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Particle in the cosine potential

=5 = — N cos(a)—E} =40
O

W (o +21) = e?™ KW (9)

Ground state energy £, (the first conducting band)
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Stability regions for the Matheiu equation

1 / r-‘? " / / I
W+ (a—" cos(2z)) w=0 (E=8a. A=(1) )
\ o / \ O,
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Singularities of the Painleve Il equation
/ 2 V.
B : 17 q (Q) - 1 2 '
s=o0 . 255 (@)
e Movable (depend on the initial data) double poles. The

solution with a double pole at { = r have the Laurent
series expansion

4 4 13 — 16a
i + 9
(t —r)= r(t—r) 3Ir
where 2 Is some number.

q(t) = +O(t —r)
e The point t =0

— Accumuiation point for second order poies

s q(t) — HE tily—z _!_U(t-iy—l) as t—0

e The point { =« (Accumulation point for second order
poles and zeroes, or g(t);, .. . — 1)
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Relation beween Mathieu and Painleve |l

-15
The union of colored regions is an admissible domain for the
parameters (r.a) of the solutions

4 4 , 13 — 16a
q(t) = - > 3 N 2
(t—r)= r(t—r) 3Ire
of the Painleve III equation which develop the asymptotic
behavior

+— Ot —r)

g(t) =x2 t* 24 o(t*2) as t—0
The solutions () corresponding to the green region are free
rise: @lo@Oles and zeroes at the interval 1 = (0.r). For the yellow Page 9/114
region g(t) has one pole and one zero at ¢t = (0.r) etc.



Quantum sine-Gordon in finite volume

£ = g ( = (Ouo) + AN\ cos(o) )

Periodic boundary: o(z + R) = o(x)

The space of states H splits into orthogonal subspaces #,
characterized by the quasi-momentum £k

{3—]*(3-{'-2:1‘: W‘g} — e2rik;wk;
The ground state of the finite-size system in the sector #;.:

vac ;
‘V,E Y B
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Quantum sine-Gordon in finite volume

ng( = (Oud) + A cos(o)>

Periodic boundary: o(z+ R) = o(x)

The space of states H splits into orthogonal subspaces #,,
characterized by the quasi-momentum £k

& — ¢+ 21 : | W) > 0F [ W)
The ground state of the finite-size system in the sector #,:

jwi ey - R

Scaling function: RE, = F( ¥, B k| r= MR
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Classical
limit
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Free fermions

Bee =4 ™

-

e~ 0

Kosterlitz—Thouless
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Renormalized coupling : ¢=_—%

Free fermions

B%:4n

ﬁ;g—-‘powl -— - B;g—}gjt
; v

-

Classicai "
limit Kosterfitz—Thouless
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. . B2
Renormalized coupling : <= E;_*‘{_z

_.’Eg

Free fermions

Be =4 %
2 Y 2
ﬁ =2 () e ~— = - Bsg —> 8T
- »
Classical :
limit Kosterlitz—Thouless
1
1
E—>0 = - = E—> oo
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Renormalized coupling : ¢=_—%;

Gl — JE—g
Free fermions
Pe =4=%
2 v 2
Bsg_>0' -— s “BSg—}STC
- : »
Classical . Ka e
e = teriitz—
limit B =16 /3 s .
N=2 SUSY
1 “, '-.II
Rl =,
-
1
E—>0 = - = E—> oo

Pirsa: 11080049 Page 15/114



e Self-avoiding polymer problem Saleur (1991)

£ =2 sine-Gordon — N =2 SUSY is spontaneously bro-
ken, except the subspaces H; corresponding to &£ = 4I_:%.

y General approach for D = 2. N = 2 supersymmetric QFT

Cecotti, Varfa (1991)

Cecotti, Fendley, Intriligator, Vafa (1992)
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S relation

(t)- the Painleve III transcendent % jt(t?;) :% sinh(20)
(1) = ezu{t)) '

) 1 Jjog(®) +0@1 as & =50
U((t) —*—{ 03 a(?) (D - I
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S relation

(1)- the Painleve III transcendent % ;t (rf;:j) :% sinh(2U)
() = e2U(b))

