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Abstract: | will show how to solve the AAS/CFT Y -system in terms of afinite set of nonlinear integral equations (FINLIE). To uniquely define the
solution we impose the set of constraints on the Y - and T-functions which can be summarized as: symmetry (PSU(2,2|4) + Z_4) + analyticity + large
volume asymptotics. Some of these constraints describe previously unknown properties of the Y -system. As an important check of our approach, we
showed that the proposed constraints can be also used to derive the infinite set of the TBA equations. We also successfully checked FINLIE
numerically for the case of Konishi operator.
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N=4 SYM = IB, AdS.xS®
= 2 ; w Ve @
T

ypectral problem:

Conformal dimension of local operators = Energy of string states — ?
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Infinite volume: cusp anomalous
dimension

rr D%z

A—S=FflgllogS+..., §—>x

Finite Volume: dimension of Konishi
operator

Tr XZXZ —TrXXZZ
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Infinite volume: cusp anomalous
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Salved by bootstrap

A—S=flgllog§+..., S—>x for factorized
scattering matrix

Finite Volume: dimension of Konishi
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Infinite volume: cusp anomalous

e A I

Salved by bootstrap

A—S=flgllog§+..., S—>x for factorized
scattering matrix

Finite Volume: dimension of Konishi
operator Q/\/L)
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Bootstrap, infinite volume case: [Zamolodchikov & Zamolodchikov, 78 ]

Object Constraints Equations for spectrum Explicit solution

_ Symmeiry CU S
Factorized (SU{2| 2),¥BE.crossing) Asymptotic P

S-matrix S—— Bethe Ansatz

anomalous
Particle structuse dl mension
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usp anomalous dimension TrzZ D57 Weak coupling:

[Moch, Vermaseren, Vogt, 04] [Bemm etal, 06}
[Lipatovet ai., 04] [Cachazo et ai., 06]
A-S= - S
f[.‘ﬂlﬂg r flgl— 3’,__, g +§-g (;;?;f‘ﬁdﬂs}')g o

= [Beisert, Eden, Staudacher, 06]

| |

Strang coupling:

[Gubser; Klehanow. [Frolov, TSeyifin,  [Roiban, Tseytiin, 07]
Pﬂmfﬂl az]

= f[g] _" 1q — e 1IE
E T gzt "
[Klebanow et ai. 06] [Casteiil, [Bassao. Karchemsicy
[Kotikow.lipatov, 06} Kristjansen, 07] Kotanski, O7]
[Aldayet al, O7] [Belitsky, O7]  [Kostov, Serban,
[Kostow, Serban, DV, 07] DV, O8]

—  Nonperturbative corrections: [Basso. Korchemsiy, 09]
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usp anomalous dimension TrzZ D57

A S=flgllogS+..., S>>0
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Wezk coupling:
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[Becraria, Angelis, Farini, 07]
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usp anomalous dimension TrZ D7 Weak coupling:

[Moch, Vermaseren, Vogt, 04} [Bermm et al, 06]
[Lipstowetral,, 04] [Cachazo et ai., 06]

A S=flgllegS+..., S0

g2 52, &, 5 1)
floi=3%¢ 9 +Eﬁi§ (31_ 13 |8+
— [Beisert, Eden, Staudacher; 06]
i :_ N i e . : Numerics: [Benna, Benvenuti, Klebanov, Scardicchio, 06]
Mumerics @ Wesk coupling Strong coupiing
With nonperturbative term Improved wesk coupiing Sh'lmgcmﬁlg:
C [ Poiyakov, 02] o SN § 13
15+ _-“""““--_1
; "’,,'——"“ f[ﬂl _44_31-:;2_15:_
2L 2 =
st e [Kichamowct-ai, 06} [Casteiil, P
i . [Kotikov.Lipatov, 06] Kristiansen, 07] Kotanski, 07]
& i [Alday et ai, 071 [Belitsky, @7] [Kostow, Serban,
v [Kostov; Serban, DV, 07] DV, 08]
e ez o as  ar i [Beecaria. Angelis, Farini, 07]

Pirsa: 11080060 Page 11/183



usp anomalous dimension TrZ D°Z

A—S—FflgjlogS+..., S+

L)

=
|
=]
Ja
]
=
|

Pirsa: 11080060

Wezk coupling:
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usp anomalous dimension TrzZ D57 Weak coupling:
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Bootstrap, finite volume case:

What it is expected to be (from experience in other integrable systems):

-
Objects Constraints Equations for spectrum Explicit solution

r=Tr(L.-.L)=(H l| % ) T=TrPel4

spin chains field theory

[Bazhanov, Lukyanov, Zamolodchikoy, 09]
[Benichou, 10}
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Bootstrap, finite volume case:

What it is expected to be (from experience in other integrable systems):
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Bootstrap, finite volume case:

What it is expected to be (from experience in other integrable systems):

Objects Caonstraints Equations for spectrum Explicit solution
S A
Transfer ymmv‘atjry
matrices Analyticity,
poles/zeroes/as
ymptotic
r=Tr(L...L) =(} E | | ) T =TrPel4
spin chains field theory

[Bazhanov, Lukyanov, Zamolodchikoy, 09]
[Benichou, 10]
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Bootstrap, finite volume case:

What it is expected to be (from experience in other integrabie systems):

