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Verifying the Recursion Relations

'Outline for Today:
'® Organizing strategy for supersymmetric functions in Mathematica

¢ (possibly also: “opt-in” human-friendly formatting for complex formulae.)
'@ Evaluating tree amplitudes for particular g-compenents

¢ Expanding all ‘hatted’ momentum twistors in terms of external twistors

¢ Picking out particular 7-components
-+ Checking internal consistency of the recursed amplitudes.
¢ Generalizing our recursion algorithm for randomized ‘schemes.’

‘Code Developed During Last Lecture:

befwFartitionsfa & 1:=SelectFlatteniTahief{{n-af+d, k-kiE-1}, (oiG ki) ] {of 4 0-1], (RE. O, 0E=3}7 1]  Panctioni{n L}, (Ssklsni-4) §| (oL=3GRki—0) fo@n[1]]&:;
tarmaInBERwin & f: mm{- E}=TE[ {i=0% ] | {t=o-&), 1, ( {(Total | (Tioesds{ternsIoRrPReses:] ) bifbefuPartitsons{n, & [ +tormeTnB0PWlin—-L, 21} ) 1 ;
. ML toE &L ki iof B ‘Tiwistoriahels [r=Sisckif{fat, ofat, leftLahelfange, rigntiebelianged, leftiahel Esngestvistoriabelisf [Tr-ab] focight Lebel fenge=twiscoriabi
By 1;-;m=h[,=:_u l.obength[{ label Baoge} | -4, 0, Trae, (Rf =] 0o labelRsace} [ [1; -2 T+Iotal (bofuBridoge( =] [ { Dakel Racge] | seeebcinPactitions {Leng
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Verifying the Recursion Relations

'Qutline for Today:
'® Organizing strategy for supersymmetric functions in Mathematica

¢ (possibly also: “opt-in” human-friendly formatting for complex formulae.)
'@ Evaluating tree amplitudes for particular g-components

¢ Expanding all ‘hatted” momentum twistors in terms of external twistors

¢ Picking out particular 7-components
* Checking internal consistency of the recursed amplitudes.
¢ Generalizing our recursion algorithm for randomized ‘schemes.’

‘Code Developed During Last Lecture:

befwPartitionsfz & 1:-Select{Flatten(Table!{{o-af+l, X-kE-1}, {oB KR}}, (o, 4,o-1} , (kK 0, of~4}7 1] - Pupctioni{ni EL}, (OsELsal-4f || (oh=3GRkL=0)Tee@s{[11T&1;
termsIzBEFWiz & I: Fo, ki =TEf {e=0) | | {z=2-4) I, {{Total | [TioezdS{terne IolCFREEEs] | &/ BbcfuPartitions {n, 4] | vbormaToBCPWlin-1, 21} ) 1

.;fﬂ:idgt[i.:i_,;:;‘} OE kR FlTiwistoriabale |r=Binek|F{int afat, [eftLebelinnge rightishel fangef IeftLebniksngestistoriabel ] [Ti;aE] | ;rightiehal fenge=tviscoriai
§RfE ] [labeimacgs Tolhich[i=0.1,0Lengthf{ latel fangel | -4, 0, Trow, (Rf 2700 [abelReags) | [1; 7 -2] [+Total (Befulridoni =] [ { label Ranoe] | porehe fufFact i £ions [Lanyg
1 & ]:=treeamp{=, i]=Tf[Eead] o] ——=plas, Listees =) seRvpend] (A[ iTeeRange! ]| / /. befuliecursal; Page 3/530
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'® Organizing strategy for supersymmetric functions in Mathematica
¢ (possibly also: “opt-in” human-friendly formatting for complex formulae.)
'® Evaluating tree amplitudes for particular -components

¢ Expanding all “hatted” momentum twistors in terms of external twistors

¢ Picking out particular 7-components
* Checking internal consistency of the recursed amplitudes.
¢ Generalizing our recursion algorithm for randomized “schemes.’

