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Abstract: For N=4 super Yang-Mills theory, in the large-N limit and at strong coupling, Wilson loops can be computed using the AdS/CFT
correspondence. In the case of flat Euclidean loops the dual computation consists in finding minimal area surfaces in Euclidean AdS3 space. In such
case very few solutions were known. In this talk 1 will describe an infinite parameter family of minimal area surfaces that can be described
analytically using Riemann Theta functions. Furthermore, for each Wilson loop a one parameter family of deformations that preserve the area can be
exhibited explicitly. The areais given by a one dimensional integral over the world-sheet boundary.
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e Theta functions solve e.o.m.

Theta functions associated w/ Riemann surfaces

Main Properties and some interesting facts.

Formula for the renormalized area.

o Closed Wilson loops for g=3 (and g=1)

Particular solutions, plots, etc.

e Conclusions
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AdS/CFT correspondence (Maldacena,

GKP, Witten)
Gives a precise example of the relation between

strings and gauge theory.

Gauge theory String theory
N=4 SYM SU(N) on R* IIB on AdS.xS?
A , P, Y radius R
4 _ . A
Operators w/ conf. dim. A String states w/E = —

!gs = g;ﬂ,{; R / ls = (gf;w N)lr'-l-

v, A large — string th.
#Nhrr> o, A= gYMN fixed ™ |\ small — field =




Wilson loops

Basic operators in gauge theories.

>

X

[ ds 3 -[q ;I-I
W =—Tr P exp {i % (4—1“‘r ; 9;{@;
: s

dxrt

ds

N

)<}

Simplest example: single, flat, smooth, space-like curve
(With constant scalar).




Wilson loops in the AdS/CFT correspondence

(Maldacena, Rey, Yee)
Euclidean, Wilson loops with constant scalar =

Minimal area surfaces in Euclidean AdS;
» dr*+dy* +dz

2
Closed curves: ds 2

circular lens-shaped
Berenstein Corrado Fischier Maldacena Drukker Giombi Ricci Trancanelli
Gri6§8°"Odguri, Erickson Semenoff Zarembo B 1

Drukkar Gross Pa<tun



Wilson loops

Basic operators in gauge theories.
y1

<

C

>

X

dxt

ds

L : : Lt
W =—TrPexp {i jé (A“% + 6P

N

)«

Simplest example: single, flat, smooth, space-like curve
(With constant scalar).



Wilson loops in the AdS/CFT correspondence
(Maldacena, Rey, Yee)
Euclidean, Wilson loops with constant scalar =
Minimal area surfaces in Euclidean AdS;

> dz% +dy® +dz
Closed curves: as” = 2

S

:'I/[\ll‘

circular lens-shaped
Berenstein Corrado Fischler Maldacena Drukker Giombi Ricci Trancanelli
Grigs°Odguri, Erickson Semenoff Zarembo A

Drukker Gross Peae<tun



Multiple curves:

Drukker Fiol

concentric circles

Euclidean, open Wilson loops:
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'Many interesting and important results for Wilson
loops with non-constant scalar and for Minkowski |
Wilson loops (lots of recent activity related to |
light-like cusps and their relation to scattering
amplitudes).

Result: more generic examples for Euclidean Wilson
loops can be found using Riemann theta functions.

Babich, Bobenko. (our case)

Kazakov, Marshakov, Minahan, Zarembo (sphere)
Dorey, Vicedo. (Minkowski space-time)
Sakai, Satoh. (Minkowski space-time)
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n Poincare coordinates the minimal area surfaces are:

= (2 [ 10(0)8(C)B(C)] |er=++|°
a j( [P4 P4 Pay12 ~ [P\ |2 ‘
0(J,, )0, ) | 18(C = J, )1 +18(C = J,))]
( ~ ‘P4 - 1 P4 10 Pa\a¢ - « P4
X L iY = P teE S — -’m oS + -’m ) —ORG — -’m )6(¢ + -’111
6(¢C — L1+ 18— [, 01

which we will now describe in detail.
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Minimal Area surfaces in AdS:.l

Equations of motion and Pohimeyer reduction

- p_ 3 =) .\' = .';.\*J I
X - X=Xt X —F X4i¥== = Z=

v 1 i J ; Xy — -\—.‘; Xo — *\F:;
Z =+ Z =& —T
S = /(:)\ OX* — Al X, XF — 1:) do dr