Objects Constraints Equations for spectrum Explicit solution
Symm 4
Transfer . etry TBA
matrices Anaiyticity, FNLIE
poles/ zerﬂt_e:s/ as BDE?
ymptotic
=i _I) =(| =8 ) T=TrPel4
spin chains field theory

[Bazhanov, Lukyanov, Zamolodchikov, 09]
[Benichou, 10]
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Bootstrap, finite volume case:

What it is expected to be (from experience in other integrable systems):
Objects Constraints Equations for spectrum Explicit solution

Symmetry,
Anaiyticity,

E(S,J,.g>
Konishi, BFKL,

TBA
FINLIE

Transfer
matricas

setup for
correlators...

poles/zeroes/as

-3
ymptotic s

F=TT(L.-.L)=C]‘ } |‘ ]l ) T=TrPel4
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spin chains field theary

[Bazhanov, Lukyanov, Zamolodchikoy, 09]
[Benichou, 10]
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Bootstrap, finite volume case:

Objects Canstraints

Transfer
matrices

F=TT(L---L)=(H ] ( i)

EELE ER

spin chains
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Equations for spectrum Explicit solution

T =TrPel4

field theary

[Bazhanov, Lukyanov, Zamolodchikow, 09]
[Benichou, 10}
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Constraints

Transfer

matrices

Symmetry+ ...

lirota equation:

A

Eguations for spectrum Explicit solution
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Hirotais a quantum version of relation
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Objects

Transfer

gariaglas Symmetry+ ..

lirota equation:
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== f(uty)

Hirotais a quantum version of relation
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Bootstrap, finite volume case:

Objects Caonstraints

Transfer
matrices
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Equations for spectrum Explicit solution
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Objects Constraints Equatians for spectrum Explicit solution
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lirota equation:
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Transfer
matrices Symmetry+ ...

F=faz))
-

Hirotais a quantum version of relation |
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lirota equation:
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tirota equation:
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Transfer

matrices

Symmetry + ...

tirota equation:

Explicit solution
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Transfer

matrices Symmetry+ ...

lirota equation:
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Transfer
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lirota equation:
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Transfer
matrices Symmetry+ ...

|
(%] 1

T T T P Y TR I 1T T RN TR IR ES T
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Saome facts sbout Hirota system

» Hirotais a guantum version of character identities. That is why we consider this equation
as manifestion of the symmetry of the model

&7
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Saome facts sbout Hirota system
* Hirotais a guantum version of character identities. That is why we consider this equation
as manifestion of the symmetry of the model
* [If you wantto study su(n,m| k) spin chains in rectangular representations at finite

temperature, then you would need to consider Hirota equation on the corresponding
hoak (nontrivial duality between bound states and irreps of symmetry zigebra) DV, 10]
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Some facts sbout Hirota system

» Hirotais a guantumversion of character identities. That is why we consider this equation
as manifestion of the symmetry of the model

* [If you want to study su(n,m| k) spin chains in rectangular representations at finite

temperature, then you would need to consider Hirota equation on the carresponding
hoak (nontrivial duality between bound states and irreps of symmetry zigebra) DV, 10]

» Thereis a bijection between Young tableux that can be inscribed into Hirota domain and
highest weightirreps.

(for generic T-hook is still a conjecture, truefor PSU(2,2|4) case)

* ForAdS/CFT - T-functions on T-hook gquasciassically equal ta Monodromy matrices of
string sigma maodel. [Gromv, Kazakov, Tsuboi 10]
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Same facts about Hirota system

» Hirotais a guantum version of character identities. That is why we consider this equation
as manifestion of the symmetry of the model

» [f you want to study su(n,m| k) spin chains in rectangular representations at finite

temperature, then you waould need to consider Hirota equation on the corresponding
hoak (nontrivial duzlity between bound states and irreps of symmetry zigebra) DV, 10]

» Thereis a bijection between Young tableux that can be inscribed into Hirota domain and
highest weight irreps.

(for generic T-hook is still a conjecture, truefor PSU(2,2|4) case)

* ForAdS/CFT - T-functions on T-hook quasciassically equal to Monodromy matrices of
string sigma model. [Gromv, Kazakov, Tsubaoi 10]

* A hope: T-funcitions are guantization of monodromy matrices
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Transfer
matrices

Symmetry
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Constraints Equations for spectrum Explicit solution
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Transfer

matricas

Y l.s-i-lrﬂ.s—l
6.5 — 7

TZ-;—LJ&—Ls

Symmetry
(Hirota) +
+Analyticity

+Poloes/zerces/
asymptotics

Y;i.-sYnTs = EI‘I'YL_HI}(l‘]'Yﬂ..s—l)
Yoiisto s (FHiepra )Y 1)

Tos — gl dlgbotl sl

o =fut+3)
==f(uty)

a5 € Ajas
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Objects

Symmetry
Transfer (Hirota) +
— +Analyticity
+Poloes/zeroes/
asymptotics
Las-1 Yo ¥ 75 LTS fabs
V. .= l..5+1 25— asfas __ { +.E_,E-+1}( +.a‘3_1} : | [a—s] [-ats] [-a—
% T:':-H.sr ~Ls iz ez, (B 01N 3.) Tas > '[é Sé g‘I‘ SIT”
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- f ('"» + 5 = — B :
3 ] S EE . i
= f (t"' e i) %
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EESX — =
=2 | 9 W — —_—
a5 € Ajg—|s il oine San ——
Ala—isl  eille ——
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i