'Code Developed During Last Lecture:

befuFprtitionnfa & 1:-Select|Flatten|Tablel[{o-afed, k-kB-1}, {oR AR}}, {0, 4, 0-1], (RR 0L nE=31] 1], FPunctioni{ol kL], (0skiinf-4) | | (al=JGRsL=0) OB [I1]&:;
termsTnREFRin & o= fo ] =TE[ (E=0F ] | (E=o-&) 1, [ (Total | [Tioeses{termeIalCFRese= | &/ Shefufartitions {0, &1 | vtermaToBEFWia-1 , 5F) ) 1 ;

befamridaefinf kL E(of ki Yiiteistorfabels |--SEmek[fiEst, ofar, laftiahaliacge, crightishel anged, leftlabel Sarge=twistorinbel s [ {1 ol T orightiahn i Eange~ivistorial
befiftecurse={A[k |[lsbeizange [Which[E—=0,.1, i>Length{{ labelRaooe}]-4, 0 Troe; (A[ k)08 Isbelisage} [ T1;;-11] +Total [Befdridge( == [ { latelfange) | seeehcfuPertitions{Lang
teeshmpis i |i=tresAmpin il-If[Eesd]s]-=-Plas, Listaey, | =) weRspand] (A[L] 2eRamge!c]| // . befulisenrse] ;

‘The Status Quo

'L-&st time, we finished by defining the function treeAmpin_k ]
§ o for 8-point N2VHY, we have
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Vertfying the Recursion Relations

'QOutline for Today:

® Organizing strategy for supersymmetric functions in Mathematica
¢ (possibly also: “opt-in” human-friendly formatting for complex formulae.)
'® Evaluating tree amplitudes for particular 7-components

¢ Expanding all ‘hatted” momentum twistors in terms of external twistors

¢ Picking out particular 7-components
-+ Checking internal consistency of the recursed amplitudes.

¢ Generalizing our recursion algorithm for randomized ‘schemes.’

'Code Developed During Last Lecture:

befwFertitionsin & ]:-Selsct[Flatten[Tahlef{{o-aR+I, k-kiE- 1};5{-:.5,&2}'} {0, &, o<1}, (kR 0, nE=41T 1] ,Functioni oL, kL1, (0SECSnE-§) f | (2L=3GREL—0) TeET[1] 1&l;
termeIsBEFWin & [:-CormsInBOFWfe, &l =IL[ (E=0}| | (E=c-4}, 1, ((Total] (TioesssternsInBiFweses| | &/ shofuPartitions{n, ] [ +termeInBCFWio-1,57) ) 15

befeaaridanf{nf kL Fo(02 k@ (liwmistorLabals |:-sloek|{{8at ofat, laftlabelEange, rightizhelsange}, [aftlabnilange-twisroriabnl [T ol [ rrightiabaldanme=——tuiseariah
-bcﬁllumlc{kﬂﬂ [[abaiZangs [oethdeh[i=0 1 kEengthi{lsbelfangal]-4& 0, Troe, (L& oe [apeifange} [ [1; ;=21 [ +Total (befulridoni =] [ { Iabel Ranoe} | poeebeinFactitions [Lany
Lresdmpis T_.w-,#lﬂifm" ===Flus, Ligt@ey |7} sEErpend] (AT CeRange’ ]| // . befulecurse’] ;
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(Veﬁfying the Recursion Relations

'QOutline for Today:

'® Organizing strategy for supersymmetric functions in Mathematica
¢ (possibly also: “opt-in” human-friendly formatting for compiex formuiae.)
'@ Evaluating tree amplitudes for particular 7-components

¢ Expanding all ‘hatted” momentum twistors in terms of external twistors

¢ Picking out particular 7-components
- Checking internal consistency of the recursed amplitudes.

¢ Generalizing our recursion algorithm for randomized “schemes.’

'Code Developed During Last Lecture:

befwFartitionxin & 1i-Select[Flatten/Tahisf{{s-afsd, S-kE-1} F{nf kRF}, {08, 4, 0=L}, (KR O, 0E=417, 17 Finctionf {al 0}, (OSECnE-4) || (L=dEEkL=0f TO@RI[1]1&3;
termEIaBCFW! = ,.s xbnmmﬂz,m_rﬂu_u}I|;.ls-v'-&},l.f{mﬂl{(ﬂ:ﬂm::mm}]mt:'m{n,szﬂrtmzm:-l,k}ﬂ};

befusridgef (of ‘L Friok ki Pl [ewistorfabels | :=Hisekf{{Eat, nEae, LeftLahel Ranoe, riohtZahel 2anned, laftLabslange=sviseariabela [T car] TorightEabaiange=Evistorial
N M{HH [ sbalZange  [»HRECHfE=0, L,n)r:[.nnq,th[{._zm- Fanoel]=-4,0, Troe, (Af s]ee [soe[fancel | [1r7-27 T+Total [ befulridonl =] [ { litel Range) | sepebofuPartitiones [Tang
= = SreeBmpiz i T: mf..,.d_ﬂ'ﬂﬂ"“--ﬁmw {=)} ] seExpand] (A[ ] 2eRamge’ o] | // . befufecurse] ;
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¢ (possibly also: “opt-in” human-friendly formatting for complex formulae.)
@ Evaluating tree amplitudes for particular 7-compenents

¢ Expanding all "hatted’ momentum twistors in terms of external twistors

¢ Picking out particular 7-components
+ Checking internal consistency of the recursed amplitudes.