U(t) — {o% log(?) + O(1) as t—0
as r — oC
 refation - (aE"‘) O o /“x dt t sinh2 U(t)
1 :angg aas 13 (95 "':2 .~ 8 2 Jr
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Modified Sinh-Gordon (MShG)

8-0zn + e —p(z) p(z) e *7=0

e Constant mean curvature surfaces in AdSs

¢ Strong coupling scattering amplitudes in the 40,
N = 4 SUSY Yang-Mills theory.

p(z) =z""%+m, 42" +...mg

Alday, Maldacena (2007, 2009)

e BPS states of 4D ' = 2 theories and wall crossing Gaiotto,
-+ nioore, Neitzke (2008, 2009)



MShG on the cone
Zamolodchikov, SL (2010)

9-9zn + e — p(z) p(z) e 1 =

p(z) = 22

s
— g2e n respects the symmetry z - e« 2,z e

-y
)

n continuous at all finite nonzero =

n grows slower then exponential at z| —
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n — 21 log |z| + O(1) z| — O et o
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MShG on the cone
Zamolodchikov, SL (2010)

8-8zn + €1 —p(2) p(Z) e 21 =0 ' & B=(s3)

=
*A 1n— 21 logiz

I in

p(z) = 222 _ 52> respects the symmetry - —c. >,z s e o

-
——

n continuous at all finite nonzero =

n grows slower then exponential at |z| — x

irsa: 11080049 1 1 Page 22/114

n— 20 log|z| + O(1) lz|l = O —=<l<sz



MShG v.s. Quantum Sine-Gordon

MShG Integrals of motions

(o1 = S (d: To, + df@zn-z)

on—1=[_(dZTon +dz©2, 5) —
s = [ (45T + 0230 :
& C E - mo n—>21log Izl
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MShG v.s. Quantum Sine-Gordon

MShG Integrals of motions

2n—1 = | (d2T2n + dZ©2, 2

b a— 1 (&5, 205, 5 4
2n—1 /{:ﬂ, ( 2n + 2n 2) T éA n—>21leg iz
9m_1, ion_1 Coincide with the k-vacuum eigenvalues of local
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MShG v.s. Quantum Sine-Gordon

MShG Integrals of motions

b o == (‘ﬂ ( dz=1%, df@Qn-2)

L. s — | (a0 5 N\
2n—1 ‘/;T ( 2n 2n 2) T éA n—>2llog
on_1, 1on_1 coincide with the k-vacuum eigenvalues of local

M in the quantum sine-Gordon model

c
o

% o By ek
azg_l {=2\k[;—1 S:[ "'—(24'%3 ;ll
27N (1 + 5.
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From MShG to ShG

w =1 ea /d:: \‘.r'p(::)




From MShG to ShG

i e /dz v r(=z)




On-shell action for the ShG equation

0 A=0 : ShG equation + Boundary conditions
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On-shell action for the ShG equation

0. A =0 : ShG equation + Boundary conditions

dw N dw : [ R
Al nl = Bm / ar*naﬁﬁ 4Sinh2 - kol d¢ 7
- =28 { D. 2w (90 + (7)) + e ./C'.{ "
= dé n — dé n—— lo ——

6me JCpg % /pﬁ = g(e) 1o a(e)
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On-shell action for the ShG equation

0 A =0 : ShG equation + Boundary conditions

dw A dw [ e

Al71 = lim / 8,,70=7 + 4 sinh2(7 kd de 7

[7?1 { D. 27 ( oTO57 + (q))+r£ -/C.{ L
1

/' dti—— [ aes gzhc::,() llo()]
7 e ; S e “ —_—— £
g Sk I S i T

A* = A*(r.a.l) - on-shell action C,:
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On-shell action for the ShG equation

0 A =0 : ShG equation + Boundary conditions

dw A dw : L[
A[7] = lim / 8, 710=7 + 4 sinh2(7 L f ars

1 : 1 - [2 1 ]
. af 7 ——— d¢ 7—— lo B
bme ./(_“B . wEe JCx " o 9(e) 12 9(e)

