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Abstract: For N=4 super Yang-Mills theory, in the large-N limit and at strong coupling, Wilson loops can be computed using the AdS!
correspondence. In the case of flat Euclidean loops the dual computation consists in finding minimal area surfaces in Euclidean AdS3 space
case very few solutions were known. In this talk | will describe an infinite parameter family of minimal area surfaces that can be dest
analytically using Riemann Theta functions. Furthermore, for each Wilson loop a one parameter family of deformations that preserve the aree
exhibited explicitly. The area is given by a one dimensional integral over the world-sheet boundary.
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e Theta functions solve e.o.m.

Theta functions associated w/ Riemann surfaces

Main Properties and some interesting facts.

Formula for the renormalized area.

o Closed Wilson loops for g=3 (and g=1)

Particular solutions, plots, etc.

e Conclusions




AdS/CFT correspondence (Maldacena,

GKP, Witten)
Gives a precise example of the relation between

strings and gauge theory.

Gauge theory String theory
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Wilson loops

Basic operators in gauge theories.
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Simplest example: single, flat, smooth, space-like curve
(With constant scalar).



Wilson loops in the AdS/CFT correspondence
(Maldacena, Rey, Yee)

Euclidean, Wilson loops with constant scalar =
Minimal area surfaces in Euclidean AdS;

2 dz? + dy® + dz

2
Closed curves: ds” = z
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Simplest example: single, flat, smooth, space-like curve
(With constant scalar).




Wilson loops in the AdS/CFT correspondence
(Maldacena, Rey, Yee)

Euclidean, Wilson loops with constant scalar =
Minimal area surfaces in Euclidean AdS,

762 _ dz* + dy* + dz
Closed curves: S 2
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circular lens-shaped
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Multiple curves:

Drukker Fiol

concentric circles

Euclidean, open Wilson loops:
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Many interesting and important results for Wilson |
loops with non-constant scalar and for Minkowski |
Wilson loops (lots of recent activity related to |
light-like cusps and their relation to scattering
amplitudes).

Result: more generic examples for Euclidean Wilson
loops can be found using Riemann theta functions.

Babich, Bobenko. (our case)

Kazakov, Marshakov, Minahan, Zarembo (sphere)
Dorey, Vicedo. (Minkowski space-time)
Sakai, Satoh. (Minkowski space-time)
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n Poincare coordinates the minimal area surfaces are:

Z — H(—)L:‘;) 'H(“ H{(,}H | 'f;t s Y VAl B
B | = [7F + 16 = [

(¢ — [PI8(C+ [P*) — (¢ — [PH8(¢ + S

k‘ kS f}- - _,u- -2z J p1 P1 P1

0(C = [0+ 18(C = [0

P1

which we will now describe in detail.
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Minimal Area surfaces in AdS§

Equations of motion and Pohimeyer reduction

9 _ -5 -0 ) ) AT A S I
X, — Xy —X5—Xs=1 X+iY = =, B =

¢ : B - f -Yu — :\—:; 4\-“ = \-5
S =147, Z =6 3T

5, I‘ i - gl
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Minimal Area surfaces in AdS:i

Equations of motion and Pohlmeyer reduction
.\'1 g = J';.\.g Z _ :

=) -3 -} =) " =
Xa—Xi—X5—X:i=1 X+iY =— —
t) I . 3 ‘\“ i +\.'i

s =aF¥+iT. Z

S = t/ X, ax* — Al X, X¥—1)) dodr
1
— ;]—!;) \f}‘\ﬂ—r}‘zr)}-—r)Zd‘Zi deodr

00X, =AX, A=-0X,0X"
¥ OXH' =0=0X,0X"
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We can also use:

Xo+ X3 Xy —1. " o
X = - N . . = Xgo + 4\,; E
( Xi+tXe Xo— X3 D 3

X'=X. detX=1 99X =AX. det(dX) = 0 = det| 0X)

X hermitian can be solved by:

X=AA". detA=1. AeSL(2.C)

Global and gauge symmetries:
X - UXU'", A—-UA UeSL(?2C)
A= AU. U(z.zZ) e SU(2) ’




Minimal Area surfaces in AdS:i

Equations of motion and Pohimeyer reduction

X, +iXo 1
-\'H o .‘:_-} 4 a\:li == ‘\—li
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VWe can also use:

X — ( Xo+ X3 X3 —1Xs

- Ao - - :_XF —f‘AY,' :
X +tX2 Xo— X3 ) . ol

y =X detX=1. 99X =AX. det(dX)=0= et E}Xl

X hermitian can be solved by:

X=AA", detA=1. AeSL(2.C)

Global and gauge symmetries:
X > UXU'", A—-UA, Ue€SL(2.C)
A=s AU. U(z.2) € SU(2)




Minimal Area surfaces in AdS3_

Equations of motion and Pohimeyer reduction
X; +i% 1
.Yu — .\—:i 4 .\_n —— ,Y;;

X;-X2-X2—XZ=1 X+i¥=

b 1

z2=0c+1T,Z =0 — T
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= = ?_;[d,,_\ X +-,Y)Y -, L0 Z) dodr
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\We can also use:

cre ( wongdhlivie. Sl Sl

) ek : ) — Xo+ X0
_.\1 =+ ?4\2 _\[) = 4\;; ) .

X=X detX=1. 99X = AX. det(9X) = 0 = det(IX)

X hermitian can be solved by:

X=AA" detA=1. A e SL(2.C)

Global and gauge symmetries:
X—=UXU", A—UA, UeSL(2.C)
A= AU. U(z.Z) e SU(2)




The currents:

J=A"'90A, J=A"'0A

A—-é(H-IT) B = %(I—-IT)
satisfy:
BA=TcH = 0,
det A = 0.
JA+ [B.A] = 0,

OB+ 0B' = [B'.B]+[A" A

Pirsa: 11080043
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Up to a gauge transformation (rotation) 4 is given by:

i l l2;2) - — o(2,2) TI'A =0

A= 5€ (1 + 103) = € o det A — 0
: gauge

Then: B = —38050: + f(z)e Yo

./4 — /-\600'4_ ) IA‘ — ].
1
D = —580403 +e “oL .
doa = 2cosh(2a) .
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The currents:

J=A"'90A, J=A"'0A

A-%(hr ). B= %(I-—IT)
satisfy:
BA=TB = 0,
det A = 0,
JA+ B. Al = 0.
OB+ 0B = [B'.B]+[A", A].
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Up to a gauge transformation (rotation) _4 is given by:

l _ atz.zZ) TI‘A = 0
A-—Ze oy +i02) = e oL det A =0
1 gauge
Then: B = —gé)aaz + f(z)e Yo
A — /—\6004_ y |Al — ].
D = —58(10: +e Yo .
doa = 2cosh(2a) .
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Summary

Solve O00a = 2 cosh 2a

plug it in _4, B giving:

] —20a e~ ° 7 Lda Ae”
o = \'_w.. L 9 - ok == C_—ax L)
AE S Uk —€ — ;U0

Solve:

OA

A

|-
> 2>
~i



Babich, Bobenko: Solve eqgns. using Theta functions

Motivation: Willmore tori in flat space

dx® +dy* +dz®
= 5

ds®

1 1 =
Surface: k1 = . k2= . R;,max.and min. R
R1 RQ g

Gauss curvature: K = k1Ko

1 |
Mean curvature: H = (k1 + &2)
Willmore 1
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Summary

Solve O0a = 2 cosh 2a

plug it in _4, B giving:

—=da e ° 7 S0

Solve:

JA = AJ .

QA = AJ.

/\ tc_._r ¥

—2da

)

mp X — AAT



Babich, Bobenko: Solve egns. using Theta functions

Motivation: Willmore tori in flat space

_dx® +dy* + dz?

>
ds- 2 "' 2
< S SIS I
1 1 =
Surface: w1 = B B2 =3 R, , max. and min. R
-1 2 )
Gauss curvature: K = k1Ko
1
Mean curvature: H = 5 (k1 + K2)
Willmore 1 o .
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Theta functions associated with (hyperelliptic)
Riemann surfaces

Riemann surface:
d,




Holomorphic differentials and period matrix:

Wi=1...g fai Wi = 0j;

[Lij = ¢ w;
b;

Theta functions:

O(C) e Z 6271'2(271 [In+n"C)

.. NneEL9



Theta functions with characteristics:

| ; -A ¢ l ¢ L t 1 f | : :
Bt [ o ] () = i.:q.{_*n {:_\tn;i + AL + —_\I_\._;HH (a‘ =58, + STIA,

Simple properties:
Symmetry:

0(—¢) = 6(¢)
Periodicity |
9 (C + A_) + HAl) — (J_QWE[AIEC‘FEAI;HA*[]Q(C

Antisymmetry

H(—C) = e™1220(¢) = —0(C) = H(0) — (1
DvpeniNo € 9  and ATA, is an odd integer rwws




Holomorphic differentials and period matrix:

Wi=1...g fai Wj = 04;

H-‘.ij — Lu'j
b

Theta functions:



Theta functions with characteristics:
'“fﬁq_‘ — N { jli :l (() = exp {'_].-.’ [é_\!t[—[_\q == —l;j.;t.‘ = = %_\rl_\_m:[}ﬁ' (.,‘ - —L}_\'._} =1= E}H_\L;

Simple properties:
Symmetry:

0(—C) = 6(¢)
Periodicity |
b (¢ + Az + TTA,) = e2rilaicH1aIm g ¢

Antisymmetry

H(—C) = ™1220(C) = —A(C) => H(0) = (
Dl € Z7 and  AlA, is an odd integer s




Special functions

Algebraic problems:

Roots of polynomial in terms of coefficients.

Square root: quadratic equations (compass and
straight edge or ruler)

sina — sin(a/2) [sm A" 5|n(a/3)]

Exponential and log: generic roots, allows solutions
of cubic and quartic egns.

Theta functions: Solves generic polynomial.



Special functions

Algebraic problems:

Roots of polynomial in terms of coefficients.

Square root: quadratic equations (compass and
straight edge or ruler) B

sin @ — sin(/2) [sin‘a—s"Sin(a/3)]

Exponential and log: generic roots, allows solutions
of cubic and quartic egns.

Theta functions: Solves generic polynomial.
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Differential Equations
sin, Cos, exp: harmonic oscillator (Klein-Gordon).

theta functions: sine-Gordon, sinh-Gordon,
cosh-Gordon.

Trisecant identity:

00 (e [a [2) =mmo(ce [L)o(c [ <) rmo(es ) o | -
P2 pz ° P i

#la + [s‘:u‘,) Bla + ]::w)
F::jﬂf — ; Pi ‘!*;_._ :
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Derivatives: D, F(¢) = w;j(p1)V; F((]
D, In [ () ] - D, In [Htu 4 J;ﬂ r]

o+ 7 oa = |7
. P3 P La
D.H“” t7 (” + J;‘) H(k id j;r; ) H("" ia Jm )
P1 3 . £ < i
(”—-’n) (”' ;1) H{"“}H(‘* ' fm)

D,#(a)D,.# (a) H(“‘--*}: )H(“:_Jf )

p1

cosh-Gordon: 9da = 2cosh2a = 2@ + ¢ 2@

i -
2a ;_QWEAE‘J*E:;LAEHAl ¢ (C) . 0 (C)
" ) 2 P3y - Casa
9"(C T P ) 62“((/)




Theta functions solve e.o.m.

Hyperelliptic Riemann surface () = :E,\H(,\ — ;)

/\ 3((; Ii:t) —it ATtV Z
L"’I — —_ ,._ € - F
6(C)
¢+ ") |
o - -fpi ){JE(}P.{I:-‘FUI L == -L-[PI):_"‘ —u-[Pi}:
0(C)

3 3 .;}i ‘,”
_A = 92 i il i p==20, [11HI/ ). v=-=2D, 1119(/
irsa: 11080043 by Page 43/203
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Derivatives: D, F(¢) = wj(p1)V; F((]

_ I 21 Dmfi{rliﬁmﬁtu} H(‘;-,!;[)H(‘:_J;})
Posss MKC) = Dy, 0O (ff = 2 L )_ﬁ(ﬂ + ‘;.: ) H(” ki [;H ) e

cosh-Gordon: 9da = 2 cosh 2a = €2® + e 2@

2a ~‘27ri$§§—%iiﬁ$1 93(4-) % gl Qz(g)
' FC+ L) 0




Theta functions solve e.o.m.