¢ Generalizing our recursion algorithm for randomized “schemes.’

‘Code Developed During Last Lecture:

befapprtitionsin & 1i-Select{Flstreo{Tahief | [1-akel E-kE-1}, (ak A%}, (o, 4,2-1}, (KA OpcE-8}T7, 1], Funetiond {ok, KL}, (OSELLRD-4) [ | (al=3REEC =0} jem=y [ 1] TR} ;
temsInRPTRTE & T: fo, kT =TE[ [e=0% | | { E=o=4) , L, [ {Total [ [Tioesds{ terms InBCFRONES] | i/ @bcfuPertitioms{n, &7 | +bormeTnBCFWin-1, 7)) 1 ;

befaleidgeinl &L |, (0E kf []itwistorfabels |-=-Blnek]{{ist, ofat, leftlahelEange; rightTabhal anged, leftiobel Senon=tyigtariabplz [ [Tz sl T rightinhal Range=ivistariak
befeRecorse={k{: [[labelFscge ]»Wkich[ir=0 .1, oCeogth{ lapelianoe;]-4,0, Tram, (RETeeL [aselfange} [ 15 7-27 T+Iotal (hefulridoel o] [ { Jade fange | | koeebefelartitions [ Tamg
treedopfs o | i=treedmpin, f=If[Besd]s]=—-Plas, Listeew | =} soEypand] (Al L] ceRangel nl| / /. befufecursel ;

'The Status Quo
Last time, we finished by defining the function treeAmpin_k ]
2...{or &-point N2MHYV, we have
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‘Code Developed During Last Lecture:

"7 befwartitionsia ,k I:-Select{Flattem|Tsble{{{s-aRs2, i-kE-1}, (sR,kR1}, [aR, 4,01}, (KR, 0,08-43T, 11, Pumctionf oL, kL], (0sECsai-4) | | (ao=3ERac=0) Jeas([11]&l;
termSIaBEFWi= i | :=termsInBCPW[= l=TE[[i=0} || (k=1-4},1, [ (Total[ (Tizeseei }) b/ SbefuPartitions{n, ] | +ermeInBCEWl =1, 7)) ] ;
befaBcidge( ol kL | (02  kf F]{twistoriahals T:-Sloekl[fixt;ofat, ledtLabeliange, rightichel dnnged, Iaft Lahel Saroesiwistoriabeds FEY rol] T -rightiabelRenge=<twistoriah)
befuRecurse={A(4 | [labeiiasge |sWhich[i=0,1,Length|{labela0ge}]-4,0, Troe, (A[L188S ase fancs} [ [1;;-2] ] +Total [befuBridge| == | [ { labelfarse] | soeebofuPartitions (Lang
treelEpin , i ] :=treedmp(=, iT=If[Eead! =] -—-Plos List@esr (o} 8Bxpend] (AL 28Ramgei o] | // . befufiecurse] -

‘The Status Quo

Last time, we finished by defining the function treeAmpin_k |
e.g., for 8-point N“MHV, we have

‘trm;_ﬂ‘ 2]
Durﬁﬁtgoalwﬁibetﬂwaluate&meﬁmchﬂnﬁgwm the external data.

Supersymmetry in Mathematica

Recall the standard “R-invariant”

