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Abstract: The TBA approach to the ADS/CFT spectral problem is used to compute scaling dimensions of several operators dual to two-particle states
of thel.c. AdS5 x S5 string theory. The implementation of the psu(2,2|4) symmetry in the TBA framework is discussed.
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Pirsa: 11080040 Page 82/226




“Harmonic oscillator” of AdS/CFT:

=4 SU(N;) SYM —_— [IB strines in Ad

—

YM coupling gvu
¥ = * ¥
t Hooft coupling A = g5,,Nc

SYM operators

Scaling dimension A()) —

Pirsa: 11080040

L

7
n
J

string coupling
String tension -——
String states

String energy £
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“Harmonic osciilator” of AdS/CFT:
— 4 SU(N;) SYM —— [IB strings in AdSs 53 geometry
YM coupling gvu —  string coupling gs = 3
t Hooft coupling A = g7,,Nc —  Siring tension -— e
SYM operators String states
Scaling dimension A(\) =  Sitring energy £t
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“Harmonic oscillator” of AdS/CFT:

. § — & | =T
— £% : i 1\.‘._ \"‘11 -\l.‘[ —

—

YM coupling gym
't Hooft coupling A = g%,,\:
SYM operators

Scaling dimension A(\)

Pirsa: 11080040

[IB strings in AdSg < S

string coupling
String tension —
String states

String energy £
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“Harmonic oscillator” of AdS/CFT:

N-) SYM —

|
i o i J

YM coupling gva

»
t Hooft coupling A = g7, Nc

SYM operators

Scaling dimension A(\)

']
{

Pirsa: 11080040

string coupling
String tension =——
String states

String energy £

%

Page 86/226



“Harmonic oscillator” of AdS/CFT:

— 4 SU(N;) SYM <—— [IB strings in AdSs
¥YM coupling gvum —  string coupling ¢
E - * ~ - . >
t Hooft coupling A = g5,,Nc —  String tension -—
SYM operators String states
Scaling dimension A(A) =  Sitring energy £
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YM coupling gyu
(8

't Hooft coupling A = g%,,/Nc
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SYM operators

Scaling dimension A{))

string coupling

String tension —
String states

String energy £
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“Harmonic oscillator” of AdS/CFT:

V=4 SU(N;) SYM <= [IB strings in AdSs x S° geometn

YM coupling gvu —  string coupling - Y™
't Hooft coupling A = go,,Nc —  String tension _— ' =
SYM operators String states

Scaling dimension A(\) =  Sitring energy £
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Non-linear = Quantum
Sigma Model —n Field Theory
nZ2b n4p

Planar scaling dimensions A( A} in Yang-Milis theory should be computable by string
theory! Simuitaneously, thiszwould test the conjecture.
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Non-linear Quantum N
Sigma Maodel Field Theory

n 2D y in 4D

&

Planar scaling dimensions A\ ) in Yang-Mills theory shouid be computable by string
theory! Simultaneously, thiswould test the conjecture.
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firror TBA

R

APOCCOCO000

-rom sigma modeis to four-dimensional QFT

Non-lnear Quantum
Sigma Model Field Theory
'—'";;‘ma:‘li‘}t—'*—" H—-

n 2D in 4D

. 4 N, ..-"'J
p/ K\_//

Planar scaling dimensions A(\) in Yang-Mills theory shouid be computable by sfring
theory! Simultaneously, thisywould test the conjecture.
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Non-linear g Quantum
Sigma Maodel —s Feld Theory
n 20 / n 4D

Planar scaling dimensions A{ A} in Yang-Milis theory should be computable by siring
theory! Simultaneously, this would test the conjecture.
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Non-linear Quantum
Sigma Model Field Theory
n 2D ,. in 4D

rd

Planar scaling dimensions A( A} in Yang-Miils theory shouild be computable by string
theory! Simultaneously, thiswould test the conjecture.
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Non-linear Quantum
Sigma Model Feld Theory

n 2D / n 4D

. "v -. | ‘\_//’f

Planar scaling dimensions A(A) in Yang-Milis theory shouid be computable by string
theory! Simultaneocusly, this would test the conjecture.
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Non-linear Quantum
Sigma Model

_ in .'_D r L
va’ "\\_/’f

Planar scaling dimensions A(A) in Yang-Milis theory should be computable by string
theory! Simultanecusly, this would fest the conjecture.
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Non-linear Quantum \
Sfl';n"a Model Feld Theorv
e 20D / n 4D

N i v/

Planar scaling dimensions A( A} in Yang-Mills theory should be computabile by string
theory! Simultaneously, this would test the conjecture.
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Non-linear Quantum
Sigma Maodel Field Theory

n 2D _. n 4D

Planar scaling dimensions A(\} in Yang-Mills theory shouid be computabie by string
theory! Simultaneously, this would test the conjecture.
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- | \ - .
MNon-linear : Cuantum
Sigma Maodel Field Theory
in 2D n 40

&

e ST

Planar scaling dimensions A( A} in Yang-Milis theory should be computable by string
theory! Simultaneously, this wouid test the conjecture.
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Non-linear 4 Quantum
Sigma Model Field Theory
S s;ma:.ia}cu ——

in 20 J n 4D

Planar scaling dimensions A\ ) in Yang-Miils theory shouild be computabile by string
theory! Simultaneously, thiswould test the conjecture.
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firror TEBA

[ aTela alalala ol
MWROQOCCOOC0

-rom sigma modeis to four-dimensional QFT

T

Non-linear Quantum
Sigma Model — Field Theory
n2D n 4D

F

Planar scaling dimensions A\ ) in Yang-Mills theory should be computable by string

theory! Simultaneously, this zwould test the conjecture.
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Non-linear ’ Quantum N
Sigma Maodel — Field Theory
i 2D in 40

r

Planar scaling dimensions A( A} in Yang-Milis theory shouid be computable by string
theory! Simultaneously, this swould test the conjecture.
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firror TBA

-rom sigma modeis to four-dimensional QFT

//—H\x //’_\“

Non-linear Quantum
Sigma Model —_— Field Theory
in 2D / in 40D

4

HK\&_/// \_//f
Planar scaling dimensions A\ in Yang-Milis theory shouid be computable by string

theory! Simuitaneously, thiswould test the conjecture.
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Non-linear Quantum
Sigma Model — Field Theory
in 2D n 4D

F

Planar scaling dimensions A(\) in Yang-Miills theory shouid be computable by string

theory! Simuitaneously, thiswould test the conjecture.
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Non-linear ; Quantum
Sigma Model S Field Theory
n2D n 4D

Planar scaling dimensions A(A) in Yang-Milis theory should be computabile by string
theory! Simuitaneously, thiswouid test the conjecture.
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firror TEA
ISCCOOOCOC0

-rom sigma modeis to four-dimensional QFT

Non-linear 7 Quantum
Sigma Model i Field Theory
n 2D n 40

Planar scaling dimensions A\ ) in Yang-Milis theory should be computable by string
theory! Simultaneously, this would test the conjecture.
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firror TBA

rom sigma modeis to four-dimensional QFT

Non-linear \ (uantum
Sigma Maodel — Field Theory
n 2D n 4D

Planar scaling dimensions A(\) in Yang-Mills theory shouid be computable by string
theory! Simultaneously, this would test the conjecture.

Pirsa: 11080040 Page 107/226




r

Non-linear ; Quantum
Sigma Model — Field Theory
n 2D n 40

Planar scaling dimensions A(\)} in Yang-Milis theory should be computable by string
theory! Simultaneously, thiswould fest the conjecture.
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Non-linear . Quantum

Sigma Model Field Theorv
n 2D in 4D

Planar scaling dimensions A(\A} in Yang-Milis theory shouid be computabie by string
theory! Simultaneously, thiswould test the conjecture.

@ Green-Schwarz superstring Metsaey. Tseytin 38
g 5 / drdo v —hh*28_ XM 53 XN Gyn( X) + fermions
@ Lc. stringsigmamodel : E - J= [", Hc Arutyunov. Froiov 04
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Non-linear /‘;;;m\

Sigma Model Field
n 2D in 4D

r

Planar scaling dimensions A\ ) in Yang-Milis theory should be computable by string
theory! Simultaneously, thiswould test the conjecture.

@ Green-Schwarz superstring Metsaev. Tseytiin 08
S == / drdo v —hh*28_XM 3, XN Gyp( X) + fermions
=
@ Lc. stringsigmamodel : E —J= [" Hc Arutyunov. Erolov ‘04
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Non-linear 7 Quantum N\

Sigma Model : Field Theory
in 2D / in 4D

Planar scaling dimensions A(\) in Yang-Milis theory shouid be computable by string
theory! Simuitaneously, this would test the conjecture.