- /——f;) XX +I,YOY +0,Z0°7Z) dodr

00X, =AX, A=-0X,0X*
¥ OXH =0=0X,0X" =




Minimal Area surfaces in AdS,
Equations of motion and Pohimeyer reduction
{ 1

) . X+ X
X = -, £Z=
; .‘L'“ — ,\'_'; ‘\-H o ‘\:lf

-2 r2 r2 & -
Xog — A — Xy —X3=1

z =& — T

=S, o o

/ r)\ r)\“— X, \‘“—ll) do dr

/—Er) XX +.Y0'Y +0,0"°7) dodr

*\ — ——04Y# 5..XFH

—
—

|~..r| oo

Im.-flll—'
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00X, = AX,
¥, 0XH =0=0X,0X"




We can also use:

X — Xo+ X3 X —1.X
VX +HiXe Xo— X5

) — 4\"[} —+ 4\10' .
Xf — X. det X = 1. r’)f_)x — AX. det(dX) = 0 = det| :"—)X}

X hermitian can be solved by:
X=AA". detA=1. AeSL(2.C)
Global and gauge symmetries:

X >UXU'. A—>UA, Ue€SL(2.C)
A=t AU. U(z.32) € SU(2)




Minimal Area surfaces in AdSi

Equations of motion and Pohimeyer reduction

-) - . =3 *\H = I_.\*-a I
X - X"—-X:—X" =] X+i¥=— = Z=

¢ : - = : -Yu — -\';{ ,\'” e ‘\F:{
2 =F+IT. Z =T —*T

Q I- ‘ r aAZYH { Y ~H 'I ,...

o = E ({_}_\“L)_\ — A\ -\ﬁ, X — l]) (e el

1 | . 2 A
— :_/Zq (. XX +,YOY + 0, Z0"°7Z) dodr

90X, = AX, A=-0X,0X"
X 0X* =0=0X,0X"




\We can also use:

o T b T e R PR s S Ee
e ( X;+tX2 Xo— X3 ) SRR

X=X detX=1. 99X = AX. det(9X) = 0 = det(9X)

X hermitian can be solved by:

X=AA". detA=1. AeSL(2.C)

Global and gauge symmetries:
X—-UXU", A—-UA, UeSL(2.C)
A= AU, U(z.zZ) e SU(2)




Minimal Area surfaces in AdS:,._,

Equations of motion and Pohimeyer reduction

- ¥ - ) ) - .,\b o B .P;..,\.-‘? ].
4\‘3—4\“—.\'.;‘—4\.“}:1 N = Z =
¢ : B d f -\'u — -\F.‘i -\—ii = ..Y;;
2=+ 1T. Z =0 — 1T
l I i
S = )f(:}\ f_}\"—\.l\ \I—li) dodr

|'ﬁ.{i'—

/—E:) XX +-d,YOY -0, Z0"Z) dodr

00X, = AX, A=-9X,0X"
¥ 0X' =0=0X,0X"




\We can also use:

Xo+ X3 Xj—1Xo ] 1
X=f 073 <1782 ) _ Xp+ X0
(‘\1“\2 Xy~ X ) o

X=X detX=1. 99X =AX det(dX) =0 = det(9X)

X hermitian can be solved by:

X=AA" detA=1. AeSL(2.C)

Global and gauge symmetries:
X > UXU'", A—>UA, Ue€SL(2.C)
K= AU. U(z.Z) e SU(2)




The currents:

J=A"'90A, J=A"'0A

A—é(u 2} Bz%(.l—ﬁ)
satisfy:
T4 =Tl = i},
det A = 0,
JA+ [B.A] = 0,
OB+ 0B = [B'.B|+ A" A.
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Up to a gauge transformation (rotation) 4 is given by:

= lﬁru:.f} - _ _a(z.3) IrA =0
A—Q_ (o1 + i02) = € o det A — 0
1 gauge
Then: B = —;0&.0: + f(z)e ‘o
A — X6a0+ . IA‘ — ].
1
D= —58050_: +e “oL .
doa = 2cosh(2a) .
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The currents:

J=A"'90A, J=A"'0A

A—E(H— J7). Bzi('-f—ﬁ)
2 2

satisfy:

TEA=TE = 0
det A = 0.