Transfer
matricas

Constraints

Symmetry
(Hirota) +

+Anaiyticity

+Poloes/zeroes/
asymptotics

A

T =
__-.s+1 as—1 _ (HYasr)(04+Y 5—1) a+s] [a—s] [-ats] [-a—s|
Y{; 2 TII‘E‘I-SI;‘LS Ya—l—l,syaﬁ Ls = (1+E—I—IJJ{1+YE—~L3} Tu _3“9£ % gg y£‘ TM
b =fu+9) - B
==futy) Qe == =& | =
e e —= =il »
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as € Ajg—s| (1lg s
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Symmetry

Transfer (Hirota) +
= +Analyticity
+Poloes/zeroes/
asymptotics
Lostilas1 B 14Y er 1) (140 o1 =
Y :_ﬂ~3+ a3 a.sta.s = ( + a.s—H.}( - a..s—i} n—l—a} ﬂ—ﬂ{ —ﬂ+3] —i
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Transfer
matrices

Symmetry
(Hirota) +
+Analyticity

+Poloes/zeroes/
asymptotics

y;,-EY{I__‘T — (1+1’;-1+1}(1+Yﬂ.s—1}

e IEYG+IJ){ IHY¥e—1.5)

To s Pl bl sy,
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Transfer

matricas

Symmetry
(Hirota) +
+Analyticity

+Poloes/zeroes/
asymptotics

T,
_LispiTas Yoter _ (HYes)(ii¥esi) 4] fa—s] [-ats] [-a—shp
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Equations for spectrum Explicit solution

+Analyticity

+Poloes/zerces/
asymptotic

[Cavaglia, Fioravanti, Tateo, 10]
[Balog Hegedus 11]
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Frommirror TBA:

[Bembardell, Soravanti Tateo, 09]
[Gromov, Kazakov, Kozak, Vieira, 09]
[Arutyunav, Frolov, 09]

Equations for spectrum Explicit solution

+Analyticity

+Poloes/zeroes/
asymptotic

[Cavaglia, Fioravanti, Tateo, 10]
[Balog, Hegedus 11]
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From mirror TBA:

[Bombardeili, Soravanti Tateo, 09]
[Gromov, Kazakov, Kozak, Vieira, 09]
[Arutyunov, Froloy, 09]

Konishi
[2009-

At strong coupling)

+Analyticity

+Poloes/zeroes/
mptotic

[Cavaglia, Fioravanti, Tateo, 10]
[Balog Hegedus 11]
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Pirsa: 11080060

+Analyticity

+Poloes/zeroes/
mptotic

[Cavaglia, Fioravanti, Tateo, 10]
[Balog Hegedus 11]

From mirror TBA:

[Bambardelli, Foravanti Tateo, 09]
[Gromov, Kazakov, Kozak, Vieira, 09]
[Arutyunov, Frolov, 09]

Equations for spectrum Explicit solution

Kanishi
(2009:
At strong coupliing]

TBA
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From mirror TBA:

[Bambardell, Horavanti Tateo, 9]
[Gromov, Kazakov, Kozak, Vieira, 09]
[Arutyunov, Frolov, 09]

Equations for spectrum Explicit solution

Kanishi
(2009:

At strong coupling)

+Analyticity

+Poloes/zerces/
asymptotic

[Cavaglia, Fioravanti, Tateo, 10]
[Balog Hegedus 11]

This was the situation one year ago...
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trong coupling of the sl(2) sector (Konishi et al):
Konishi

2 or 1 [Gromov Kazakow Vieira, 09] :
008: A[g[ =itmgt VaArg [Roiban, Tseyiiin, 09] Af:igmupﬁngj
2/2011 : Analytical dernvations (using yet to be proved
issumptions):
Gromov.Shenderovich.Serban. D.V]
———
Masuccato, Valilio]

1 2J°4+S(3S—2)

. o 1 /\‘3 4
A2 4+/2nS FEN )

A—J—S = \/*"/2nS+

I:rz., Slzzr f:l:" w I ' = J:31 8:2, rF1

Aly)

[Gromov, Kazakov, Vieira, (9] |
irsa: 11080060 [Frolov, 10] :
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trong coupling of the si(2) sector (Konishi et al):

A—— 1 2 or 1 [Gromov, Kazakow Vieira, 09]
003: Afg] = e — VAwg [Roiban, Tseytiin, 09]

Konishi
':ZDH_-.:_ STESMment

'2/2011: Analytical derivations (using yet to be proved
issumptions):

Gromov.Shenderovich.Serban. D.V]

= ——

Masuccato,Valiiio]

1 2J°4+S(3S—2)

_. +o(x3/4
x1/2 4+/2nS ( )

A—J—S = \V4/2nS+

i:rzr 8:2, ﬂ:1 r_ . I | | : J:3, S:Z n:1

=
- "‘-
- . - "'F
== 1 ST - Numerical data
[Gromov, Kazakov, Vieira, 09] | - 2%
irsa: 11080060 [Frolov, 10] ——-7 ' Ppage6s5183
LG L= i .2 1.4 1.6 i=s =

- e e Ormaw aomam e ——



\.Gromov,V.Kazakov, S.Leurent, DV. 11072.2777]

BCA —> T7 € As  insomegauge

L

Mirror:

&f
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\.Gromov,V.Kazakov, S.Leurent,DV. 1102.77727]

Y]_}SEAS_l o TL_;EAS in some gauge

Mirror:

&
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\.Gromov,)V.Kazakov, S.Leurent,DV. 1107.2777]

¥ € A&_l —> T7 € As  insomegauge

Mirror:

ﬁ H

._I H

_E H

-_I H

= _ x

-ﬂ H

f —= —

ﬁ H

E — —

Pirsa: 11080060 Page 68/183




\.Gromov,V.Kazakov, S.Leurent,DV. 110?2.27727]

Y1s€A,1 —> Ti5€As insomegauge

Mirror:

—_— —_—

_— —_—

— E—

........ -
e

— —_—

— —_—
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\.Gromov,V.Kazakov, S.Leurent,DV. 1102_77727]

Yis€EAs 1 —> T1 € As  insomegauge

Mirror:

Magic:

Pirsa: 11080060

—  —
—_— —
— —
=
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e
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\.Gromov,V.Kazakov, S.Leurent, D.V. 1107.2727]

Yis€A 1 —> T7 € As  insomegauge

Mirror:

(%]
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\.Gromov,V.Kazakov, S.Leurent,DV. 11072.2727]

Y1.€A 3 —> T7 € As  insomegauge

Mirror:

%]

i ——
ﬁ H
_E H
N ; Cop— .
s =
-
+ —x —
— p—
P— S—
—
=

Magic: —
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\.Gromov,V.Kazakav, S.Leurent, DV. 110?2.2727]

Y1.€4A 3 — T7 € As  insomegauge

Mirror:

El

m—— ——
._I H
_I H
._E H
. —_—= —
= ememe—e——— =
.ﬁ H
T: —= e
-_I H
._E H

= X

-

Magic:  —
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\.Gromov,V.Kazakov, S.Leurent,DV. 1107.2777]

Yl,s € -‘43—1 - Tl__.s €As in some gauge

Mirror:

%]

Magic: ——
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\.Gromov)V.Kazakov, S.Leurent, DV. 110?7.27727]

Yl,s S As—l — Tl__.s €As in saome gauge

Mirror:

%

_5 H
._E H
_E H
—y >
£ . . ——
ﬁ H
-ﬂ H
T — -—
_i H
—
=
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\.Gromov,V.Kazakov, S.Leurent, DV. 11072_2777]

¥ .CA 3 —> T7 ;€ As  insomegauge

Mirror:

%
[*

=== ——
._E H
-_I H
.ﬁ H
=
e e
+ — R
_I H
._E H

= XA

e

»—
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\.Gromov,V.Kazakov, S.Leurent, DV. 110?2.2727]

Yl,s = As—l — Tl_,.s €As in some gauge

Mirror:

(&
[+

S —
.ﬁ H
-_I H
ﬁ H
- —= T
................ x
| —= -—
T —a EE—
-_I H
.ﬁ H
= X
—
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\.Gromov)V.Kazakov, S.Leurent,DV. 1107.27727]

Yl,.s €A1 = T]__*.s €As in some gauge

Mirror:

|4

= I+ —= T
YIE _(I‘I'Y 3)1_}_1/}‘22 x= e

.. Pirsa: 11080060 Page 78/183
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Mirror

i — » I+¥11
YYo= (I1+¥3) 1+1/Y54

v

o Ity 1+¥as
2417241~ 1+ /Y31 1+ /Vq 1

irsa: 11080060
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'he magic of the Magic sheet

=1

1s =@ g Q”‘*Q sl

- +ls [‘I'tl
= —Q —Q5
Ls Q+]Q 1
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Fhe magic of the Magic sheet T, = 0

Tos=1 +

e |
[ |
—I.-_
T |

1s =Qelghsl _ gbrslgh=sl ——

~ _ Tas _ A fE —

s ot —F o8 = Q -— Q i
Qo 2 - =

[
I F
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'he magic of the Magic sheet

1

Q[‘!‘? Q{-‘*] QH‘?]Q

———— [—s] [+s]
1s= =05 " —@5
5 Q[I-I-L]Qg ]
Q=@

S
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rhe magic of the Magic sheet Tl a— 0

ia
- = = m F
Tos=1 +l11|_
LEEL] :
0 % —
s  TBs A4 [+s] e—
1s= o=  —@Q E—
i s el . e —

[
LI

Q2=@Q> )
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'he magic of the Magic sheet

T —1

=== Q£+3 Q{Q QH“?]Q{'SI

. i3, = s +s]
Ls = JFlgHd =" -
Q2=Q>

Pirsa: 11080060

v

T
= = = +r1[|_
LEEam
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r'he magic of the Magic sheet Tl — 0

Tihs—1

715 functions have only two cuts!

'1_ Q SIQ{—ﬂl Q[+5]Q[-5I
= —gbd_ gl

QM e S—

Q2 =@Q>
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lhe magic of the Magic sheet Tl n— 0

g —1

71 s functions have only two cuts'

— Ql_t_SIQ{—E] QH_s]Q[-SI

= 413 5] [+S]

3 == =g — Q5

Ls QH—]Q{ ] 2 ! )
Q2=Q2

7{'}.5-7&—5
71.5__71 —5
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Fhe magic of the Magic sheet Tl — 0

TO,S —1

71.s functions have only two cuts!

