X; @) Xs03)

rd

J3(J3+1)

(XS(Z) ’ Xs(z))@{;} [A] - g% w[{‘J:} [A]
(5(5(2) : Xs(3)) %{-{ Z} [A] = (5253 cos 902,3)'&#{ 2}['4]

Page 48/101



»pin network states and triangulation

«ction of fluxes

Consider a vertex v of a spin network [ and its dual triangle.

irsa: 11080072

b

-jl—(ji‘*'l)

X\t_;‘.) X.\'n.h
J2(J2+1) J3(J3+1)

(5(5(2) : j\(5(2)) vlHAl = ByliA
(Rsta) - Koa) ) ¥ Al = (Lot cos a3 ) A
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Jutline

) Hamiltonian constraint and recurrence relations

Pirsa: 11080072 Page 50/101




Juantization of the Hamiltonian constraint

dea: use fluxes to probe the flatness of spacetime.
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Juantization of the Hamiltonian constraint

dea: use fluxes to probe the flatness of spacetime.

Jroposition: quantum Hamiltonian contraint

Co & Xi() - Xs(2) — Xe(r) - R(he[A) Xs2)
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def.
Ny = Ngy B Ngy Ny I,



Juantization of the Hamiltonian constraint

.omparison with classical expression

Classical constraint (= (skUF:b) E,?Ejb

Quantum contraint 612 = (5.5,' — R(hf[A])ij)R;(l);(i(z)

Quantization pattern
Ef — X
ek’ Fab — & — R(he[A]);
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\pplication to the tetrahedron

Consider the most simple triangulation of the 2-sphere: a tetrahedron.
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\pplication to the tetrahedron

Lonsider the most simple triangulation of the 2-sphere: a tetrahedron.

-or the constraint

Cos = Xs(2) - Xs(6) — Xs(2) - R(h3* hy he) X (),
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yvhat do we get imposing Czﬁ’l,btet =




\pplication to the tetrahedron

@ Scalar product

R 2 1 4
Xo2) - Kooy s’ = Nj, Ny (—1)y2Hets {Jﬁ P J-4} Lk

@ Scalar product after parallel transport
Xe(2) - R(h3* hy hg) K(eytois’

1
1
— N-N: _1 1+£1d S 1 1+/2+)3 {Jl t €1 Jl }
J2" %J6 51___221( J1 1( )J 12 12 J3

h+is+is JJ1 T €1 I 1+€1,{Je}
x(<ayiete R HEL B ientid

Pirsa: 11080072

Wedenotedd = 2j+1andN e VJU +1)d
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\pplication to the tetrahedron

Consider the most simple triangulation of the 2-sphere: a tetrahedron.

-or the constraint

Czﬁ = Xs(z) y Xs(ﬁ) s Xs(z) - R(hy . h hﬁ))?s(ﬁ)’

||||| : 11080072 Page 57/101
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\pplication to the tetrahedron

@ Scalar product

g & el o+iatis J2 22 11 . Lie)
xs(Z) 'XS(6)¢ta o NkNjﬁ(_l)nJrM_*-Jﬁ {Jﬁ Jo 14} tet -
@ Scalar product after parallel transport

Xe(2) - R(h3* by he) XKooy it

1 . ’
et +&x a1
— N-N-: -1 14£1 d: = 1+2+)3 {Jl ; ' : }
J2"VJe EEI( ) 11+51( )J P b J3

c+itic JATEL A 1) h+en{ie)
x (—1 Y1 Hstis J1 _ . } _
D A iy X

irsa: 11080072

We denoted d; € 2j +1 and N; & /(G + 1)d;
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\pplication to the tetrahedron

@ We obtain a recurrence relation on u(j1) = 1;i,_’t{"’}[x‘-\],

A1) u( +1) + Ao(n) u(in) + A-(i1) u(h — 1) = Bu(h)

@ The solution is quite well-known: 6j-symbol

tm}[A] _ {11 J2 Ja}

Ja J5 J6

from Biedenharn-Elliott identity.
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\pplication to the tetrahedron

@ We obtain a recurrence relation on u(j1) = tg’t{J"}[A],

A1) u( +1) + Ao(n) u(n) + A-(i1) u(r — 1) = Bu(h)

@ The solution is quite well-known: 6j-symbol

{je} n e i {e}
Al = A=0
tet [ ] { J4 J5 JG} tet [ ]

from Biedenharn-Elliott identity.