B

A* = A*(r.a.l) - on-shell action C,:
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Variations of A"(r, a,l)
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Variations of A*(r, a.l)

o 5{ A*(P,Ck,l)
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Variations of A*(r,a.l)

e 5; A*(r,a,l)

dw A di | z
m & f B O=7 4 4 sinh2(7 4 7
rr T [ D. 2mi ( w57 + (7?)) ”: me JC4 ,
1 1 g [2 1
| dé¢ 7 — — d? 7 — — log(e)——— log(e
6re JCp * 6me JCp 77 o 9(e) 12 9( )}
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Variations of A*(r,a.l)

e 5; A*(r,a,l)

dw N dw -
m & / Du7d=7 + 4 sinh2(5 de 7
1 1 [2 1
- dé n df n — — loagle)— loglc
6ére JCp 2 6me JCp i o 9(€) 12 9( )}

(aA"‘) - =
3! T, Ci! A
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Variations of A"(r, a,l)

e 5; A*(r,a,l)

dw N dw - o
m ¢ {/ _ (aunamn+4 smhz(n))-l-— dé i
-0 L. 2%l mwe JCy4
S 1 g [? 1
: n dd n—— lo == 15
6me JCp 6me JCp i o a(e) 12 g(e)}
(BA*) =1 =
31 T, G! A
na=_Iim (ﬁ(w.@) — 21 log |w —-w_ﬂ)

lw—w 4|—0

~fRegularized value of the solution n at the apex



* - x . ; £ [ =
L AT = 0(3) lim._.o { —Jop. & €z#n” Tuo + 1 fa+ = 109(e)
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(& 4

Fi

e . : ) ” 2
A = O(i) lim._.q { — .J.‘:}DF % e’ HPn? Tyo 'I‘!; A e % ET 109(5)1

LL

- "
=_1 gnayn'!—opu
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[—; (8-7)2 + 2 sin hz(f})]

I:.

$
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. i N 2
A~ :a(i) lim._.q { — Jop. & e¥zHn” T,o -|-% 14 —|—{:l log(e)l

{1 P

1
by — _Z ,unaufl + @,u.f.f [

Q|+

(8-7) + 2 sinh?(#) |

In-shell T =0 : T =—% ( 9uby —duv 8,07 )
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. . ——"0(5) lim._.q { —lap. % ¥ n? Tpg‘-l_ s+ Iog(e)l

. 1 - .
o = MOy + O [g (agn) + 2 sinh (n)]

In-shell 9,7 =0 : Tpy = —1 ( OBy — Sy 0707 ) ®

OA*
2 1 =
¥ —— e} N,
( 30‘.’ )r,l - 4 4
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Dilations Z=%=)«1

& - dw A dw 12 1
T | Iim/ ekl ue_( | )
r e—Q JD., 1 ¥ 17

i

© =TH =4 sinh?(7)) = 0wdz®
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Dilations Z=%=)«1

& - dw A dw =
5.,_A*=—r[nm/D ol diini e—( | )}

r | e=0 7l 1" 12

i

© =TH =4 sinh?(7}) = 8wd3®

OA* 1 _
(8?" )&,[:*871' (Il—l-Il) &

A =/C(dwT+the)

age 43/114

b S | /(* ( dw T + dw 9)



'OA* y R
( Y )& e
QA"
2 = 5
N ( dax >r-£ = iz i a
I A* ' y _ 3
r(. or )-LJ - (N__B? ({1+11J)
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dA" | S
(), = La
. 8
() = erin
dA* ' E -
r(a-r),-_l.g =R (ZE(Il-*_Il))

~ | he compatibility conditions
), = ()
- =
3[ .oy . C‘}?‘ cx.l

oF oD on
. | A 7. 4)
o Vil = +Ir
(@a)ri 2 i ( 87‘ ) f_“g_ ( d?' r}‘
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|

A 1
( ) - a

OA™
2 (04 = " S
o (Ga)yy = 2 ®a-tis
A" f.. % o =3
= —F — iy § W
r( or ),L; ( 3 ( 1+ l))

~ | he compatibility conditions
(5., = ()
&R g — iy
81) r.o or /al

S9F b -

2 1 A A )
i 1 [

= (aa)r_; 2 r( e ),J_ﬁ' ’"( or

» Zamolodchikov, SL (2010): F=2% (E. —exR)

| =2|k] — %, a=¢1
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s
(o).