E Q 3]Q2 s] Q[+5]Q =

I"|""

~1s 5] _Q2 s} QH‘?

= = 7'5} e FE) —5
7;1,3 == (_1)07&?_5 T]‘..: _Tl —
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rhe magic of the Magic sheet Tl a—0

Ty —1

71,,3 functions have only two cuts!

= QH‘ﬁlQ —s] Q[-i_g]Q{-SI

= | I [—s] ]
1.s Q[l_[_ Qg Q Q |
Q2=0Q2

= = 7?} s =T0,—s
Lig Symmetry:  Tos=(-1)"Te-s  Ti.=-Ti_,
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7.4 Symmetry:

= = =

Ta.s:(—l)aTa.—s —

Right band:

Upper band:

ﬂS—( l)ST—a.S : :
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r'he magic of the Magic sheet Tl — 0

e}

71 s functions have only two cuts!

'1_ Qg_ Q{_E] Q[“}‘ﬁ‘]Q[_S‘I

e &, s _ ot "
Es— sl ={—s _Q Q —
T 2 Cel—. s
Q2=Q>
7?] 5= 7?] -

hs=-T-s
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\.Gromov,V.Kazakov, S.Leurent,DV. 1107.27727]

= , 11080060 Page 91/183
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\.Gromov,V.Kazakov, S.Leurent,DV. 110?7.2727]

Yl,s € As—l — 3 Tl_..s €As in some gauge

Mirror: |
I+¥7 o =2
WLY 12= Ny, =

—_ =
——= —_—
ﬁ H
-ﬁ H

.. PRirsa: 11080060 Page 92/183
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\.Gromov,V.Kazakov, S.Leurent,DV. 1107.27727]

Yl.,s = As—l —— Tl_,,s €As in somegauge

(%]

iV — Ly

— | —
—_—
—_— | —
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\.Gromov,V.Kazakav, S.Leurent,DV. 110?2.27727]

Yl,s S -As—l —— Tl,.s €As in some gauge

Mirror:
= 1+% 1 e
12¥12= 1+Y3)1-|-1/¥2;_ |
* — x —
= = Rp—
~ ~ Magic ) -—
Tﬂi,Sr Ya s + 3 + ________ R s
Tig= —
. Pirsa: : 11080060 Page 94/183
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'he magic of the Magic sheet Tl — 0

O LT 1]

rl_ Q Q[—‘*] Q[+3]Q

= l - 5] [_l-i'Ir N
="
Q[l_t_"]Q{ ] 2

1s =

Q2=Q2
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'he magic of the Magic sheet Tl — 0

iﬂ'.

fo, =1 TR

T1 s functions have only two <:utsI

L Q 3]Q2 s] QH-E]Q[_SI

e ‘Ll-ﬁ _5] [+3] —_
Ee= s]l ={—s] — Q Q —
= L S e —

Q2 =@ ]

Pirsa: 11080060 Page 96/183



lhe magic of the Magic sheet Trl — 0

guuas
FEE R

71 s functions have only two cutsl

s —1

— Q£+9]Q2 5] Q[+3]Q['SI

- ils '5] [‘l‘S ;;
Ls 3 5 _Q Q —
Q[-E-]Ql ] 2 S ==
Q2 =@Q2
)"
7?}3-721—5
E.& _‘Ti —5
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7.4 Symmetry:

=—=—

;"Ta.s — (_1)GTG.—=S =

Right band:

5

Upper band:

as =(-1)°T_q5
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Unimodularity:

T is a physical gauge
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Unimodularity:

T is a physical gauge

%% _,

sict—-2%
Q9

[Gromov, Kazakoy, Leurent, Tsuboi, ‘10]

irsa: 11080060 Page 101/183



Unimodularity:

T is a physical gauge

%% _ .

sdet =
Q

[Gromov, Kazakov, Leurent, Tsubaoi, ‘10]

W

== + _
Q@_‘l Q@—Q@

irsa: 11080060 Page 102/183



T is a physical gauge

oo
sdet = QQ?F =1
Q,Q
Qp =1

To,0 = QpQj

irsa: 11080060

Unimodularity:

[Gromoyv, Kazakov, Leurent, Tsuboi, ‘10]
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T is a physical gauge

%% _,

sdet = T

irsa: 11080060

Unimodularity:

[Gromoyv, Kazakov, Leurent, Tsuboi, ‘10]

= j— =4

: Q@ 0

> + bE =
TO,O ===
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Complete set of properties of T and T gauges:

Symmetry
Ir-r:.l = Tlm Tﬂ.—2 = Tl—ﬂr n 2 2

r‘l‘ m— Ta (Unimodularity)

as—( I)ST—ﬂs (Z4)

Tas= Ta.s(}-[ﬂ+5])a—2r = V;Tﬂ.l]

Ta,s == (—l)aTa,.-s (Z4)

Pirsa: 11080060

Analyticity
Yoo €Agts

Tet1 €EAa
Tao €A 1

No poles

Minimal # of zeroes
a4

Tgis=1 Two cuts for 11 i
Ti 1, €EAs

N 0 Ol es Page 105/183
T’) Lo E Aa_._l p



« listed above properties (symmetry+analyticity) + correctlarge volume
(asymptotic Bethe Ansatz) behavior uniquely fix solution of the Y-system = Hirota
system