éﬂ mqﬁ{w}%{m)%(mﬂﬁ{ﬁﬁ)’%(m}} Page 8/530
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‘Code Developed During Last Lecture:

befuPprtitionsin & ]i-Selset] i [ [a-afel K-ki~1}, (2 2%}], {0, 4, 2=1}, (KR, 0, cE=4}7, 1T  Panetionf (ol ki}, (OukD<af-§) || (cL=3EkkL=0} Toex 1] 1&};
termeISBCFWT S & [i-CermsInBEFNinD #I_I!E{x-_ﬁ}“ta:-_-n-ﬂ,l, [ {Totall (Tizes@s{termz InRCEWESe| ) ifeboiuPartitions o, 27 | +EormeIaRCEWl oL, 27) ) [ 5

betwaridegnf{of. ki Folof kf [1itwistortabels 1:=sloek|{ifst nfat Lefilabel Eange, rightiabel Bange], Ioft Label Range-twisroriabed s [1; roL] [ rright Cabal REnge=iwistara
befulecuraa={R{k [[[abalEasge  |»Rkiehfe=0 1 oiesythi{ labeldangal]-£ 0, Tene, (RLET oo [ane [ Raage} [ [157-21 ] +Total (Defulridoni o] [ { labolfacgn| ] bonebeferares £ions [Tang
treeRopis & | i=treelmpio, o] =IfEead] o] -==Flos, Cisteey. | o) | EEErpand] (R[] eRange] ]| //. befufscnrse] ;

'The Status Quo

Last time, we finished by defining the function treeAmpin_k |
e.g., for 8-point N“MHV, we have

treeamp(s, 2]
Our first goal will be to evaluate these functions given the external data.

Supersymmetry in Mathematica

Recall the standard “R-invariant”

Rla b d o] - 2o naoede) et desb e bed)
= (abed)(bede){cdea)(deab)(eabe)
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Ve will describe all supersvmmetric funchons as a pair of obiects:
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‘Code Developed During Last Lecture:

bofwfactitionsfn & 1:=Select{rlattesitabief{{o-afsd, k-ki=-1}, fok, RREL, fok 4, 0=1} (k8. 0,08~411, 1], Punctionf{as ki, (Bskisni-4)} | (AL=JGRki~0) TO@= 11151 ;
termsInBEFHIn & [ roternsEeRERW(a, o7 =IS[ (f=0% | [ (f=o-4) L. | (Total[ (TiosseedtsonsToRrFmeses] | bfShcfyFastitions [0, 1 | +tormeoRePWio-L 2F) ) ] 5
befwarideeffal kLt (nE k5 YliwistorCabsis |:-=Bloek|[iEar ofat; leftLahelfange rightizhal Ranged, laft Cabed Range=tydsroriabel o {1 rar ] ferightizba i Renge=twistartal

befefersrsp={Ki1 [ [lsholFasga  [oHkich[E=0.1, w{m.mgﬂ}]—ifnrm{i{k]!{-ImIME}ﬂl,.-IT}J-—MMEE:E}[-E akel Bapoes) ] pOtebefufart: tions [Lang
toeelRwpfs o [i=treedmpis o] =T Eead( 5T -—-Plas Listees, |-} | sEErpand{ (2] 4] eeRangei ]} / /. befulecnrse] ;

‘The Status Quo

Last time, we finished by defining the function treeAmpin_k ]
e.g., for 8-point N*MHBV, we have

rigk=

treeAmp (8, 2] I

M EiL, 2, 3,4, capf {4, 5}, {T, 6 LITEREL,. £, 5
Bfl, 2, 3,4, capf{4, 5}, {8, T, L} I RiL, &. 5,
RfI, Z, 3, 5, capf{5, 6}, {8, 7, I}1T RE, 5 6,
=z =
i,

. 8T,
7. 81, (L, 2, 3, 4, 5 BIL, 5, 6. 7, 8],

T, 81, RI1, 3, ¢, 5, capi(S, 6}, (8, 7, JII REL, 5,6, 7, 81,
R[1, 2, 3, 5, 6] Rlcapi{2, 3}, (6, 5 1}], % 4 5 capl{6, 5. (3, 2, 1311,

01, 2. 3, 6, 71 Rieapt (2, 31, (7, 6, 131, 3, &y 31 61

811, 2, 3, 6, 7] Rleani (2, 33, (7, 6, 1}], 3. 4, 6, can{(7, 61, (3, 2, 1}]],

R{1, 2, 3, 6, 7] Rleapi (2, 3, (T, 6, L], 4 5, 6, capi{?, 61, (3, 2, L} ],

RfL, 2, 3, 7, 8] Rleapi(2, 3}, {8, 7, L}], 3.4, 5, 6], R(L, 2, 3, 7, 8] Rlcapi{Z, 3}, {8, 7, 1}], 3, 4,6, 71,
BEL, 2, %, 7, 8] RicapiiZ, 31, {8, T, i1, 3, & 7, capl(®, 7}, (3, Z, L1,
&RIL, 2, 3, T, 8] Rlcapt(Z, 3}, (8, 7 L], 4.5 6 71,