- nA
()At .
o ( O >r, = _% Wit
‘OA* ' 1 e R
e, =" (=alath)

~ | he compatibility conditions

(817) (357‘_4)
tyE—— —F
81 r.cx 8?‘ cx.l

OF oD 4 ona
(% ) i
= (c‘M)r,g r( or a,g+ d N Foal

T
»+ Zamolodchikov, SL (2010): F=2% (E, —exR)

|
NI b=

[=2lk| — 5, a=¢1

E; M?2
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Generalized FSZ

R (&9&___) e (dﬁ{)
& \ 8k /re or /al

R (SE;E) == — = (adu) g r(@)
m \ 9 /rk  8cosh?(L) 2 r /al o/ i
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Generalized FSZ

( & I aﬁn“-l)
N cx.l

2 (5), =gy ()t~ (3
r \ 8¢ Jrk 8COSh2(%) 2 & Jal or /al

or £ =2 the apex angle becomes to 27, whereas k£ = ; cor-
rsponds to [ =0, i1.e., the solution of the ShG equation
rmains finite at the tip 4. In this special case 7n(w.w) can
e expressed in terms of the Painleve III transcendent

(w, @) = Lr( 4|lw—wg| )

ol
oy
Q)
|
o
@
My

|
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Generalized FSZ

R (3E;f) = (aﬁdi
g ok r.& = ar )a.f

E (E’EA> S i - = (dfbjl) 3 r(&ﬁ_.{)
w \ € e Scoshz(%) 2 . faF or /al

or ¢ =2 the apex angle becomes to 2r, whereas k = ; cor-
psponds to [ =0, i1.e., the solution of the ShG equation
rmains finite at the tip 4. In this special case 7(w.w) can
e expressed in terms of the Painleve III transcendent

(w, @) =U(4|w—wg|)
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Generalized FSZ

R (aEk> = (aﬁ__;)
€ \ Ok /re or /a,l

E (dEk> —— 2 = = (dcb{) = (&)ﬁ_;)
= \E/)rk Bcoshz(%) 2 \ofax or /al

or £ = 2 the apex angle becomes to 27, whereas k = + cor-
rsponds to [ =0, 1.e., the solution of the ShG equation
rmains finite at the tip 4. In this special case 7(w.w) can
e expressed in terms of the Painleve III transcendent

(w,w) = U( 4|w— wpg| )

lwgq —wg| =r1/4

5‘.J¥rsa§ootﬁ / ( r )
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Generalized FSZ

R (EZ)E;L.\ =2 (dﬁ;
ﬂf ok )rf o or ).r_}_.-f

B (o) (0 e
i € /rk = 3 COShQ(%) 2 or /al | or /al

or £ =2 the apex angle becomes to 27, whereas k& = > cor-
rsponds to [ =0, i1.e., the solution of the ShG equation
smains finite at the tip A. In this special case n(w.w) can
e expressed in terms of the Painleve III transcendent

(w, w) = [.7(4 lw — wpg| )

\-\.

wy —wpg| =r/4

0D = 4 sinh?(U)

?:@rsa;esool; / ( r )
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Generalized FSZ

R (&9Ek) —-(2)
:Tg ak r.£ = ( 8T ce.l

R (ﬁ) — il _lr(&?db_\;) _[r(@)
m \9 /rk  8cosh’(E) 2 \ & Jar or /al

or ¢ =2 the apex angle becomes to 2r, whereas k& = ; cor-
rsponds to [ =0, i1.e., the solution of the ShG equation
smains finite at the tip 4. In this special case n(w,w) can
e expressed in terms of the Painleve III transcendent

(w, @) = [_.T(: 4w —wpg| )

_ _ } wy —wpg| =r1/4
0D = 4 sinh?(U)

d 00
5 gzl (1) r dr—* — —/ dt t sinh2U(t)
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Normalized on-shell action
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Normalized on-shell action

< dR
9=]

Ir — (Ek_etx:R)