* In particular, these properties are equivalent to the TBA eguations
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* Listed above properties (symmetry+analyticity] + correct large volume
{asymptotic Bethe Ansatz] behavior uniquely fix sclution of the Y-system = Hirota

system
* In particular, these properties are equivalent to the TBA eguations

Symmetry
(Hirota)

+Anaiyticity
+Poles/zeres/asymptotics
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» Listed above properties (symmetry+analyticity) + correctlarge volume
(asymptotic Bethe Ansatz) behavior uniquely fix solution of the Y-system = Hirota
system

* In particular, these properties are equivalent to the TBA eguations
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* Listed above properties (symmetry+analyticity) + correct large volume
(asymptotic Bethe Ansatz} behavior uniquely fix solution of the Y-system = Hirota

system

* In particular, these properties are equivalent to the TBA eguations

Symmetry
(Hirota, det=1, 74)
+Analyticity

+Poles/zeroes/asymptotics
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* Listed above properties (symmetry+analyticity) + correct large volume
(asymptotic Bethe Ansatz] behavior uniquely fix sclution of the Y-system = Hirota
system

» In particular, these properties are equivaient to the TBA eguations

Symmetry
(Hirota, det=1, 74)

+Analyticity
+Poles/zeroes/asymptotics

- What did | forget?

Pirsa: 11080060 Page 110/183



Exact Bethe equations

—X X%
e X
— /)
= ) 4
E——a X
—_— %

¥y o(u;) =1

This is a condition for absence of singularities

In the physical T-gauge
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Exact Bethe equations

—
_

*x
x
o 'l
x
x
x

- : 1 p—
¥ olyj) =-1 T
Tizl(“j)
This is a condition for absence of singularities 3
In the physical T-gauge
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Exact Bethe equations

—X X%
— x Y1
e 1! =
—— X
= X% 12
— X%
~ “l =
¥ olu;) =-1 b L

Ty (u5)
This is a condition for absence of singularities ’

In the physical T-gauge
New formula for the energy
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* Instead of infinite set of TBA equations we propose a FINLIE
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FINLIE !

* Instead of infinite set of TBA equations we propaose a FINLIE
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* To write a finite system of equations we need
a finite system of functions
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* To write a finite system of equations we need
a finite system of functions

» Wronskian parameterization
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Right band, paremeterization

(azakov, (IGST2010talk)]
slated:[Suzuki, 11]
T —1 T5.— g™

» Parameterized by a single function {witha
single cut even), but need to know it
everywhere in the complex plane

irsa: 11080060
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Right band, paremeterization

(azakay, (IGST2010talk)]
slated:[Suzuki, 11]

Tas=1 T

» Parameterized by a single function {witha
single cut even), but need toknow it
everywhere in the complex piane

>

irsa: 11080060
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Right band, paremeterization

(azakov, (IGST2010 talk)]
sated:[Suzuki, 11]

Tos=1 T, =Qt Q- i

* Parameterized by a singie function {witha

single cut even), but need to know it —
everywhere in the complex plane

r— QH'U]_ __ u 3492

* From large volume solution (BS Bethe Ansatz,
Sl(2) sector):

Q=—mu+0(1)., u—x
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Right band, paremeterization

(azakav, (IGST2010 talk)]
slated:[Suzuki, 11]

T2 %O g /-

* Parameterized by a single function {witha

single cut even), but need to know it >
everywhere in the complex plane |

* From large volume solution (BS Bethe Ansatz,
SI(2) sector):

Q=—mu+0(1), u—sx
» Cannot change at finite volume (topological
argument). Thetefore:
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Right band, paremeterization

(azakov, (IGST2010 talk)]
slated:[Suzuki, 11]

Tos=1 T1s =Qt gl ~

* Parameterized by a single function {(with a p

single cut even), but need to know it P
everywhere in the complex plane :

QH—OI_Q I u 2 < 442

* From large volume solution (BS Bethe Ansatz,
Si(2) sector):

Q=—u+0(1), u—x

» Cannot change at finite volume (topological
argument). Therefore:

29 dv p(v)

2g 2TIV — U
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Right band, solution

1 TiézQ[ﬁ]—Q[‘S]
— 29 dv p(v) : =
=)=~ +/—29 2miv —u >
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Right band, solution

Tos=1 Trs =Qbl Qb
2
Q) =—iu+ [ 2 PD)
—2¢ 2miv — U
(&

i

#

1+¥i; TiiTiies  (QHZ — o)A — gi+al

iy o5, (O gHEGE T gb W
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Right band, solution

Toe—1 T, =Qbl gk /
29 dv p(v) :

Qu) =—iu+ |

—2¢ 2miv —u =

1+¥i: _ TiaTiaTes _ (QH2 — Q)2 — gHal)
=k _Y'zl_z y == = (QH21 — gl+al)(Ql—21 — gl-0)

[

— .. pe) % &= plv)
Shetfdh 2 IX—Zg 2miv —u

Pirsa: 11080060
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Right band, solution

Ta=1  Ti.=QHl-qk /
29 dv p(v)

Q) =—iu+ |

—2g2miv —u 7

1+Y: _ TiaTiaa _ (QHA —gHdyg-2 — giHdl)
o - _51_2 y = T (QH21 _ gl+al)(gl—21 — gl