@ We recover a flat connection.
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\pplication to the tetrahedron

Consider the most simple triangulation of the 2-sphere: a tetrahedron.

-or the constraint

6‘26 = 25(2) ’ Xs((:'e) . 25(2) ) R(h2_1 hy hﬁ)xs(ﬁ)’
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vhat do we get imposing Cgﬁwtet =




\pplication to the tetrahedron

@ We obtain a recurrence relation on u(j;) = tg’,_.{"’} [A],

A1) u( +1) + Ao(n) u(in) + A-(i1) u(h — 1) = Bu(h)

@ The solution is quite well-known: 6;j-symbol
e 1 2 3 e
=8 25 _ylia-g
from Biedenharn-Elliott identity.

@ We recover a flat connection.
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\pplication to the tetrahedron

isymptotics, geometric interpretation

(As(i) T1+ A_(i) T2+ Ao(i) 1) (i) = B u(in)

@ Exact relations

Ao(j1) = cos 1.2 Ccos@1 6
B = cospa

e Large spin Iimit
AL R A_ X 2smcp125|n<p15

-~

@ We write ?'1 — je—i(61)

Page 63/101

—sin ©1.25iN 1.6 Cos P + COS Y12 COSP1 6 = COS Y26



)ther relations for the tetrahedron

Volume of the tetrahedron?

e A

_onstraint

irsa: 11080072 Page 64/101




)ther relations for the tetrahedron

Volume of the tetrahedron?

N 5

constraint

(Xs(2) X Xs(ﬁ)) - R(hg ") Xs(1)
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)ther relations for the tetrahedron

Volume of the tetrahedron?

constraint

(Xs(z) X Xs(ﬁ)) - R(h3 hy) X1
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dther relations for the tetrahedron

Volume of the tetrahedron?

Xs2)  Xse)

constraint

Cio6 = (Xs(2) X Xs(ﬁ)) - R(hg ) Xs(1) — (Xs(z) X Xs(ﬁ)) - R(h3 hy) X1
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dther relations for the tetrahedron

Recursion relation

Z dJ2+Ez( 1)1+212 {J 1 ' 1 }( 1)}1+}2+J'3 {JZ+E2 ,12

2 2 pte2 ) N
Ex=-—1

J6 J6 Ja

= 3 dapr L b b L eayiei it

J6 J6 JeTEe6 N h

1 e
X 1 n+jat+je ) J6 + €6 JG +&6,{Je }
(=1Y { 2 2 Ja Ve

X( 1)12+14+J'6 {Jz + 82 .12 1 } Wé: E'ZEUe}

Pirsa: 11080072
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)ther relations for the tetrahedron

Volume of the tetrahedron?

Xs2) X5

constraint

Cios = (XS(Z) X Xs(e)) - R(hg ") Xs01) — (Xs(z) X ks(ﬁ)) - R(h3 " hy) X
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dther relations for the tetrahedron

Recursion relation

Z djzi-sg( 1)1#23{2 1 ‘ 1 }( 1)}1+}2+JJ {J2+62 12

L rte J1 N
gx=-—1

x(— 1).}2 +ja+je {12 +e2 1 } wh:“Ezs{je}
te

J6 J6 Ja
1
1 1 1 v | J6+E6 Jo
— _ 1 1+2) { ) _ } —1Yrtsstie { : ‘
56;1 Gives (1) jo s ds+eef TV h o h
. +¢c6 Jo 1 +26, {je}
(-1Y { R 2 Ja Vier

sin 62 sin B¢

sinw1g SN2

)
Js

S Page 70/101



seneralization: cycles with N egdes
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aeneralization: cycles with N egdes
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seneralization: cycles with N egdes
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aeneralization: cycles with N egdes