5
Hyperelliptic Riemann surface ,(\) = \i\ H(A - ;)

Uy = —A — P1 e n{fp: vz
#(¢C)
oS+ ) o
_— _j;u E’l’“t‘J’u:*U: ¢ = 2w(p)z + 2w(ps)z
4(9
D, 8(0)8( [*

VoA= 2 —

4 g P
P1 ) p==2D, [llHE_/ }s = _jD.”! 1“9(/
0(J7)9(0) L



Finally we write the solution in Poincare coordinates:

Z - H(-)I:?) 'H(” H L,}H % | Iflu:—*-r):;'l
B(S7)0(S7) | 18(C — [P +16(C — f7)2

0(C — [710(C+ [7) — (¢ — ) iy 10(¢ + Sy

X 4iY = oW+ .t
6(C — [+ 10(C— [,)12

7=0 & 6()=0o0rb() =
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Renormalized area:

i} =2 / IX,0X dodr = 2/ AdodT = 4 / e~ dodr

20 _ 4 { D, ,. mé0)—D, 1119(0}

4D, . In6(0) — 9 InbH(Q).

_ =
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Finally we write the solution in Poincare coordinates:

7 — H‘-'—).‘:?} | [H(nwmmw)w;m[f
R _W - 16C — I
. : gJ_L Py yor N = ‘P
‘K' e f}- o F‘_};]f4.‘_?';7: H({-.. = ’ i 3 ’ } — H'[ "Pl ]H{g o i *1!11

[ka — b P+ - |

P }lg
Pl

7 =0 < 6(()=00rf()=0
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Renormalized area:

“l — 2 / (.}‘\F“(-__)_\r“f!ﬁ(f']- — 2/ -\f!ﬁ{fi_ — _l/(—j“({(j'(lr

e2 — 4 {D;,H,,, né(0) — D, meﬂm}
In@(0) — 90 lné’(g’).

1D

p1pP3 |
Z=¢
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Subtracting the divergence gives:

| ' v
A = 16D, ,. lnH(())/dm{-— — V) i
. IVO(C)
| ' "D, .0
= F6l}), .. lnH(U)/dmfr—'Z VLAY i
. !DPIH(L_, I
= 8D,,,,In6(0) %(mh‘ — 7do) — )¢ s AT2XASY, d
: | L), H(g |

Ny
<W> = € 27 Af
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Example of closed Wilson loop for g=3

Hyperelliptic Riemann surface

f\kr-l
] ’{g
_._1 d_ -‘_1'
ur Cﬂ_}:f ;. ij:fy_j
a, b
| =
! : .
2 : b_;ﬂ. .I I 2
ot _1
- F —
1 wi =v; (CY).,
| I 3 J
a, b-
LD ()5 - 1.6497); 0. 1197 =05
MM=cc"' = 0. 14972 —15 + 0.64972) (.5
=AED (5 (I N E%AL %9
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k. .
;V’j — \V\!‘/ A+

p=in/—HA + 1 — i)W =X+ 1+ Q)] —ilA— [ =it X~

P
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Shape of Wilson loop:

]- i EPage 53/203

1/3



Shape of dual surface:

| A — 9 A = 1+1
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Computation of area:

Using previous formula

L, 13.901, L, =6.449
Af = —6.098 for both.

Direct computation: - .

E’A:L—FAJCE

(010 i1i¥1 3 TR s

Circular Wilson loops , maximal area for fixed length.



Map from Wilson loop into the Riemann surface

Zeros determine shape ofthe WL.  A({) = 0
Z can be written as:

2{_-'..'['3(.]‘. + 52k} z) =

.} = . '.}
2n I + 21
[ l I
y

l l
j”-_{ ""——)‘H l""“j_).”f-“.: ~—;JI{,\1]—-—-:? '—"\—
I +2n; - 1 +2mqy o
—_

-
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Simpler case g=1

5>1. =1 | Q

A<1, A=-1
a—->1, 60
a—>0, 6—»x
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Multiple contours

DED PRE

- :

>




Gl

16 -

G2 i} =

- [ -
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Multiple contours




Gl

- 106 0 e

100 -

G2 f) =

- (M)
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bonclusions

We argue that there is an infinite parameter family of
closed Wilson loops whose dual surfaces can be
found analytically. The world-sheet has the topology

of a disk and the renormalized area is found as a

inite one dimensional contour integral over the worid-
sheet boundary.

We showed specific examples for g=3 including
multiple contours. The case g=1 is also interesting.

ntegrability properties of Euclidean Wilson loops
eserve further study.
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bonclusions

We argue that there is an infinite parameter family of
closed Wilson loops whose dual surfaces can be
found analytically. The world-sheet has the topology

of a disk and the renormalized area is found as a

finite one dimensional contour integral over the world-
sheet boundary.

We showed specific examples for g=3 including
multiple contours. The case g=1 is also interesting.

Integrability properties of Euclidean Wilson loops
deserve further study.
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