@ Green-Schwarz superstring Metsaev. Tseytlin 38
o= E / drdo v —hh P8 XY 8; XN Gyn( X) + fermions
._.-E
@ Lc stringsigmamodel : E —J= ", H¢ Arutyunov. Erolov '04

—w) [ £
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’ " ” —
_ Non-linear ’ Quantum \
Sigma Model . Field [heory
i 2D / in 4D

Planar scaling dimensions A\ ) in Yang-Mills theory shouid be computable by string
theory! Simultaneously, thiszwould test the conjecture.

@ Green-Schwarz superstring Metsaev. Tseytiin ‘08
S rdo v —hhP8 _XMa, XN il X ) + fermions
S 5 ara hi _EXU _X’ﬂ'GA,g\, X'
@ Lc. stringsigmamodel : E—J= [T, H¢ Arutyunov. Erolov 04
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Non-linear /" Quantum \
Sigma Model : Field Theory
(19043 n 4D

Planar scaling dimensions A( A} in Yang-Mills theory shouid be computable by string
theory! Simultaneously, thiswould test the conjecture.

@ Green-Schwarz superstring Metsaey. Tseyttin 38
- — Z / drdo v —hh*28_ XM, XN Gypn( X) + fermions
@ Lc stringsigmamodel : E - J= }':J.‘E Hi e Arutyunav. Frolov ‘04
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firror THA
HSOOOTOOOCT

-rom sigma modeis to four-dimensionai QFT

" Non-linear \ 7 Quantum

'v/f 3 VJ
Planar scaling dimensions A\ ) in Yang-Mills theory shouid be computabile by string
theory! Simultaneously, thiswould test the conjecture.

@ Green-Schwarz superstring Metsaew. Tseytin 98
- z / drdo v —hh2 8 XY 5 XN Gypn( X) + fermions
@ Lc stringsigmamodel : E—J= [/ H¢ Aruiysnas, Froley 04

Pirsa: 11080040 Page 114/226




-.,_1'_"'\.._,_ %
- \
Ay 1%:“_%\:‘_
— T~ %
T \
— e — hd
e 1 i 1
k -‘.--L T A "-l-_-‘-: = [
=% == L5 T % \ 1
= — T '—u_ql.____ § L5
R 1 3 -“_—' i & B L —
= T - T
i I 1 i ¥ ll i
i 1 1 £
¥ :

—rfy =Y

2UEiNg energy L is a conserved Noether charge corresponding to the....
SO 7 stibaroun of the conformal arocup SOi(4 2

Pirsa:




J Is a conserved Noether charge corresponding to one of the
Cartan generators of SO(6)
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-rom sigma modeis to four-dimensional QFT

“  Non-linear Quantum :

Sigma Model | - | Field Theory
n 2D / in 4D /

Planar scaling dimensions A(\) in Yang-Miils theory should be computable by string
theory! Simultaneously, this would test the conjecture.

@ Green-Schwarz superstring Metsaev Tseytin 98
S = —é /d'd-'r V—hh*28, XM 55 XN Gup( X) + fermions
. | J/2 4
@ Lc stringsigmamodel : £E—J= | _H_. Arutyunov, Frolov ‘04

—d | &

@ o compute E(g) and therefore A(g). one needs io solve the
2-dim quantum sigma model on a cylinder!
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@ String integrability is the key to the solution




firror TEA

W Iy
Hatalaial  sialalals

N=4 super Yang-Mills theory

@ Maximally supersymmetric gauge theory in 4dim:
A,. . i=1.....6 and 4 Weyl fermions

n

@ Introduce X =¢' - id2. Y =3 L jd* Z = L id® D= D.

@ [he si(2)-sector consists of linear combinations of operators

Tr (fﬁmz} _ ingzm, > 0

J is the twist, and N is the spin.
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firror TEA

g g .
Rlalalaial _sialslsle

N=4 super Yang-Mills theory

@ Maximally supersymmetric gauge theory in 4dim:
A,. &, i=1.....6 and 4 Weyl fermions

@ Introduce X =¢' - 9?2, Y =3+ jo*, Z =9 +id° D=D.
@ [he si(2)-sector consists of linear combinations of operators

Jl‘ . ol
T;-(Hof‘-2), Y m=N, m>0

J is the twist, and N is the spin.
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“  Non-iinear l /"  Quantum .

Sigma Model | - Field Theory
n 20 / in 40

Planar scaling dimensions A( A} in Yang-Mills theory should be computable by string
theory! Simultaneously, this lg-m::.‘i.itci test the conjecture.

@ Green-Schwarz supersiring Metsaev. Tseytlin ‘98
a — —E / drdo ——hhu s » X'Mf"f -XN GM’N’: Xj + fermions
@ L.c. string sigmamodel : E— J = [* i | Arutyunov. Froiov ‘04

— _—

@ [o compute E(g) and therefore A(g). one needs to solve the
2-dim quantum sigma mode! on a cylinger!
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@ Siring integrability is the key to the solution



@ Maximally supersymmetric gauge theory in 4dim:
A. & i=1..... 6 and 4 Weyl fermions

@ Infroduce X ="' +-j®% Y =93+ i9*, Z =90+ 95 D=D.
@ T[he si(2)-sector consists of linear combinations of operators

ol

/ :
Tz-(HD"’"Z} , SN =N, m>0

el
K—1

J is the twist, and N is the spin.
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lirror THA
I0COOe0C000

N=4 super Yang-Mills theory

@ Maximally supersymmetric gauge theory in 4dim:
A, W =% 6 and 4 Weyl fermions
@ Infroduce X =¢' + /9% Y =93+ i9* Z =0+ id° D=D.
@ The si(2)-sector consists of linear combinations of operatars
Te ( 1 D*”*‘Z) |

J is the twist, and N is the spin.
@ These operators are dual to N-particle states of |.c. string theory.

THH:N' Fly __O

@ Spin-2 operators
I DFZY. 2> D7 "D7)

@ It N=2 and J = 2 only one operator is unprotected, and it is a
susy descendent of the Konishi operator
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\N=4 super Yang-Mills theory

P

Pirsa: 11080040

Maximally supersymmetric gauge theory in 4dim:

A,. &, i=1.....6 and 4 Weyl fermions
Introduce X = ¢' + 9% Y =9 +jd*, Z =9 +i9° D=D.
The si(2)-sector consists of linear combinations of operators

TI’(HDQZ). Y‘ﬂ;ﬁ =N, 377 _'3
\ k=1 / K—1
J is the twist, and N is the spin.
These operators are dual to N-particle states of |.c. string theory.

Spin-2 operators
2 'DFZ)Y, ‘D22 "D7)
it N =2 and J = 2 only one operator is unprotected, and it is a
susy descendent of the Konishi operator
Tr o
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summary of the TBA approach

Gauge-String Matsubara Thermodynamic
Correspondence Transform Lirmit
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firror THA

@ Semi-classical strings " Frolov, Tseytiin 02. 03

iz 3k Aa _:._-’-. ’_:_ Z:%-:.:-_ 4
@ L.c. strings in AdSs x S° R— PR TP G St SR S
@ Decompactification: J — BB . oo o 5 s s asicsaie
@ Symmetry algebra Seisert ‘05, '06: Arutyunov. Frolov. Plefka. Zamakiar ‘06

= DiS{}erSéGn relatjons Beisert. Dippel, Staudacher 04 Beisert '05: N.Dorey 06

@ S-matrix | = = __ .
@ Dressing factor and crossing egs lemandez. Lopez 06
Pirsa: 1108004 B@the ansatz Arutyunov. Froios ':'* *_'H': Pdgé:'125/226



firror TBA
Hale s s s &8 88

summary of the TBA approach

Gauge-String Matsubara Thermodynamic
Correspondence Transform Limit

‘D D -

o E— e

"
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Semi-classical strings

L.c. strings in AdSs

Decompactification: J — x

Symmetry algebra Beimert ¢
Dispersion relations i

S-matrix

Dressing factor and crossing egs

Bethe ansatz

85 Arutyunow

B P

-

s W incki Boihan m
T RN, S— A
- T =Taar=! AF=1§ -
Slefka. Zamaklar 06

ETI3Nesar & F
— T | = | | o
a - - P
Leea = More -
2UCachne -

» st “TE

=S g

E i &

S u, Do o "\ d
3 ~aucache -
Fa

- anoe T =7 o

A wov. Eroloy 06

- Nanoe s B VO
- e = e
LIDDeE ALUOSCT e 4
- ~staudacher Od
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summary of the TBA approach