1‘1'1\'—2 js Y
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\n example

constraint
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\n example

Recursion relation

. ; ' . 1 .
_qyiteth JJ1 N } {Je}
(=1Y {Jz 2 h vr

1
— Z (_1)1 +-ENdjN+EN

N—1 . .
= 1+&, g - 11, "i"j..:(. Jk jk + Ek 1 ' '1:.f29{,jﬁ'+'5k}
. E( 1) e (SIS {fkrl +Ek+1  Jk+1 fk} Ur

By tdtistruction, solutions are 3( N — 1)j-symbols. Page 70101



\n example

constraint
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\n example

constraint
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\n example

Recursion relation

o : A | :
—1}itatk J.l J.l } {Je}
- {Jz 2 h vr

1
— Z (_1)1 +—6Ndju +EN

x (—1yzthti {J’? % ,1}(—1)1””'“”1 {j."’ IN+En 1}
2

N N In

N—1 . .
= 1+&, " o .k‘l"!rk*i'jh.l Jk Jk + £k 1 ' -1-.}'2:-{.1.5( +’Ek}
) !‘1( H v (=1) {fkﬂ +Ekr1 Jkt+1 ’k} vr

3y-téfistruction, solutions are 3(N — 1)j-symbols. Page 9101



\n example

Geometric meaning in the large spin limit? Not always.

Tetrahedron
o dihedral angle £, fixed, so

irsa: 110800‘12

@ [ = ie 191 has 3 meaning.
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\n example

Geometric meaning in the large spin limit? Not always.

Tetrahedron Pyramid (for instance)

o dihedral angle 6, fixed, so o free geometry, so

irsa: 110800‘12

 Jq = ie 1% has 3 meaning.

ePage 81/101

@ no fixed dihedral angle:



_onclusion and outlook

Using LQG variables, a quantization of the Hamiltonian constraint has
peen proposed, it

@ successfully reproduces the flatness of spacetime;
@ exhibits a consistent geometric meaning;

@ and generates recursion relations on 3nj-symbols.

However
@ the dependances between all the constraint operators is unclear;

@ the quantum constraint algebra is still unknown.
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[hank you for your attention




)ther relations for the tetrahedron

Volume of the tetrahedron?

Xso) X5

constraint

irsa: 11080072 Page 84/101




.00p quantization

Elementary QM | LQG
Position x Connection A
Wavefunction 9(x) Cylindrical function ¥r ¢[A]

Position operator X1 = x¥(x) | Connection operator A = Avr Al

Ul'f

Momentum operator ﬁ’t{) X %‘f Triad operator Ez,b X —rz-

_ylindrical functions

" is an oriented graph with N edges e;,&...,ey and f : (SU(2))N — C,

Ur Al = £ (hey[A], her[AL .., hey[A])
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Nhere h TAl € STT(?2) is the holonomv of A alone e




1amiltonian general relativity: constraints

I'he Lagrangian density of gravity £ enables to define canonical momenta
p and the Hamiltonian density ‘H

def. OL def. .
pab - 8q b, H = p QEb — L= NC(‘L )+ Nava(qs p)!
d
vith
0S5
= -0 Intrinsic dynamics
0 SeH 0qab

- iahans IV (g,p) =0 Hamiltonian constraint
Va(gq,p) =0 Vector constraint

C(q,p) = \/;T?[tr(p — (trp)°] — v/detq (°R)
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Encodes crucial information spacetime flatness.