JA+ B, A = 0,
OB+ 0B = [B',B|+[A' A.
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ASUTAU B-oUTBU-U. U3 e SU(2



Up to a gauge transformation (rotation) 4 is given by:

1 1A =1

A . 561-}-(:..5}(0,1 4 IO'_)) L er\-(:.f}a,+

det A =10
1 gauge
Then: B = —50a0: + f(z)e ‘o |
A — /_\ea0'_|_ g |A| — ].
1
Br= —58040;. +e “oL .
doa = 2cosh(2a) .
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Summary

00 =

Solve

plug it in _4, B giving:

—20ex € °
J = ( Ae® %E)n ) '

Solve:

OA

QA

AJ.

AJ .

2 cosh 2«

~|
|

%()(} /\F”‘
—e —2da

mp X — AAT



Babich, Bobenko: Solve eqgns. using Theta functions

Motivation: Willmore tori in flat space

A

»  dx®+dy® +dz°

ds

{
22 ! -: ..--"-__t_::.:
1 1 ety
Surface: k1 = B B2 = R, , max. and min. R
1 2 '

Gauss curvature: K = K1k9
Mean curvature: H = —(x; +k2)

-

g | .

Willmore 1 . .
Pirsa: 11080043 W p—— /- ( K 1 e f"{,:z ) 2 d A — / H 2 ~—Page 3§/203 K"
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Summary

Solve O0a = 2 cosh 2a

plug it in _4, B giving:

—z0a e ° e éan Ae®
of 1= ( Ae® %i_}n ) o ( e —%i)('} )
Solve:
oA = AJ.
g " mmmp X = AAT

QA = AJ.



Babich, Bobenko: Solve eqgns. using Theta functions

Motivation: Willmore tori in flat space

, dx* +dy* + dz”°
g5 =

>2

1 1 oo
Surface: k; = B K2 = R,, max. and min. R
I 2 )

Gauss curvature: K = k1Ko

1
Mean curvature: H = 5 (K1 + K2)
Willmore 1

W == [(m — k2)? dA = /H .

functional: 4



Theta functions associated with (hyperelliptic)
Riemann surfaces

Riemann surface:




Holomorphic differentials and period matrix:

Wi=1...g fai Wj = 0j;

Hij - Lu’j
b;

Theta functions:



Theta functions with characteristics:

A - L L 1 |
H'h=:H[Al 1 |a..‘:"_’f[\'{_}“-f [:_\’EHAI -‘E_\Lrlh.. “‘I_‘i;j_{[}H(u“‘—,_\_}“jn—\i

—

Simple properties:
Symmetry:

0(—¢C) = 0(¢)

Periodicity

0 (¢ + Ay +TIA,;) = F—wa[A§c+{;A§HA1]9(C
Antisymmetry A r=g"
H(—() = e™21220(¢) = —0(C) = H(0) — (I
DpetNo € Z9 and ALA, is an odd integer s




Holomorphic differentials and period matrix:

Wi=1...g ﬁli Wj = 04;

Lij = ¢ w;
b

Theta functions:

9(4—) _ Z eQWi(%ntHn—}-ntC)
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Theta functions with characteristics:
L’-x-. = {# { j.l ] L) = "':'{[' {jn—l‘; I:é*_\rtn_\[ -+ E)_\f;k‘ = %A:_\Ll:{}‘q (H i i E}i_} E 3 E‘HA;

Simple properties:
Symmetry:

0(—¢C) = 0(¢)
Periodicity

9 (C n Az I HAl) _ _F—-Qﬁ‘i[AiiC-i—%Aq HAl]Q(C
Antisymmetry

B(—C) = e™i1829(¢) = —0(C) = A(0) = (
Dl € Z7 and  AlA, is an odd integer s




Special functions

Algebraic problems:

Roots of polynomial in terms of coe

ficients.

Square root: quadratic equations (compass and

straight edge or ruler)

sin @ — sin(w/2) [sifn a=——"sin(c/3)]

Exponential and log: generic roots,

allows solutions

of cubic and quartic egns.
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Special functions

Algebraic problems:

Roots of polynomial in terms of coefficients.