Gauge-String Matsubara Thermodynamic
Correspondence Transform Limit
- ————

"

Pirsa: 11080040 Page 128/226




9

Pirsa: 11080040

Semi-classical strings

L_c. strings in AdSs < S° S

Decompactification: J —

Dispersion relations -

S-matrix

Dressing factor and crossing egs

Bethe ansatz

=
ik

3 -
[

—gicert

N 4 3 5 -
A2 3C 3 NdSiase ‘
ananoy 2oy
a. Poichinski. Soiban
S S— A
Eikg. / Maia o
Hefl = TSk ar -
nanes . -
=] B ' =] 3
3 = aldacena O
v Plefks Tiak F
Hosce — "
a1 idache A
N =1 -
= TS -
Eai S o -
- o i = S
- b Jud
3 r
Crranoe 7 acral -
) m v 0
—arnanie nes B
= i il (7 .
- B e e .
= O o c L
~ i
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firror TBA

Dispersion relation

Mirrors

— s _H— — E _u":I-‘EE-‘[ '{ p= 1 \f_-j; -1 d‘z i
i il = .i : ¥
Momentum 0 < Pp<x

Type of theory Continuum model

Giant magnon Soliton in AdSs

Bound states \ntiISYMmMELric irrep

si{ 2) sector
Physical region F Leaf” (?

S — matrix S S(z: + L,z + 22)
Bethe — Yang egs S extra /x+
Dressing factor
Pirsa: 11080040







Dressing factor

Pirsa: 11080040

Dispersion relation (2 4 g = 2arcsinh | —+/ Q2 + P2
cg "
Momentum T < < P
Type of theory Continuum model
Giant magnon Soliton in AdSs
Bound states \ntisymmetric urep
i{ 2} sector
Physical region F Leaf” (?
S — matrix S S(zy + =.20 + %)
Bethe — Yang egs . extra /x+/x—
il -5
4 i 4 = _JI4 ¥) e &
‘) L] — T




Dispersion relation

Momentum

Tvpe of theory

Giant magnon

Bound states

Physical region

S — matrnx

Bethe — Yang egs

Dressine factor

Pirsa: 11080040




@ Ground state energy is related to the free energy of the mirror
theory at temperature I = 1/J Al Zamoiodchikov 9

E(J) = J F(J)

@ Mirror TBA for the ground state is a set of nonlinear integral
equations on Y—functions. lts solution computes the free energy
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Ground state energy is related to the free energy of the mirror
theory at temperature I = 1/J AL Zamolodchikov '9C

E(J) = J F(J)

Mirror TBA for the ground state is a set of nonlinear integral
equations on Y-functions. lts solution computes the free energy

TBA egs follow from the string hypothesis Takahashi 72
for the mirror model Arutyunov. Frolov 09a
A Bethe string leads to a Y-function (Q=1.2... )
R o A i I Ve Sl ol SN
Ground state energy
el
E-Jd=——_—% / dp log(1 + Yo)
R ""—:-"FI o —OC Page 135/226
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IOOOOO000009
o S e i i et By ot Bt B

@ TBA egs can be written in various forms
e Canonical Arutyunov. Frolov ‘09(b

s Simplified
e Hybrid Arutyunov. Frolov. Suzuki 08
o Quasi-local Ralog Hegedus

@ They lead to the Y—sysiem conjeciured by Sromov, Kazakov. Vieira 09(a

@ and jump discontinuity conditions on Y—functions amsyuncv. Froiov 08
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TBA egs can be written in various forms

e Canonical Asutyenos. Frolos 008

» Simplified Pl S
o Hybrid S
e Quasi-local Balog, Hegedus 11

They lead to the Y—system conjectured by Sromov, Kazakov, Vieira '09(a

and jump discontinuity conditions on Y—funclions amsyunov. Frolov 09

L T4 [ R - i - W X J =
— W AR T R = = =

TBA egs for excited states via the contour deformatlon trtck

— -

(inspired by P. Dorey, Tateo 96) ORIFG. SERANG PN, VR T

A% T § @i Sy - - -
H - ¥ s % il

or via the Y-system and jump dlscontmwt]es 1foilowmg

SR Tp——— - o e - o o
o W | | "AY 3 - i £ --—“| Ll
’ il il -t W - L - - F il - gl Wil __.__ LWL, e e T ol Al
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@ Q = t-particle:

ogY;=—log{t+ -} ~s+log(t — —— — - ) *Ss—A3xs

@ Q-particlesfor Q > 2: log Y, = log — Q-1 * S

@ y-particles: [og — log({1 + Yg) » K¢ =

(-
i

@ M ww-strings:

[y 1w/ T g g 8 SRLIT
v vw :;Dg 4 2T UMY ‘Gg o

log Y

@ Miw-strings: logY,, . T+ TV, KT+, « S+ l0Q ——— =5

@ Ground state energy

4 -
E=J—— dp log(1 + Yp)
Pirsa: 11080040 et » Page 138/226







Excited states

.C Sl ] e el
e

implified TBA equations

@ Q = 1-particle:

0g Y, — — 0qg g R ~ 5 — 1CQ I — — 1 — — *S—[AAxS
@ Q-particles for Q > 2: log Y, = log - .3
@ y-particles: log —log{1 + Yo ) ~ K¢ —
oqgyY Y — ; f:f: + S— 06 L YAaleM ' o : '-:.C LV *MR=" 5

@ M| ww-strings:

o Y.’ —ibg = —— S+ log——— %S
g M vw . FE 0 1 7 _ yla

@ Miw-strings: logY,, gt + Y, . N1+ Y,, .S+ Ogps IOg—— % S
@ Ground state energy

=J — = > B [ dplog(t + Yg)
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@ Q-particles for Q > 2: log Y,

— log .’
@ y-particles:

WY ! L I v
ogyY Y — 2 l0q d «S—iog(1 + Yo )~Kg+2log
@ M ww-strings:
F T L 1\'/ . VW1 L V |
log Y, og - o i og =
P — g * S+ dgyr 100
M vw t + Yae, 1 t _ v
@ Miw-strings: logY,, _ g( 1 + 3+ .
@ Ground state energy

Page 145/226
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Excned states
380000000

=xcited states TBA and CDT
nspired by P. Dorey, Tateo 96

ntegration.contour |

\/

@ TBA equations for excited states differ from each other only by a choice of

the integration contour —— contour deformation trick
then taking the contour back to real mirror line produces

@ fY(z.) = -1 (oF )
i laaSir = loal1 L YY) « K- K % = d
driving term — log S(z. . Z) from log( Y) K, K(w.Z) = 52
KT + - I — — ¢ log{t + Y(w — log S{w. z) =
ent Jz, aw
= — e og{w — z_) log S{w. z) = — log S{z, . z)"29°1962%¢

Pirsa: 11080040
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-

@ y-particles:

@ Q — 1-particle:
oqa Y

-

@ Q-particlesfor Q > 2: log Y

@ M w-strings:

@ Ground state energy

Pirsa: 11080040

- ™ *l ] 4 1 - A ¥ =
S + 10g — ey — e S — LW S
y y
= s
# ¥ 0 Y
= 10g - : * S
1+ oy
il ™ —‘..
a ==,
¥ - - \ [ |~ - i i =
«S—log (1 + Yo)+Kag+2log{t1+Yqg)=K=' »5
- A - - -
T L1 1 LE I
P — ) 1—Y
M-+1 vw 5= T — :
* S + Opr 1OQ * S
3 T e P
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Excred states

ntegration.contour
r ) ;F,.H'
= T, - —
s = 1
T s

@ TBA equations for excited states differ from each other oniy by a choice of

the integration contour — contour deformation trick
@ If Y(z.) = —1 (or ) then taking the contour back to real mirror line produces

e

driving term — log S(z.. z) from log(1 + Y) + K; K(w. Z) = 5~ log S(w. 2)

Yl i e

~
L¥]

log S{w, z) =

_—— ’ p — —— § log(1 - Yi(w
aw
» - .. Page 148/226
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Excred states
00000000

@ Q-particles for Q > 2: log Yo = log -

J—1|vw '._: W -
. gy % e
@ y-particles: log = 1 =
DY Y. =< —~S—log Yo)=Kg+2log(1+Yg)xK5 *S
@ M ww-strings:
| Y 1+ Yy il
ogY,, 0g <o i i S og — %S
- * 3+ Opd -
g Wivw -~ P Y‘.»F— % . Y _ Vi
@ M| w-strings: loc : oglt + Y,, ', I+ Y « S+ oy 1OQ ~ 5
@ Ground state energy
£ —
Pirsa: 11080040
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Excied states