1amiltonian general relativity: ADM formalism

-undamental equation of ADM formalism
Spacetime = Space + Time
t

Spacetime | Space + Time
xH F x, 1
Buv . Qab, N, N°
Rp,v Raba Kab

@ N = lapse, N? = shift

@ K,, = extrinsic curvature
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1amiltonian general relativity: ADM formalism

-undamental equation of ADM formalism
Spacetime = Space + Time

4

Spacetime | Space + Time
xH | Xt
Buv Gab, N, N°?
Rp,v Raba Kab

@ N = lapse, N? = shift
@ K,, = extrinsic curvature
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1amiltonian general relativity: constraints

I'he Lagrangian density of gravity £ enables to define canonical momenta
p and the Hamiltonian density ‘H

ap def. oL def. .
P _— Bé...’ H = p Qab_c NC(Q: )+Nava(qsp)s
Qab
with
05
=2 -0 Intrinsic dynamics
O SenH 0qab

08uv miaans. ' lq;p)=10 Hamiltonian constraint
Va(g,p) =0 Vector constraint

C(q,p) = \/;T,[tr(p — (trp)?] — v/detq (°R)
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Encodes crucial information spacetime flatness.




Jutline

) Hamiltonian constraint and recurrence relations
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Juantization of the Hamiltonian constraint

dea: use fluxes to probe the flatness of spacetime.

ef.
Cl2 d= t(1) ° 25(2) L Xt(l) ) R(hf[A])XSQ)
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he = e, hee he, he he,



dther relations for the tetrahedron

vVolume of the tetrahedron?

Xs2) X506

constraint

(ks(2) X Xs(ﬁ)) ' R(hgl)xs(l)
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dther relations for the tetrahedron

Volume of the tetrahedron?

constraint

Cio6 = (ks(2) X Xs(ﬁ)) - R(hg ") Xs(1) — (Xs(2) X Xs(ﬁ)) - R(h3 hy) X1
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\pplication to the tetrahedron

Consider the most simple triangulation of the 2-sphere: a tetrahedron.
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Juantization of the Hamiltonian constraint

.omparison with classical expression

Classical constraint L = (skUF:b) E,?Ejb

Quantum contraint &12 = (5.-'; — R(hf [A])H)R:(l)j(i(z)

Quantization pattern

Ef — X:fu)

ek’ Fy — 6 — R(he[A])
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\pplication to the tetrahedron

@ Scalar product

; & e} otistis J22 22 11 . Lie)
XS(Z)'XS(G)wtet “:MzMs(_l)ﬂﬂaﬂﬁ {jﬁ Jo j4} tet -
@ Scalar product after parallel transport

Xs2) - R(hs ' he)&(e)wié': }

1
o .
= NN Y (—1) et d) e (—1)rHHR {flfel = }
J2 jﬁslz_l( ) 11+€1( )J P b 3

btk JEHE B 1 h+e1,{Je}
% (—1yrtistis JJ1 TE1 J } 1+e1,{e}
el A iy X

irsa: 11080072

We denoted d; " 2j +1 and N; € /j(G + 1)d;
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\pplication to the tetrahedron

Consider the most simple triangulation of the 2-sphere: a tetrahedron.

~or the constraint

Co6 = Xs(2) - Xs(6) — Xs(2) * R(hy " hy he)Xs(e),
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wvhat do we get imposing Cgﬁ'e/)tet =




seneralization: cycles with N egdes

e Cos = Xg(2) - R(hgze) Xs(s) — Xs(2) - R(hse..n1)Xs(s) ™



_onclusion and outlook

Using LQG variables, a quantization of the Hamiltonian constraint has
peen proposed, it

@ successfully reproduces the flatness of spacetime;
@ exhibits a consistent geometric meaning;
@ and generates recursion relations on 3nj-symbols.

However
e the dependances between all the constraint operators is unclear;

@ the quantum constraint algebra is still unknown.
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\n example

Geometric meaning in the large spin limit? Not always.

Tetrahedron Pyramid (for instance)

o dihedral angle 6 fixed, so o free geometry, so
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& Jq= ie 1% has 3 meaning.
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@ no fixed dihedral angle:
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