Q(u +£10) = —iu

p(u) | )(29 dv p(v)
e —2g 2mv —u

rirsa: 11860000 T V€ density for the right band can be found from the knowledge of ¥; ; and¥oime:



Upper band, paremeterization

99 91 92 93 4%

Py Py P> P3 Pa
p

Pirsa: 11080060
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Upper band, paremeterization

B &1 L B %

e \\/
N
= q; ,d}‘l

qg= p=piY’ 7N
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Upper band, paremeterization

a5 %5 5 %

Py P1 Po P3 Pa \\/ /

g=¢y¥ p=py <

+ —
_a9" g = —— 5 —F
q2) = = S %% —% 9% % 9
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Upper band, paremeterization

% 91 9 93 Y

Py P1 P P3 Ps //

g=qy¥' p=p 2o

+ ==
_9" Ng = & — L
92) = % 5 %% —% 95 % 9
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Upper band, paremeterization

% 91 9% 93 %
Py P1 P P3 Ps

a=qy¥ p=py

g Aqg gt AgAg—

0= %) = q;j;qa_

Pirsa: 11080060
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Upper band, paremeterization

%9 %91 %2 93 4

Pp Py Py P3 Ps \\//

a=qy¥ p=p o

g YAt Ag Ag
=
% %,

+ A — =
g" ANg q ANgAgqg
= 9a) =

U2 = U3) = o

P -the same
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Upper band, paremeterization

4% 9 % 93 %

N | -
Py P1 P P3 Ps \\ /-y/
. : IaS /
g=qgy¥ p=py 2
% %0 % % %9,

P -thesame

= - = a
las = U2-s) AP(ays)
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* Due toreality of T-functions p-s can be expressed through
complex conjugation of g-s
* Needtodefineg-s
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* Due toreslity of T-functions p-s can be expressed through
complex conjugation of g-s

* Needtodefineg-s
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* Due toreality of T-functions p-s can be expressed through
complex conjugation of g-s
* Needtodefineg-s

> ®
@

Pirsa: 11080060

@)

41

413

91934
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* Due toreality of T-functions p-s can be expressed through
complex conjugation of g-s
* Needtodefineg-s

43
q@ q14 q 1934
93 @&z & N3a
da oy 9234
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* Due toreality of T-functions p-s can be expressed through
complex conjugation of g-s
* Needtodefineg-s

413
q@ q14 q 1934
43 - 134
Ga Qo4 534
Q34
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* Due toreality of T-functions p-s can be expressed through
complex conjugation of g-s
* Needtodefineg-s

91234
13 &y Tiza
da Goq 9234
Q34
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Upper band, paremeterization

* [n a particular gauge g._g a uge

upper band is parameterized by two functions:

49> 9123

57

irsa: 11080060
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Upper band, paremeterization

* In a particular gauge L7'_gallge

upper band is parameterized by two functions: \

4> ibk \Jk\(

. q2 isadirectanaiogaf(librﬂm&pperhand:
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Upper band, paremeterization

* In a particuiar gauge L7'_gauge

upper band is parameterized by two functions: \

495 4123 \/

. q2 is a direct analog of Q for the dpper band:

29 d 2= =
—q2 =Py _1+ / > p2(v) | = d‘v(q['ml_[ e S e B

2g2mv—u —

29 dv p(v)
—2¢ 2mtv —u

Q(u) = —iu+ f
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Upper band, paremeterization

* In a particular gauge y_ga uge

upper band is parameterized by two functions: \ 3 /

2] 4193 \“x\/
- @ isa directanalogof Q for the upper band: N
—qo> = Py 1+ f 2; ;; izivi - dv(q[+€}]_[_ I -HL_[; +0] %_ 0])
Q(u) = —iu+ _Z, :mp(-l

- QZ is fixed again from the knowledge of Yﬂ and Y5 -

1+ Yoo JHadsr7%10
Pirsa: 11080060 e _,7—|— F— 9 Page 144/183
1+ Y11 i & 1-1'—71'3.2




Closing system of equations
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Closing system of equations

l—( M @j

9> 4q123
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Closing system of equations

)

4123

Pirsa: 11080060

G203 Y11 @_l
Q
!

T




Closing system of equations

9123 Y11 @_1
S %o = Q
| |

hy T T F
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Closing system of equations

123 Y11 @_l

4> 4123
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Complete system of equations:

light band: Q) ——int 29 dv p(v)
To,.—1 E.&=Q[+S]_Q[-5] [ 2miv—u
T, = (Qits+i _ glts—tly(gl—=+1l _ gl—=-1l 1+¥s 7_]:!_171—17_13

1+v; ol

Jpper band:

— S
Tos =20 " Pzt

=1 -@=Py.+ . dr. - Tl iene ('?%4-0]55_01 +‘i£+m‘%_ﬂ ]_) 2= Hi—u:i(u —tig)

—2¢ 2mi(v —u)
%9%i; q;; = q:,: 4 e Ty275270 |
Glijk = %; G — %ik%ij 1ty PPz |

sluing eguaitons:

RIT 5 Jag Ti1
log¥; 1 =1 ————= | +2»,l0g o i~ o slog -5
Gryy Gﬂ( R{—]Fu + Q-I-Q— 2( 1K1 )=log Q2 1#@_?1‘1
T
1 EEzE \ffyFae) (FriYar—1)
0gq123 = Iﬁgﬂ-[-bgf_i_ —“‘*Pa: hgi=———0" '0‘-’!-"(“}‘1‘5‘0‘-"[ — - [09f2=w+1:pb
| o | <2 _—
. TocdontitYas . = %}1 jﬁE
.{H}um 080060 j,-z = k]g =1 7= Page 150/183
l0g — . lel>2g Jo\T1 7




* We explicitly checked equation numericzally for the Konishi stateand got a complete
agreement with the TBA approach.