~@CCCCCCO

A
- —
—
e E 2
= 4 - =
¥ 7 -
Tli--h_ -

@ TBA equations for excited states differ from each other only by a choice of

the integration contour — contour deformation trick

@ If Y(z.) = —1 (or ~) then taking the contour back to real mirror line produces
Wi _loaSf(z. z loaf1 — Y) « K- ' — 1. 9 10aSi{w Z)
driving term — log S(z. . Z) from log( Y) K K(w.Z) = 5= log S(w. Z)
ogi 1 + * — ~ P log{t + Y(w . log S{w, Z} =
£ Fa aw
Pirsa: 11080040 e L / _i ogiw — Z. oa Siw. z} — — 0q S Z. . Z [Page 150/226
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Excited states

o '.C NI Y
ot A N S S e Nt

=xact Bethe equations

The spectrum of excited states

N . hS fls @
E=J+) E(x)—— ) / dp log(1 + Ya)
£ 2T —
1 7 = ol
S v

Momenta p, (or rapidities ug) are found from the exact Bethe
equations (quantization cond.)

Yi_ (px) = —1
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Excied siates

SeCOCCOCD
- e e

@ TBA equations for excited states differ from each other only by a choice of
the integration contour — contour deformation trick
@ If Y(z.) = —1 (or ) then taking the contour back to real mirror line produces

driving term — log S(z..z) from log(1 + Y) ~ K| K(w.Z) = 5——-log S(w. Z)

ogi 1 +— *r — ogit + Yiw og aolw_ 2] —
£ Za aw
Pirsa: 11080040 o - og(w — z, og Siw. Z} — — loq ,‘_.;r._". z IPag~:—>152/226
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Excited states

SCeQQCQCo

=xact Bethe equations

The spectrum of excited states

ﬁ'.‘l 4 X e &
E=J+) Em)—5=Y [ dplog(1+ Yq)
o - . .

L4 Inife —sive cOnNirbution

Momenta py (or rapidities ux) are found from the exact Beth
squations (quantization cond.)

Pirsa: 11080040
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Excied states
slsl sleslsele

=xact Bethe equations

The spectrum of excited states

E=J+) E(px)- ﬁ—_ b / dp log(1 + Yo)

+ a8’
X | el —
Bethe — fano niic —size CONIrnbulion

Momenta px (or rapidities uyx) are found from the exact B

eguations (quantization cond.)

'|,.l
|

The EBE work fine for real py.
Do they need a modification for complex ones?

Pirsa: 11080040
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Excied siates

" iy T i ] )
- QOeQCQCo

3ajnok-Janik asymptotic solution ( large J or small g and finite J )

@ Generalized Luscher formulae give the large J asymptotic solution Sainck. Jamik '08

‘3,/{.1(-_. = T,:-ﬁ\lf} .T_: (vid) T'._;-f.'.r"ir
N

Faotv} = W | ] S° 5(v.4y) +— expsuppressed
—1

@ T, , is an eigenvalue of a properly normalized su(2|2) - transfer matrix

To1(Vid) =stra S ' (v.uy ) S5 (V. ) - - - Sep, (V. Uy)
conjectured by Seisert 06
and derived by Arutyunov, de Leeuw, Suzuki. Tormeli 09

Pirsa: 11080040 Page 155/226




Excited states

—— P ——
SOCeCCoCO

3ajnok-Janik asymptotic solution ( large J or small g and finite J )

@ Generalized Luscher formulae give the large J asymptotic solution Sainck. Jamik '08

Yalv) = Talv)Tg _1(vi0) Tg1(v|D)

Ta(Vv) exp suppressed

Il

O

|
I
o'l
P &
'c_\_

@ T, , is an eigenvalue of a properly normalized su(2|2) - transfer matrix

Ta1(v]d) =stra S5 (v. 1y)SS (v, bp) -- - S (v uy) .
conjectured by Seisert 06
and derived by Arutyunov, de Leeuw. Suzuki, Tormeli ‘09

@ The BY equations (in the si(2) sector) follow from &; (u,) = —i p, and

rrsa: 110s08  All auixiliary Y°-functions are fixed by Y2 S rutyunoy. Sropage 1561226
and (almost) agree with Sromov, Kazakov. Vieira 09%a




Exciad states

— . OO0
! Yl Sl N S Sl St St

3Y equations

The main Bethe equations have the form

sl il

g
s X — 7 e o — 7 1
I =8"" HC‘J E[Ua_.i.";il_[ = _1—[ - — -~
ke s X5 — ¥ X, e X,
They are supplied with auxiliary Bethe equations for the roots y'*’ and w' x—%
[ B . ."‘-_: . T
W L X L g = 1
& - L £ — =&
17 - 11 2 s 3
X L= W X X N K ECx
a5 —x X g W T — T Y.
K* L e} U | H 1 Ck | O .E:
e o Ll W@ _y(e) 2
- = - . -

Here K'is # of particles, K", K'" are weights of four SU(2)’s of manifest symmetry of
the [.c. string sigma model. SU(4) weights [g;. p. @2| and the spins [s,. sp| are

G = K" —2K™ g = KT —2K™ s — K' — KT
p=J— H(KT +KI) + KT + K2 5, — KI — K1
Instead of weights of su(4) one can use the weights (J; . J2. J3) of SO(6)
Pirsa: 11080040 1 ‘ 1 3 -
JEJ*:EQ——EE—'—GEF L}:_—.:[Q,_._QEJ J’:::llj'f‘;—q=:'
2 2z



&) Soive the BY equations (in any grading) for a fixed set of integers

J N = r,,,\fl .KITI KII K'[i K:'H‘
The energy at g = 0 (canonical dimension) is
m— 0 = —_ \1"

Choose a solution. It is characterized by a definite set of g-dependent momenta.

UuXiiary roots are compietely lixeg Dy the momenia g, ana piay no inaepenaent
I

role in the description of the state
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Excited states

S a8 86 S8
e et el gt ot b S

-DT: General strategy

&) Soive the BY equations (in any grading) for a fixed set of integers

. N=N, NE NN KT

The energy at g = 0 (canonical dimension) is
Fg =08 =J+N

Choose a solution. It is characterized by a definite set of g-dependent momenta.

Auxiliary roots are completely fixed by the momenta p, and play no independent
role in the description of the state

© Compute asymptotic Y-functions and find zeroes and poles of 1 + Y and ¥

€ Choose contours and engineer TBA equations for the state so that the
asymptotic TBA eguations obtained by dropping terms with log(1 + Y,) are
solved by the asymptotic Y-functions

Pirsa: 11080040 Page 159/226




Excited states

They are supplied with auxiliary Bethe equations for the roots y'*’ and w'*) a = =

; e |

- Y —X X" T W "% 8 1
Doy = 1l L, =g

¥ — X X s I — ) = Y

- - — I L a3 "
1"_[ w,” — ™+ L l_[ g &
I - w} ¥ | _‘1 i i I 1 W_.': _W | - __1'

L g L | g

Here K' is # of particles, K", K™ are weights of four SU(2)’s of manifest symmetry of
the |.c. string sigma model. SU(4) weights [g;. p. g2] and the spins [s;. sp| are

S1=K[—2K” g = KI — 2KM sy = KT — K1
p—=uJd— (K" - K% K™ - K™ S5 =K' — KH
Instead of weights of su(4) one can use the weights (J;. /. J3) of SO(6)
Pirsa: 11080040 1 - , 5~ 1 Page 160/226
J=d = +2p+ Q). po=AG+q). B”h=5(@—q)
2 2 -,



o Soive the BY equations (in any grading) for a fixed set of integers

J, N=K, 6 (K= 5 K
The energy at g = O (canonical dimension) is
E":i — [A.j — J —_— M

Choose a solution. It is characterized by a definite set of g-dependent momenta.