Square root: quadratic equations (compass and
straight edge or ruler)

sin & — sin(a/2) [sin a=—="sin(c/3)]
Exponential and log: generic roots, allows solutions

of cubic and quartic egns.

Theta functions: Solves generic polynomial.

. Page 40/203
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Differential Equations

Sin, COS, exp:

theta functions:

harmonic oscillator (Klein-Gordon).

sine-Gordon, sinh-Gordon,
cosh-Gordon.

Trisecant identity:
10 [+ [2) =l 2o [l [2)ofee
= e < P’ P2

Bla+ [Tw)B(a+ [T'w)

Viikl = P < Pr
[l y _ }; *P)
Plrsa{1080043 9 ( (£ _ Ifr \...L: ) () ( a + ‘!f;" I.;.L‘ ) Page 41/203



Derivatives: D, F(C) =w;i(p1)V;F((,

#(¢) D H*—”“‘fij'
Fage } _— lll [ £ ]
A *'-J:: ) e Bla < f;il}
) 3 ) )
DMHHH ¢ (rf - \f!': ) H(*«. 3 JP-: ) H(H e Lf: )
& 1 ™" L [P p.
(u‘ }‘”l ) H(H J!’l ) ) H(L, e f},; )

)p-;pt In6(C) = Dp_!pl o (-” . fpl)_ Dpﬂ{tIiDmH (a) H(‘-.r 5 JP.; ) H(*-: T .J;:r )
b(a+ [ ) H(u + ) (<)

ps

cosh-Gordon:  9da = 2 cosh2a = €** + ¢ 2°

P‘.Za - __€—:2':ri£;’i§—»%5_\§HA1 HQ(C) h- (C)
" | 2 P3 T

3 9 (C + J 1 ) 93%’&3’2‘)




Theta functions solve e.o.m.

Hyperelliptic Riemann surface () = \iAH(,\ — ;)

- P4
Uy = —A H(Q :{— )Dl )P i:rF;;:*-u:

6(¢

o+ 0 _
L - 9( _{Pi P%HF;L:—&-U; ‘ C = L‘(Pl}f & 2‘.__.(';)3}:
S
0\a( [P P P

= = EDmHF Ne(],) p=—-2D, mm/ . v=—=2D, Inb
o 11003043 9(‘ ;:;)H(()) - Page 43203 A



Derivatives: D, F(C) = w;(p1)V; F((,

H Bla ~ )
D, In [H{ (¢ ) ] = —D,In [ ffn ]

&+ }!:} Bla + J:; I
DP]H[H} H (rf - j::i) H(k E J;:i ) H(u 1 J;.:;)
p -
oas ) o(as i) oo0(c+S2)

D w6(C) = D, Inf (” ) /Pl) 5 Dp,f‘ﬂku \D,,.0 t:n* H(Q L oF idh )} H(Q ot P )
P H(u - ]; ) Hf(u - J::’ ) 7=(¢)

cosh-Gordon: 9da = 2 cosh2a = €** + ¢~ 2@

62(1 : __e—chriAig—%A’iH_\l 93(4-) - g 62((:)
- P+ L)) 0246



Theta functions solve e.o.m.

%. ?"9
3 ERE
!

f
[
[
\ =

Hyperelliptic Riemann surface () =

vy = —A B i
6(¢)
0C+ [,
U — ' T "{pz g%”p“‘*”“ C=2w(p1)z + 2w(ps)z
(
"P4 P
A= -zD 9([))9( P ) p=-2D, IIIHE-/ ). v=-2D, In6 (/
irsa: 11080043 9( )H(()) a Pg e45/203 =
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h2 J1

Finally we write the solution in Poincare coordinates:

6(0)8(C)B(C)| |er=++= |

X +:Y

0200 f0) | 1C — [29)12 +10C — [217

2 |

20420z

0(C — [710(C + [7F) — 9(C —

<+ P

".“4 ]H( L‘— S ",Ui

P1 - P M

/=0 <

0(C — o912 +10(¢ = [34)]2

P1

et

A(¢) =0or f(¢) =0
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Renormalized area:

=7 / 0X,0X"dodr = 2 / AdodT = 4 / e~ dodr

fj” = 4 {Dp[p't In 9(0) S D.UIPfi lllé(c)}

1D, . In6(0) — 29 1nH(C).