Data from Black box ocutput

Presentation
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* We explicitly checked equation numericzally for the Konishi stateand got a complete
agreement with the TBA approach.

Data from Black box output

Presentation
== SelutionForionishi{] // FollSimpiity ]

W

Pirsa: 11080060 Page 152/183



*  We explicitly checked equation numerically for the Konishi stateand got a complete
agreement with the TBA approach.

Data from Black box output

Presentation

== SolmidonForkonishii] FoliSTmniiTy

g rof "\
: | L [ )
& 3 E :_- .;f G ;:.: .L'n.\
‘ | '- Y|
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* We explicitly checked equation numericzlly for the Konishi stateand got a complete
agreement with the TBA approach.

Data from Black box output

Presentation

== SolwibopForioni shii] FallSTmpiETy
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* We explicitly checked equation numerically for the Konishi stateand got a complete
agreement with the TBA approach.

Data from Black box ocutput

Presentation

== SolwibiopForEoni shd{] FallSTmpiiiy

w4
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* We explicitly checked equation numerically for the Konishi stateand got a complete
agreement with the TBA approach.

Data from Black box output

Presentation

== SolwibiopForionishii] FollSTmpiify

ol
|
ita
el

Pirsa: 11080060 Page 156/183



* We explicitly checked equation numerically for the Konishi stateand got a complete
agreement with the TBA approach.

Data from Black box ocutput

Presentation

== SolmibopForEonishii] FollSTmpis iy

o
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* We explicitly checked equation numericzlly for the Kanishi stateand got 2 complete
agreement with the TBA approach.

Data from Black box output

Presentation

== SolwmiiopForEoni shii] FollSTmniiTy

]
|
i

¥
e
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Transfer
matrices

Pirsa: 11080060

Discussion

Symmetry
(Hirotat+det=1+74)
+Analyticity

+Poles/Zerces

FINLIE

B

/Asymptatics

Konishi—ok

Page 159/183



Discussion

Transfer Symmetry Konishi—ok
—_ (Hirota+det=1+74)
+Analyticity

+Poles/Zerces

/Asymptotics

Approaching[ﬁow to the systematic study:

* Weak coupling (e.g transcendentality structure)
» Strong copuling (asymptotic? Borel summable?)
« BFKL?
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Discussion

Transfer Symmetry
(Hirota+det=1+74)

Konishi—ok
matrices

+Analyticity

+Poles/Zerces

’ FINLIE

/Asymptotics

Approaching now to the systematic study:
» Weak coupling (e.g transcendentality structure)
» Strong copuling (asymptotic? Borel summable?)
« BFKL’

e

Need ta define transfer matrices at weak coupiing!
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Discussion

Transfer Symmetry
e (Hirota+det=1+74)
+Analyticity

+Poles/Zerces

Konishi—ok

’ FINLIE

/Asymptatics

Approaching now to the systematic study:

* Weak coupling (e.g transcendentality structure)
» Strongcopuling (asymptotic? Borel summable?)
« BFKL?

Need to define transfer matrices at weak coupling!

Need to quantize transfer matrices at strong coupling (see next talk)
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What object is fundamental?

* We write FiNLIE for Q-functions, hence they are fundamental. But...
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What object is fundamental?

* We write FiINLIE for Q-functions, hence they are fundamental. But...
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What object is fundamental?

* We write FiNLIE for Q-functions, hence they are fundamental. But...

* The only understood way to study Q-functions is through Y- and T-functions:

e
|
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What object is fundamental?

* We write FiINLIE for Q-functions, hence they are fundamental. But...

» The only understood way to study Q-functions is through Y- and T-functions:

) 3 Q
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What object is fundamental?

* We write FiNLIE for Q-functions, hence they are fundamental. But...

* Theonly understood way to study Q-functions is through Y- and T-functions:

Y T Q

» in future an independent definition of Q-operators may be proposed. But sa far all the
praperties of Q can be derived only through the propertiesof T
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What object is fundamental?

* We write FiNLIE for Q-functions, hence they are fundamental. But...

» The only understood way to study Q-functions is through Y-and T-functions:

¥ T Q

* In future an independent definition of Q-operators may be proposed. But so far all the
praoperties of Q can be derived only through the propertiesof T
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What object is fundamental?

* We write FiNLIE for Q-functions, hence they are fundamental. But...

* The only understood way to study Q-functions is through Y- and T-functions:

3 i | Q

* In future an independent definition of Q-operators may be proposed. But sa far all the
properties of Q can be derived only through the propertiesof T
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What object is fundamental?

* We write FiNLIE for Q-functions, hence they are fundamental. But...

» The only understood way to study Q-functions is through Y-and T-functions:

Y T Q

» In future an independent definition of Q-operators may be proposed. But so far all the
properties of Q can be derived only through the propertiesof T

Pirsa: 11080060 Page 177/183









G

) ;! o
1 -m-:i 4_‘41{ ﬁ

"J