Auxiliary roots are completely fixed by the momenta p, and piay no inaepenaent

role in the description of the state

Pirsa: 11080040 Page 161/226



Excited states

&) Solve the BY equations (in any grading) for a fixed set of integers
g, N=K, KT . K K
The energy at g = 0 (canonical dimension) is
Eg=0/8g=J+N

Choose a solution. It is characterized by a definite set of g-dependent momenta.
Auxiliary roots are compietely fixed by the momenta p, and play no independent

roie in ne gesariptan ar ne siaie

€ Compute asymptotic Y-functions and find zeroes and poles of 1 + Y and Y

€ Choose contours and engineer TBA equations for the state so that the
asymptotic TBA equations obtained by dropping terms with log(1 + Y, ) are
solved by the asymptotic Y-functions

Pirsa: 11080040 Page 162/226



Excied states

T —
SoCOecCaQo

The main Bethe equations have the form
. Py R 8 R
3 ¥, r =X —) Ay
i=e"“™ S, o (Ui, Uy) - = - ‘ =
They are supplied with auxiliary Bethe egquations for the roots y'*’ and w' —zk
i 4 [
Y X X;" | i 1
. Y e 7 k =Yk T 5
K \ il . :
[ 8 [t
F ot W, —w ) &

Here K' is # of particles, K", K™ are weights of four SU(2)’s of manifest symmeiry of
the I.c. string sigma model. SU(4) weights [q,. p. @] and the spins [sy, 5p| are

gr = KI —2K™ . g = KI — 2K sy =K' — K!
p=dJ— 3(KE + K¥) + KT + K[ s; =K' — KT

Instead of weights of su(4) one can use the weights (J;. J2. J53) of SO(6)

1 Page 163/226
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Excited states
COCCO0e000

-DT: General strategy

&) Soive the BY equations (in any grading) for a fixed set of integers
X AF - Kj . :H'EII_ K”’. K'[I‘ Kfil}
The energy at g = 0 (canonical dimension) is
Eg=8g=J+N

Choaose a solution. It is characterized by a definite set of g-dependent momenta.

4 B e S j j . S = =
AUXIIGTV rogts are ,C!"TC.F'E‘!'EJ_‘; fixeg oy ne momenita g, ana .':-‘J'E.'_V O J'TUEIEEF"CE‘.""F

role in the gescription of [he siate
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&) Soive the BY equations (in any grading) for a fixed set of integers

J. N=K_k (K= K& it K%

The energy at g = 0 (canonical dimension) is
Eg=8g=J+N

Choose a solution. It is characterized by a definite set of g-dependent momenta.

Auxi liary roots are compietely fixed by the momenta p, and piay no inaepenaent
role in the description of the state

@ Compute asympiotic Y-functions and find zeroes and poles of 1 +~ Y and ¥

€ Choose contours and engineer TBA equations for the state so that the
asymptotic TBA equations obtained by dropping terms with log(1 + Y, ) are
solved by the asympitotic Y-functions
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Excied states

&) Soive the BY equations (in any grading) for a fixed set of integers
g, N=K, K= K.
The energy at g = 0 (canonical dimension) is
Eg=Q/Ap=J+N

Choose a solution. It is characterized by a definite set of g-dependent momenta.

Auxiliary roots are completely fixed by the momenta p, and play no independent
role in the description of the state

© Compute asymptotic Y-functions and find zeroes and poles of 1 + Y and ¥

€ Choose contours and engineer TBA equations for the state so that the
asymptotic TBA equations obtained by dropping terms with log(1 + Y, ) are
solved by the asymptotic Y-functions

o Exact momenta p, are found from the exact Bethe equations (quantization cond.)

Y'L[_ﬂkf e

Pirsa: 11080040 Page 166/226

derived by analytically continuing the excited state TBA equation for Y;



_x-::mad StEIEE

@ [here are no equations to determine the exact location of the
auxiliary roots.
Y-functions are regular at the locations of auxiliary roots, /.e. do
not have neither zeroes, poles or —1's there.

Pirsa: 11080040 Page 167/226
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Pirsa: 11080040

There are no equations to determine the exact location of the
auxiliary roots.

Y-functions are regular at the locations of auxiliary roots, r.e. do
not have neither zeroes, poles or —1's there.

Asymptotic Y-functions have zeroes, poles or —1's at other
locations, and exact Y-functions have similar properties too.

Exact locations of these —1's are determined by analytically
continuing the TBA equations to these points, and setting the
Y-functions there to —1.

S
p— a i [ A e |
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Pirsa: 11080040

There are no equations to determine the exact location of the
auxiliary roots.

Y-functions are regular at the locations of auxiliary roots, r.e. do
not have neither zeroes, poles or —1's there.

@ Asymptotic Y-functions have zeroes, poles or —1's at other

locations, and exact Y-functions have similar properties too.

Exact locations of these —1's are determined by analytically
continuing the TBA eqguations to these points, and setting the
Y-functions there to —1.

—_—

e
b s

|[.l

—
T

Some zeroes, poles or —1's of asymptotic Y-functions might be
spurious and be absent in exact Y-functions.
These spurious zeroes, poles or —1's are outside the analyticity

. Page 169/226
Strip.






@ The energy spectrum computed by using the asymptotic Bethe equations is very
degenerate. Most of this degeneracy is /iffed as soon as the leading exponential

corrections are taken into account.

Consider the states
Kl—4, KE L KI=2 KZ—-0

Equations for "left” and “right™ y-roots is the same

Three y-root distributions are possible:

@ KE =0 KEf=2
e KE =2 KE—¢(
= K= =1 5 —1

All three states have the same asymptotic energy!

Pirsa: 11080040 Page 171/226



@ The energy spectrum computed by using the asymptotic Bethe equations is very

degenerate. Most of this degeneracy is //ffed as soon as the leading exponential

corrections are taken into account.

Consider the staies
K'—4, KE4+KI=2 K'=0

Three y-root distributions are possible:

@ KE =0 KE=2
& K==t K —1

All three states have the same asymptotic energy!

Pisa: 11030 - All these should be valid for states with rea/ momenta. States with complex Peee 17222

momenta require special treatment! =

4 N \ AT [ONMgeTren. WOrks pIrograss
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<{nown excited state TBA equations

Almost all states are from the s/(2) sector

T(HDF"Z) vn{.{:N M -0

J is the twist, and N is the spin or the number of particles.

@ Canonical TBA egs for two-particle Konishi-like states, A < A,

i LW Ol AW L 4 L= =

@ Hybrid, simplified and canonical TBA egs for arbltrary
two-particle states Arutyunov. Frolov. Suzuki 09

@ Hybrid TBA egs for twist-2 N-particle lightest state, A < A,

@ TBA egs for a subsector of the s/(2) sector, A\ < A

Halme  amsarh e

@ [BA egs for the tiwo states not from the s/(2) sector which are

Pirsa: 11080040 Page 173/226
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degenerate asymptotically, \ < A\ Sfondrini, van Tongeren. 11




Two-pariticie siates
OO0 ooDDoDoD0

[wo-particle states in perturbation theory

@ dual to spin-2 operators

(2 '0?2y. TH(Z* 2Dz Z’'*D2Z)

@ Log of the BY equation for two-particle stateswith py —~pp =0

iplJ +1)—log—=— —2i &p,—p) =2=xin, n>0
1

B — “'—n_,..r_"
[ =

@ At g — 0 the momentum is

™5
—
21N J +
Y il - —
By . = H —
. | 3
[ [
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Excited states

Almost all states are from the s/(2) sector

Tr(HD”*Z). S =N, m>0

ﬂ:_"l‘

J is the twist, and N is the spin or the number of particles.
@ Canonical TBA egs for two-particle Konishi-like states, A < A,

— Ok
== ' [ = Sira g
Gl S Y i EEEL. W RS I

@ Hybrid, simplified and canonical TBA egs for arbitrary
two-particle states Arutyunov. Frolov. S

@ Hybrid TBA egs for twist-2 N-particle lightest state, A\ < A

K

@ TBA eqs for a subsector of the s/(2) sector, A < A

el —— T
— 3 i e
el Lty = g e e

@ [BA egs for the tiwo states not from the s/(2) sector which are

Pirsa: 11080040 Page 175/226
)

degenerate asymptotically, A\ < A\, Sfondrini, van Tongeren. 11




Two-particle states

P a—
COCCCOCCCQC

[wo-particle states in perturbation theory

@ dual to spin-2 operators

(2 '0?2y. THZ* 2DZ 2’ *D2)

@ Log of the BY equation for two-particle stateswith py —pp =0

p{J+1)—log——— —2f p.—p) =2=xin, n>0
@ At g — 0 the momentum is
: 271 J + 1
i —— =1
o ._'n'l i 2
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Two-particie siaies