Small R limit
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S

lim 29 =20

r—0C



Pi

Normalized on-shell action 9= 4*

de i $ —
—/ _(Eﬁc_e’xR) rILﬁ:]c:D_

Small 7 Iimit

—

lim RE, = — ¢ . 24gk?
BR—s0 | 6 eff r_eﬁ:—-—l— l—|—E

IIIII : 11080049
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Normalized on-shell action 9= 4* - a7

de i o
Y=/ == (Ex—exR) lim 9 =0

Small A limit

lim RE — = C . 24£k2
B0 | e 6 eff Carf =1 —

1 (MR)? -'ng) /-R dR ( T Caff
= Iocg(MR)+2g— tan| — | — —
IZ ||||| —?' Ceff g( )_I—T]D 8’?1- ( 2 JO w i F@e&lu



R—0

Y = g cerr 109(MR) + Yo + o(1)
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R—0

Y = g cerr 10g(MR) + Vg + o(1)

2ﬁr(~§>)
rG+%

= f:n dz sinh(z) cosh(4&kz) 1 = ﬁ —
0 2z sinh(&z) sinh (z(1 +€)) - 26(1+8) =2

Jo = 25 10g(465(1+8 7€) — 1 cor loa(




YY-function for the inhomogeneous
6-vertex model (Destri, de Vega 1989)

R}/(2i8) R;(0) R''(-2i8)
[ &Y .o d -
Partition function Zy, = Tr ¢ —/ ' of the inhomogeneous
6-vertex model on an lnflmte cylmder Here T iIs the mon-

odromy matrix along the infinite direction and ¢ = el* : Hj"’i()\)
arerconventional Boltzmann weights for the 6-vertex merdel
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Bethe Ansatz equations

s{(xz) = sinh (1

S
S

00000000

0; +©+'2)s(8; — e+5w 2_;* E __s(0; —On}ix)

&1+ -

IT) s(0; !j—) ]J s(@; — 6 — i)



Bethe Ansatz equations

+ o+ 4+

R:/(28) RS'(0) R '(-28)
b(x)_.gnn(l+,)
i i N . 1 .
.S(f;’;; + © —%) S(QJ' — —%) - .:F(QJ' — 6, —i:T)

The energy EV) and momentum P{V) of the BA state

EW) 4 p(N) s(Z+e=+0))
Pirsa: 11080049 exD ( _ I T ) = 2"“ - P 62/114
''''' 2N S s(Z—eTe) i



Yang-Yang functional (1966)

The vacuum BA equationscan be bring to the
form of extremum condition

Y (V) ) _ _ _
— 2y N N N N
59, O e e TETeS SR S
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Yang-Yang functional (1966)

The vacuum BA equationscan be bring to the
form of extremum condition

it vV A \ \
28k 0; =
Yy —2 Z(V(aj)— 3’)4—2 U(6; — 6n)
j Eres =
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Yang-Yang functional (1966)

The vacuum BA equationscan be bring to the
form of extremum condition

(_)1'{\'_"} _ _ : _
— . "'\‘ h\. :'\, ‘\
';j}ﬁjl _O J = _ﬁ' _?_1_1""?_2- 7_1

E-E

yM =2 3 (v(e)-=

7

) +Z U(8; — 6n)

V(0) = N > dw Siﬂh(%) cos(we) it
U om Jxw? gipn(rt9)y

1 > dw sinh(Z5)cosh(ZE)

Pirsa: 11080049 | (9) —_ % =

w J—oo w*< cinhi =t 11HE)
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¥ -2y ( V(6;) — 29k 6,

3
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Mechanical analogy

k"

) 'l‘Z [-r(g_ri —(')n) g I_E -
7.1

¥

v
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Mechanical analogy

%,

yiN) — o Z ( V(8;) —2gk 9_;‘) -+ Z U(g; —6n) g 1
3 J-n

I

;t .

e 2-body potential: 1D repulsive Coulomb potential slightly
modified at short distances

U@) = —gl|6| + O( e—2(l—g)lﬁ'!)
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Mechanical analogy

lr.l"|

o

I
put
+
Iy

yM) =2 3 (v(6;) —29k0; | + 3 U(6; —6n)
: B : J.n
o 2-body potential: 1D repulsive Coulomb potential slightly
modified at short distances
U(0) = —gl6| + o( e—2(1—g)|8| )

ol y - g N
» Confining potential of two heavy positive charges +%

placed at =© B

- .