; =

Pirsa:




Finally we write the solution in Poincare coordinates:

. _ |_fem 8(0)8(C)B(C)| |e+=+5
- y( [P4 "Pay PAV[2 ~ __ [Pay2
04,00, °) | 10(C— L. )P +10(C— [ )]
P4 - P4 Af - ‘Pa\ar - | P4
.\- o = f}- — fjﬁ?f+31?: H(L' _ -’.hl )H(L' ® -}!31 ) — H{Lﬁ =] "Pl }H{k 'I.”l
6(C — [II2+18(C — [T

7=0 < 60 =00rf()=0
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Renormalized area:

] =2 / U_\'“J\'“rfﬁu’r = 2/ ANdodT = -l/ e dodr

e = 4 {Dp”,_,_ &0} — Dy, ,, 1119(()}
In@(0) — 90 In é(g).

1D

p1p3 o
Z=¢

Pirsa:



Subtracting the divergence gives:

| - l . -_}H_
Ae = 16D,,,,In#(0) / dodT — — ¥ ,(g} i
. 2 ] |V8(Q)
: Bk ,H =
= 16D,,,,In6(0) / dodr — 2 ki (6) cf
. J |D,,0(¢)
. H -y
= 8D,,,, In6(0) %(mh‘ — 7do) —2% Di"””‘}ﬂ ) 4
. J |D,, 08(C)]

VLT
<W> = € 27 Af
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Example of closed Wilson loop for g=3

Hyperelliptic Riemann surface

i
—2 4 vy = d A\ k=1 3
| 3 - H— H
+1 a =
Cu:fyj- Cr;:fu;
a, b
| =
0 | ;
2 1 bg__.--,l l 2
9 —1
B R g wi = (C7Y).
E Jt
v -
a, b
oy 6.5 - 0.64972; 0. 14972 —0.5
Mn=cc! 014972 —0.5 + 0.64972; 0.5
—{) 53 (h 5 ()63 ]
Pirsa: 11080043 / F 4 i / e ) Page 51/203 /
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Shape of Wilson loop:

4

irsa: 11080043 A - A s— ]- EPage 53/203
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Shape of dual surface:
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Computation of area:

Using previous formula
Ly 13.901, L, =6.449
Ar = —6.998 for both.

Direct computation: =~ .

eA=L+ Agsec

.|r-L1l| (hikl 5

Circular Wilson loops , maximal area for fixed length.



Map from Wilson loop into the Riemann surface

Zeros determine shape ofthe WL.  8(() = 0
Z can be written as:

2 (wl(oo)z + w(0)2Z) =

<) E =)
P 1 +2m
i. I I
2

1 l
jH-_r "‘_)l—[ l "“._]IH-_'.- —:Ji,\l]—-——:i -—T
I +2ny N 1 +2my 1

irsa: 11080043
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Simpler case g=1

-1/a d

5>1. A=1 | Q

a<1, r=-1

irsa: 11080043 Page 57/203




Multiple contours

{(




Gl

- 100 0 g

100 -

Gz Ur

- ) -
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Multiple contours




Gl

- 100 0 .

100 -

G2 {} =

- M) ~

——— Page 61/203
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bonclusions

We argue that there is an infinite parameter family of
closed Wilson loops whose dual surfaces can be
found analytically. The world-sheet has the topology

of a disk and the renormalized area is found as a

inite one dimensional contour integral over the world-
sheet boundary.

We showed specific examples for g=3 including
multiple contours. The case g=1 is also interesting.

ntegrability properties of Euclidean Wilson loops
deserve further study.
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Multiple contours




Shape of Wilson loop:
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Example of closed Wilson loop for g=3

Hyperelliptic Riemann surface
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Shape of dual surface:




Simpler case g=1
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Multiple contours
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Announcements on Gong Show

It will be interesting to have talks of more
students and postdocs.

We plan to have an informal series of talks on

Tuesday and/or Thursday, 1/7:00-18:0@ (provisional).
4

This is NOT official part® of the Conference
IGST2011. Still we can use nice theater and

projector facilities.

If you want to join the show, please gather in front
of the blackboard after Martin’s talk THIS evening.

(* Spontaneocusly organized by participants)