.C lalalalalal el al el ] s
(ELL L L e Bl

[wo-particle states in perturbation theory

@ dual to spin-2 operators
N2, BRI
@ Log of the BY equation for two-particle stateswith p;y —pp =0
ip(J + 1) —log B p.—p) =2xin. n>0
@ At g — 0 the momentum is
e — E_FH rn — 1 J + 1
e I =T B 2
@ The corresponding rapidity
Upn——U3,, Ui,—cot—
 Zata b 3
Pirsa: 11050 At [arge g the integer n coincides with the siring level PRl
@ ForKonichi J — 2 and n — 1



Two-particie states

—-._‘—”—- —-.C—- OOO0O0
e St ot Nt e e St St Nt S

At g ~ 0 the following classification of two-particle states in the sl(2)-sector

takes place Arutyunov. Frolov, Suzuk
Type of a state | Y-functions Number of zeros
I Y. 2
[ Y3ives Yotss 2+2
1l £ . . 44242
IV Yiivw: Y2lwws Y3ivw, Yalvw | 4+44+2+2

- 1¥Re of a state depends on how many Y,.-functions have zeroes inthe .. ...
rescaled analvticity strip [Im(u) < 1



Initial cond. — Yiisw: Yoium 5.9
- Yiwe Y2uwe V3w 4+2+2
g | : Virni Yorus Yoy Vrn 4+4+2+2
Yy Yoruws Yavws Yaiwws Yoiw | 4+4+4+242 |

Yijws Y2pws - Ll

The change of analytic properties of Y's in the analyticity strip
changes the TBA equations. This leads to the issue of critical values
pirsa: £1080446) 2 coupling_ Page 179/226




Two-parncie states

- e Talalalal s
SeCCCQCCCQo

At g ~ 0 the following classification of two-particle states in the s[(2)-sector

takes place Arutyunowv. Frolow. Suzuils
Type of a state | Y-functions Number of zeros
| L Yy ive 2
IV Y" VW s Yg' VW - Yﬂ VW -« Y4 VW 4+4+2+‘2
k —F K Y‘f VW 1 YE"J'W" . - n 4+4+

- 1¥Re of a state depends on how many Y...-functions have zeroes inthe .. ...
rescaled analvticity strip Im(u) < 1



wo—pamcie states
0Ceco0000000

=volution of asymptotic Y-functions

Initial cond. — | Y, s
Yo

g V1w
:Yivw

| ) T

Y2 vw
Yévw-y%vw

Tl

-vaw-*%vw-*ﬁww

e

Yéva

2+2

4+2+2
4+44+2+2 |
4+4+4+2+2;

4+4+

The change of analytic properties of Y's in the analyticity strip
changes the TBA equations. This leads to the issue of critical values

Page 181/226



Two-parncie states
slalel _olalslslslalsls

Strong coupling expansion

vd: 3 u, T - = -
_tVIFEAT Gy T = 2y \13 2 2 1) iA
VX VX (PA)3/4 X (A

@ Expansionis in 1/v n2\, nis the string level of a 2-particle state

Pirsa: 11080040
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Two-partcle states

——— P ———
alals s aislsislelsle

E!J-":( \) = C_1VINFA+Cy+ s = 5 = T \\&5/4 |

@ Expansionis in 1

Pirsa: 11080040

i
"

TN ViEn (PARRA A (PAp/

ne\, nis the string level of a 2-particle state

2 from the flat space string spectrum  Gubser. Kiebanov. Poiyakoy ‘98

and BYE

g L
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VX VX (MAP/A4A 2X (mR))5/4

@ Expansionis in 1/v n2\, nis the string level of a 2-particle state

@ Cc_; = 2 from the flat space string spectrum Gubser Kiebanov, Poiyakov 98
and BYE Arutyunav. Frolov. Staudacher 04
@ ¢ = 0 from BYE and free fermion model A rutyunov, Frolov ‘05
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Two-parncie states

1 OOeCCOCoa00
DQQ0 QOCOCOo0

— —_—— =

E,_',--._{.‘I*Ll} — C_"I L: ir?z \._'_ | : % "k = _‘:,_, P 58 F— : =5 =
(.M YN VN (PAPR/4A T P ()54

@ Expansionis in 1/v 2\, nis the string level of a 2-particle state

_y = 2 from the flat space string spectrum Gubser Kiebanov. Poiyakov ‘98
and BYE Arutyunov. Frolov. Staudacher 04
@ ¢, = 0 from BYE and free fermion model A rutyunov. Frolov ‘05

@ Other coefficients are functions of J and n

Pirsa: 11080040 Page 185/226



Two-parficie siaies
slelel olalolelelelsls

Strong coupling expansion

- . B R —_—_—
L’

m\ vm\ (mEX)S/4 72 (Mm))5/4

—

@ Expansionisin 1/v A\, nis the string level of a 2-particle state

@ c_; = 2 from the flat space string spectrum Gubser Kiebanov, Poiyakov 98
and BYE Arutvunov. Frolov. Staudacher 04
@ ¢; = 0 from BYE and free fermion model i i

@ Other coefficients are functions of J and n

@ ¢ = 0 777 due to supersymmetry Roiban, Tseytlin ‘09
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Pirsa: 11080040

Two-paricie states

Tl ey e
JCQeCCCQCCOC

Expansion is in 1/v/ n2)\, nis the string level of a 2-particle state

_y = 2 from the flat space string specirum Gubser. Kiebanov. Poiyakov '98
and BYE Arutyunov. Frolov. Staudacher 04

co = 0 from BYE and free fermion model A rutyunov, Frolov ‘05

Other coefficients are functions of J and n

c; = 0 777 due to supersymmetry Roiban, Tseytiin 08
~_ — 0 12172172 o -
Lok — U . T 37 3K =ira -
. £ = Cq 3 Cs
E‘Jﬂ{.\}:xn«?_\(2+ — + -+ 55 +
\ VA MA (n))3/2
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Two-pariticie states

=Talal i Pt alalal i
QO eCCCCOO0

<onishi dimension from TBA

TBA eqgs were solved numerically up to g = 7.2 (A = 2047) S

Eztd)
12t s se
10} o dots — numerics,

| s red — 2v/A

8t £
b :l‘ T
g A
500 1000 1300 2000
m T RN Jeira "Hp

@ Uptog=4.1 () =~ 664) agreement with
@ Setling g = ¢ = ¢4 = 0, one gets ¢;

' from GKV numerics

1.988 260 6.2\

[\'}

GKV
v A

Pirsa: 11080040
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2 R =

1 + al00—/ AT

From numerics one would conciude that it asymptotes to —2,
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Two-particle states

& B W .[ OOCOe
LS L AL et et Nt e Nt N

-arge )\ expansion from numerics

@ In general an asymptotic series cannot be found reliably from numerical data

?—91;1;_.' o 4/ . 45

2 %1% — B

1 + al00— /AT

From numerics one would conciude that it asymptotes to —2

@ We have to assume that exponentially suppressed terms become very small
already at the values of \ we are dealing with.
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Two-pariticle siaies

sielsss e alaer
Slalsals e sl

-arge )\ expansion from numerics

@ In general an asymptotic series cannot be found reliably from numerical data

1"{‘. - % i 19
'1_ - EI.-.. ’ - =
2 Y =)

4 ___e]:i':_._ A +1

From numerics one would conclude that it asymptotes to —2 7'\

@ We have to assume that exponentially suppressed terms become very small
already at the values of \ we are dealing with.

@ If \ is not large enough then one needs to make an assumption about the

structure of the large \ expansion, for example to decide if the series contains all
possible terms or some of them vanish.
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In general an asymptotic series cannot be found reliably from numerical data

From numerics one would conciude that it asymptotes to -2/

We have to assume that exponentially suppressed terms become very small
already at the values of A we are dealing with.

If \ is not large enough then one needs to make an assumption about the

structure of the large \ expansion, for example to decide if the series contains all
possible terms or some of them vanish.

Fitting numerical data one should decide how many terms to keep in an
asymptotic series, and what fitting interval to use.
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Two-paricie states

SO000e000000
o e L R R et ot et Yot o B

-arge )\ expansion from numerics

Pirsa: 11080040

In general an asymptotic series cannot be found reliably from numerical data

1_9124}--_T‘:*“ . Jadas
2 ﬂ_“_i'x—&T — 2

'I = ik e].}c'—', A+

From numerics one would conclude that it asymptotes to —2 '\

We have to assume that exponentially suppressed terms become very small
already at the values of \ we are dealing with.

If A\ is not large enough then one needs to make an assumption about the
structure of the large \ expansion, for example to decide if the series contains all
possible terms or some of them vanish.

Fitting numerical data one shouid decide how many terms to keep in an
asymptotic series, and what fitting interval to use.