\ =
7~ 10— +% 6+ © |+ 0 e 2(1-9)6=8])

V(@) =
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Mechanical analogy

%

¥y ( V(0;) —2gk0; ) + 3 U(8; —0n)
J 7.72

fl"..

0

|
[
+
'm

I‘J'

o 2-body potential: 1D repulsive Coulomb potential slightly
modified at short distances

U(6) =—gl6| +O( e—z(l—gnm)

o Confining potential of two heavy positive charges _|__;_21
placed at -©

b -

N AW I
v (6) =% 0-0|+Z> |0+0|+0(e20-90=s)

1 1
e Linear potential 24k, —5<k<3
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Mechanical analogy

yiN) 1 Z ( V(8;) — 29k 6, ) - Z U(6; —6n) g i
_ / 7

3

I

;1: .

o 2-body potential: 1D repuisive Coulomb potential slightly
modified at short distances

U(60) = —g|0] +O( e=2(1-9)el)

» Confining potential of two heavy positive charges -{-%
placed at =©

] g_\'l gN | 2 T
V(6) = ;a—e\-{—? 6+ ©|+ 0 e=21-9)l#=S )
1 1
e Linear potential 24k0, —5< k<35
F=2kg ¢ .- -8
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BA roots for the vacuum state

(N) _ (V) (V) (V)
H—‘E < 9-%-{—1 L s 9%_2 < 9%_1
ritical value of YY-functional YV —yMNM)(e. ¢, k)
) _ (3y(N))
0© /Nek
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BA roots for the vacuum state
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well approximated by the continuous density
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BA roots for the vacuum state
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Q| = +¢
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5(0; +© - 3)s(8, —© -3) n $(0; — On —im)

s(x) = sinh (l;ré—:‘;‘)

| the BA roots split into two clusters centered at —©. The

stems of BA equations for each cluster are completely
parated in this limit and reduce to the original form with
— 0 and N is replaced by N — N/2
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| the BA roots split into two clusters centered at —©. The

stems of BA equations for each cluster are completely
parated in this limit and reduce to the original form with
— (0 and N is replaced by N —+ N/2
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| the BA roots split into two clusters centered at —©. The

stems of BA equations for each cluster are completely
parated in this limit and reduce to the original form with
— 0 and N is replaced by N —+ N/2
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“monopole-monopole”
interaction of the clasters
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| the BA roots split into two clusters centered at —©. The

stems of BA equations for each cluster are completely
parated in this limit and reduce to the original form with
— 0 and N is replaced by N — N/2
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\ Intrinsic potential energy of the
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interaction of the clasters
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stems of BA equations for each cluster are completely
parated in this limit and reduce to the original form with
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interaction of the clasters
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stems of BA equations for each cluster are completely
parated in this limit and reduce to the original form with
— 0 and N is replaced by N — N/2
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Scaling limit
N, © — +C>C
r— 4N e“e' is kept fixed (RG-invariant)
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Scaling limit
N, © — 400
r=4N e © is kept fixed (RG-invariant)
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r—fixed
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Scaling limit
N, @ — +¢
r—=4N e © is kept fixed (RG-invariant)
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Scaling limit
N, © — 4+
r=4 N e © is kept fixed (RG-invariant)
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Scaling limit

r=A4N e © is kept fixed (RG-invariant)
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Normalized on-shell action
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Normalized on-shell action
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im ¥Y™Me)=— L (REk+m'"6‘~“-ff )

Normalized on-shell action
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Conclusion: Faces of integrability
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Conclusion: Faces of integrability
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Conclusion: Faces of integrability

lassical Sinh-Gordon PDE: On-shell Action

Mine-Gordon QFT: Critical values of YY-functional
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Conclusion: Faces of integrability

Ilass_i(_:;_l Sinh-Gordon_ PDE On-shell Ac_!:ip_n

vine-Gordon QFT: Critical values of YY-functional
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Conclusion: Faces of integrability

lassical S_inh-Gordon PDE: On—_shgll Action

bine-Gordon QFT: Critical values of YY-functional
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Normalized on-shell action
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Scaling limit
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