A function can approach its asymptotic series monotonically or in oscillations,
and it does not seem possible to single out one from numerics. In fact, using the
standard least-square fitting procedure wouid always lead to an oscillating
behavior of numerical data about a fitting function.
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Two-particle states

JeQCCcCecCCcQo
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Two-particle states
200000800000

Ewl\) =2¥\ —0027 1438 216 kL 1886 4 L 42389
i v Y b A y 1".—1-

0 C_1 :2 Gj:U

B ~ 4 3Q 5 4 4 15 7 79

EH!"lZd,r \ +— —— —+— L b SRR, e §- = .
°C—':2-G']:D C1:2

E.—q A} = :j‘-".'r'.;_-_ ; - i ;._. - 2 85 ™ }.92 ik 6 08

| - - 4 — ._. _-h El _.' _?_L
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Fittingthe dataforg = [1.4. 7 2]

No condition on ¢;

Ex (A) = 2.00005 X+ '- "‘:-Jf.g_\. -
— 2 was confirmed '
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Two-parncie siates

T alal e

e )

-arge )\ expansion from numerics

Fitting the data for g < [1.4.7.2], one gets — oion
@ No condition on ¢;
Exi =15 020N o8 uh o8 a3
@ c =2
Ex(A)=2V2—-0027+%2 518 1805 417 e
s —2 0h—4
Eul)=—205 1 20 6 eor , &45 29
P s —2 00— —4
Ex =23+ £ - R - R+ 2+ 30
®c — ] e -V e
Ex(A) =2VA+ &= - E:;g.' — 28~ ;lﬂ_
@ ¢c=00=0,¢c=0
Ex(A) =200005YX + 1oy _ 21384 , 745048
Pt ¢, = 2 was confirmed 277 by o e pageto7p2s




Two-pariicle siates

slolelalololal Julolels
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Erid)— 2 A7 —2A
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SO 1000 I SO0 2000
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Two-parncie siates

cTalalalalalals —
plelalatalalolel il

Fog1,(g) — 2AY4
; . &
. dots — numerics minus 2/ A,

AL = T Llasym T &N

F Asymptotic estimate:

: @™ 177, @™ ~ 213

1: . ; o
- Numerics: ¢ =~ 1.85

[ L]

i -

I L 3

L 3
- »
- .
L3
E .
[ .
- @ R _

1 e L —

l__ = e * .
= = = = 2
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dots — numerics minus 2\,

-,

o~
- —_—
=g |

Asymptotic estimate:

ASVITI — A5 M ~ ~
- ~+ 1 f Y- ~ <
T = = ~".'-'-c|_1r\_:' - i'Tu

Numerics: g ~ 1.85

EJI
I J

L
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Two-particie states

ccQCcoQocCeQd

@ Fitting the data for g = [1.4,3.4], one gets

e —06=—0 c—=0

,— 491748 1.24309 9.64361

Ein(A) =2.0022V A +

___" \-\ . 1". -3 "'1" \5 '4'
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Two-partcie siates

A ~
SCQQoQOCCeC

St it N M N

@ Fitting the data for g = [1.4,3.4], one gets
e G—00=—0 c—10

- .~ 491748 124309 9.64361
E 4.11'1.\\} = 2.UUZZV A + T — 37 - = 54
V A AT S
eaCs=266=—0=00=
— . .. 500948 247288 14.9027
E:-.t*;.(-“nl!:g‘h AT “\ 5 \3/4 L3 \5/4
o Isc; =5777
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Two-particle states

2CQCQQOCCOeO

002}
10 1.5 20 Z 30 ”
_,1(1"; = "....--
e ™ .‘". — - - [ ] e -
[ * . & a a B . -

et
—{) 6 -
Pirsa: 11080040 Page 203/226




Two-parncie states
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Two-particie states

s Talalala e
aleld e sls alsls e

“1 (J"

E, - (\) =2V G(J.n) o(J.n) c(d.n)
(Mt} — Al {2 e molear o m——— . a = .
vV M=A v "'"?2 A (FTL -,“]_. i
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21(dJ,

S g—— C(d.n) c(Jd.n) c(d.n)
E- J_,"?.( A ] = 2V EN + A — ..— = e
vV e vV e\ (MA)°

§

2 + % from BYE and free fermions  ansunov. sroioy

@ From TBA rolov 27

@ C,° (J,n) =

n

e G2 NadaZ D=2 >all1) =% 41

o fc(3.1) =c(4.1) =0, then
C‘][_S.TT] = TE.GH‘-']-.T}?:E > C1bd. | T_—'
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Two-particle states

JoQuaococoace

1(J,n) =2, c(J,.n) =07

@ ¢, "(J.n) =4 + 5 from BYE and free fermions  antyunov. Frofov 08

@ From [BA Croloy

|

e &2(2.1)=0,c(2.1) =2 = ¢(J. 1) =L + 1
o If &5(3.1) = c»(4.1) =0, then

—_ =

c1(3,1)~ 13 (4. 1)x5=>c(J. 1) =% + 1
e ~0,¢(4,2)=5,¢(5.2)~ 2 = ¢(J.2) = + 1
e If & =0 then

c1(6.3) =9, (7.3) =~ — = ¢1(J.3)=—

()
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Two-particie states

cTelaeleeiaalalar
JO0QOCQCCOQe

21(J,n) =2, c(J,n) =07

@ c¢;7"™(J.n) =< + % from BYE and free fermions  anusyunov. Sroiov 05

@ From TBA rolov 77

w
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V e\

@ c, (J.n)=
@ From TBA

4 T2

Pirsa: 11080%) I-.: Xt |

@ C(2.1) = 0, C*{:2‘ = 2.
o lfc(3.1) = C(4.1) = J. then

Co(J. N)

ca(J. n)

\ ﬂ2 \

If'?z\J‘: 4

-~ + 1 from BYE and free fermions
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Two-pariticle states

scQoooccaoe

n(J,n) =2,c(J,n) =07

E.. o (A) = 2V c(d.n) o(J.n) ca(d,n)
() = N AT —FF— + S e o ik
vV e vV e\ AT

oy [ P +

@ c. (J.n) = %+ + 5 from BYE and free fermions Arutyunov, Frolov ‘05

@ From TBA Crolov 27

e 02(2.1)=0,¢c1(2,1)= 2, = ¢ (J.1 1
ci(3.1) =~ 12 c(4.1) =~ 5= ¢c(J. 1 J< 4 9

e ~0,6(4.2)=5,¢(5.2) =~ 2 = ¢(J.2) = 5 + 1
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PSU(2. 214) and TBA

s Talal s

90000

’SU(2, 2/4): General facts

@ Dynkin labels of a state are related to excitation numbers

g = KT — 2K™@ sy =K' — K"
p=J— KT L KiI) L gl . k! s, = KT — K1
g = KT 2Kt

@ PSU(2,2|4) acts on asymptotic solutions provided the level-matching is satisfied

Page 211/226
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’SU(2,2/4): General facts

@ Dynkin labels of a state are related to excitation numbers

gy = KT —2k™ sy =K'—KZI
p=J— (KT + KI) + KT + KITI s = K! — K1
@ = KT -2k

@ PSU(2.2|4) acts on asymptotic solutions provided the level-matching is satisfied

@ States in the same multiplet have the same anomalous dimension and canonical
ones which may differ by a (half-)integer

™
— ) « ) L|'

E=J+Y ,/1t+4g?sin®° =
v d.

Putting g = 0 gives the canonical dimension £ = J + K'. Adding a particle with
zero momentum p — 0 (U = ~c) increases canonical dimension by 1.

@ Superconformal primary has the lowest canonical dimension in the muitipiet!

Pirsa: 11080“) States can have roois v'=’ = y x} 4 .—- and w'<’ located at Enﬁn[ty Page 212/226



PSU(2, 2]4) and TBA

P
Q900

A state in a multiplet

Typical muitiplet of 2'¢ states

F T - 4 | ._'_'; I'_.'- F-‘._ " 1
';__-'! e I | |:_ W I(DL'_I i ||,':_:."""q ] s ::OIH_",_ ..j U nws

@ The superconformal primary (hws) has four y-roots and two w-roots at ~

m
m

eg — &, Jhws — vreg —

AW ]

TWS
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PSU(2, 2|4) and TBA
olotsl o

’SU(2, 2/4)-symmetry is built-in to TBA!

@ Bajnok-Janik formula for the asymptotic Y, works for any state

Nl
-

@® On the other hand

Only for the vacuum L1gs = Jreg. as the corresponding susy
Is atypical (short)

Pirsa: 11080040

W
YS(v) = Ta(v) Tg _1(vid) Tg(vid), To(v) =e Y0¥ || S
@ Since S* 3 (v.~) = 1, one gets
wreg  ——(cE_ i V&,
Ta=T e 2V .

| hus, L1ga coincides with the maximum J-charge in a susy multiplet!

multiplet
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'he mirror TBA: from string hypothesis to the exact spectrum

o Ground state TBA egs follow from the string hypothesis
© TBA egs for excited states are determined by the ground state ones via the CDT

O TBA eqgs are written for the whole superconformal muitipiet.
PSU(2. 2 4) invariance is built-in A rutyunov, Frolov ‘11

o TBA eqgs for states composed of particles with rea/ momeniz can be obtained

€ States containing particies with complex momenta (e. g bound states) still
represent a challenge Arutyunov. Frolov. van Tongeren (work in progress

& The form of the equations depends on ). For infinitely many states there are
critical values of A\, crossing which the TBA egs must be modified.

&) For a given operator, is the number of critical values infinite or finite (or even 0)?

O We found no evidence that up to the overall factor 2 V) the large A expansion
is in powers of 1//\. Is the expansion in powers of 1/ ' \?

& The numerics we performed is not sufficient to gwe deﬁmte answers to (m)any
questions. Analytical methods are necessary. NLIE
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Quantum integrability of |.c. string theory and its mirror

Symmetry algebra of |.c. string theory and its mirror in the
decompactification limit Seisert '05; Arutyunov, Frolov, Plefka, Zamaidar 06

BES dressing factor Seisert, Eden, Staudacher ‘06
Bajnok-Janik asymptotic solution Bajnok, Janik
String hypothesis for the mirror model Arutyunov, Frolov ‘09
Universality of the contour deformation trick

Universality of the exact Bethe equations Y:.(px) = —1
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'he mirror TBA: from string hypothesis to the exact spectrum

Pirsa: 11080040

© 00 0 00 000

Ground state TBA egs follow from the string hypothesis

.—.-i

BA egs for excited states are determined by the ground state ones via the CDT

TBA egs are written for the whole superconformal muitiplet.
PSU(2. 2 4) invariance is built-in A rutyunov. Frolov 11

TBA egs for states composed of particles with real momenia can be obtained

States Cﬂnt&inlng ﬂanlCtES with complex momenta (e. g bﬂund states) still
represent a challenge Arutyunov. Frolov. van Tongeren (work in progress

The form of the equations depends on \. For infinitely many states there are
critical values of \, crossing which the TBA egs must be modified.

For a given operator, is the number of critical values /nfinife or finite (or even 0)?

We found no evidence that up to the overall factor 2 v ﬁia_ the large A expansion
IS in powers of 1/ A, Is the expansion in powers of 1/ \?

The numerics we performed is not sufficient to give dehmte answers to (m)any
questions. Analytical methods are necessary. NLIE 7
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'he mirror TBA: from string hypothesis to the exact spectrum

000000 00O
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)

Ground state TBA egs follow from the string hypothesis

(

s |

I'BA egs for excited states are determined by the ground state ones via the CDT

TBA egs are written for the whole superconformal muitiplet.
PSU(2. 2/4) invariance is built-in Arutyunov. Froiov

TBA egs for states composed of particles with rea/ momeniz can be obtained

States containing particles with complex momenta (e. g bound states; still
represent a challenge Arutyunov. Frolov. van Tongeren (work in progress

The form of the equations depends on . For infinitely many states there are
critical values of A, crossing which the TBA egs must be modified.

For a given operator, is the number of critical values infinife or finite (or even 0)7?

We found no ew dEFCE that up to the overall factor 2v/'n2\ the large A\ expansion
is in powers of 1//\. Is the expansion in powers of 1/ /' \?

The numerics we performed is not sufficient to gwe dehmte answers to (m)any
questions. Analytical methods are necessary. NLIE

Page 218/226



e 000 0 © 0O

Quantum integrability of |.c. string theory and its mirror

Symmetry algebra of |.c. string theory and its mirror in the
decompactification limit Seisert '05; Arutyunov, Frolov, Plefka. Zamakiar 06

BES dressing factor Seisert. Eden, Staudacher 06
Bajnok-Janik asymptotic solution
String hypothesis for the mirror model \rutyunov, Frolov '09
Universality of the contour deformation trick

Universality of the exact Bethe equations Yi.(px) = —1
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Quantum integrability of |.c. string theory and its mirror

Symmetry algebra of |.c. string theory and its mirror in the
decompactification limit Seisert 05; Arutyunov, Frolov, Plefika, Zamakdar 06

BES dressing factor Seisert, Eden. Staudacher ‘06
Bajnok-Janik asymptotic solution Sajnok. Janik
String hypothesis for the mirror model Arutyunov, Erolov ‘09
Universality of the contour deformation trick

Universality of the exact Bethe equations Yi.(px) = —1
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Two-parncie siates

JcQoccoccaoe

(J.n) =2, c(J,n) =07

- g—=—  G(Jd.n) oc(Jd.n ca(J.n)
E!u'-_.ﬂ::('ll\.:! —— 21'- r=A +— —1' — o - - ) D ..«n... : .* i
vV NEA v X (M))3/4

& C° LN — from BYE and free fermions  anstyunov, Frolov 08

4
——
.

|

4

@ From [BA Frolov 27
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21(J,n) =2, 6a(J,n) =07

. — ci(J.n)  c(Jd.n) ca(J. n)
Eialdl=2veEh b —— - — " .. i s,
W l'r?é ¥ ['T‘i '\]u e

_'_,...--"

~
%]

-

§

@ c. (J.n) = T + 1 from BYE and free fermions Arutyunov, Frolov '08

@ From TBA ~rolov

AR,
()
xS
B
N
|
|
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Tm—pamcie stares

Fitting the data for g = [1.4. 7 2], one gets ~rolow
@ No condition on ¢;
Ex(A\)=199V +021 2% 108 3172 220 1.
® e ;3=2
Ex(\)=2VA-0027+ 52 - 22 5B =17 23
ey —=2 85—~
Ex()) =2¥x 4+ 198 _ - 4;:4 + 415, 279
B e 3—Z 5 —00—2
Ex(\) =2¥X+- 2 0034 285 L 002, 608
S cis=2g=—0La=20o0-—10U
Ex(\) =2VX+-2 — 328 , 2688 378
P p—U0—-0c—0
Ex()) = 2.00005 X + 199237 _ 272847 | 7.451s5
Preac 11000040 o — 2 was confirmed 277 by fallilo, Mazzucaits >
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Two-particie states

Expansion is in 1/v n2)\, nis the string level of a 2-particle state

_y = 2 from the flat space string spectrum Gubser. Kiebanov. Poiyakov ‘98
and BYE Arutvunov. Frolov. Staudacher 04

co = 0 from BYE and free fermion model A rutyunov. Frolov 05
Other coefficients are functions of J and n
c; = 0 777 due to supersymmetry Qoiban, Tseytiin 09
~ N 3 rlwrl V.
L2k — Vo mov, Kazakov, Vieira b
. e BT TR C1 C3 5
Eom(A)=VmERA{2+ + —; —_—

Page 224/226



21(J,n) =2, 6a(J,n) =07

Pirsa: 11080W
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Two-paricie siates

JoQooQoaccace

CE[J‘ .'r?:]

1)~ 0,c(2,1) =~ 2

~ a4 e o

—

13 —~ 13. C1I

1
—

Co( 4.

1) =0, then
41‘_5 > Cil o

~ 5 ’:1152} ~ ::3 —-

(q.‘z l’h]i 4

® C,° (J,n)= £ . 1 from BYE and free fermions

@ From BA

S
1
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Two-partcie siates

T
o sl s s slelsa el

1(J.- ﬂ') =7, CZ(J* n) =07

W _oymay . &dn) | e(d.n)  c(d.n)
EumA) =2Vm@A+ ==+ ==+ 50 +.

=

vV e vV e (MA)/*

+ L from BYE and free fermions Arutyunov, Erolov ‘05

J-
& "2

@ From TBA Frolo

2(2.1) = 0,¢c(2.1) =2, = c1(J. 1) = & + 1
2. 1l =08 . 1) —0 then

=

c1(3.1) = TE.C1{'4.T§?;5 s Rl 1 S 4 1

@ C, " (J.n) =

—t
L)
(%

e =~0,¢(4,2)=5,¢(52)~ 2 = ¢(J.2) =5 + 1
e It &c =0 then
(6.3} =9, c(/.3) =
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