R, 7. 5.7, SIR(emiIZ, 31, (8, T, 111, 4, 5, 7, cani(S, Th, (3 2. 1111,
[B(1, 2, 3,7, 8] Rleapi(2, 3}, (8,7, 1}, 5 6, T, capi (8, T}, (3. 2, LHI1,
R R K- B T Yl mennE FECEL BT B TR R e E EY. CFEOFESTELETT
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befwPartitionsfn &k ]i-Select{flatten({Tahlef[{z-af+l, k-ka-1}, (oR AR}Y, {of 4, 0-1}, (kR Q,0i-43T 1] Punctionf{nl kil (JeECsni-4) | | (oCodakki—0) Teesi 1] 1&1;
termeIAREFWin & | i-termsInBEFW[n, il =IE] [E=0) | [ (f=a-4] I, ((Total[ (Tissane| tarmeInnirpeses| | &/shefurartitions{n, o] [ +EarmeTnRerwWlo- L, 21} 12

etanridgeffar il ¥ (o2 iR (]itwistoriabeis |r=Sloek( it ofet, leftbabelEavee, rightTehel tange} laftLabel Sspgentwistoriabel o[ (X rok] | rrightiabel tenge-twistorial
befwlieenrse={kik [[libsiFasgs [oRhichlic=—0. 1, Dieagth]{labelfaooe}]-40, Tooe (R{ k] eed [shelfeags} [ [L; =11 T+Total [hefulridgw] o] [ { Iabed Basge) | pepebeineartitions [Lang
tremfopis & |i=treedmpi=, ] =Ti{Eesd] o] -—==0los Listess [} TieRypand( (A[ L] eeRamgeic] | / /. befullecarse] ;

fr"-f S

EE"’ Mﬂ&’?’r o u'{,t*f’-f Lff.{:”;u =

The Status Quo
Last time, we finished by defining the function treeAmpin_k |
e.g., for 8-point N"MHV, we have

treedmp[8, 2]

{R[1, 2, 3, &, cap[{4, 5}, {T, 6, I}]] R[L, &, 5, 6, 7],
B{1;2, 3, & capii4, 5}, (&, 7. L31T BIE, 4, 5. T, 6, Bf1, 2, 5, &, ST R{L 5. 6, 7. 8,

R(1, 2, 3, 5, capl{5, 6}, (8 7, 1]11R(L, 5, 6,7, 8], R(L, 3, 4 5, cap({5, 6}, (8, 7, L] R(L, 5, 6, 7, 81,
RfI, 2, 3, 5, 6] R[cap{ {Z, 3}, {6, 5, 1}], 3. &4, 5, capf (6,5}, {3, Z, L}]],

{1, 2.3, 6, 7] K[capi(Z, 3}, {7, &, L}], 3, 4 5, 6],

Ril, 2, 3, 6, 7] Rjcapl {Z, 3}, (7,6, L],3,4, 6, cap[{7,6:, {3,2,1L]],

R[1, 2, 3, 6, 7] R[capi {Z, 3}, {7, &, L}], 4, 5, &, cap{ (7, 6}, {3, Z, L}]],

R(1, 2,3, 7, 8] Ricap((2, 31, (8, 7, 111, 3, 4, 5, 61, R(1, 2, 3, 7, 8] Rlcap((Z, 31, (8, 7, L], 3, 4, 6, 71,
BiL, 2,37, B Eleapi |2, 3}, {8, 7, L}, 3 & 7, capf {8, Tl . {3; Z, L}]],

RfL, Z, 3, 7. 8] Rfeapi {Z, 3, (8, T, L}], 4, 5, 6, 71,

Ri1,2,3,7,8] Rlcapi (2, 3}, {8, T, L}], & 5, T, cap( {8, 7], (3, 2, L}]],

-,5[1 2,3, 7,8 Rlcapi (Z, 3}, {8, 7,1}],5, 6,7, capl{8, 7}, (3,Z, L;]],

111!)36013 4, 6, 7] Ricapi {3, 4}, {7, 6, 1:']; &, 5, E.r c?:g[{'?r &, (4,3, L}[], ——
(1, 3, & 7, B] R[capi {3, &}, {8, 7, L} ], 4.5, & 71,

FUET T & T RTBieaniiT & (B T IV & & T eomti@ 71 (& T FTETT.
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M{l{& I[Mim IM{MLM{{MM}] -4.0, Trae, {LEHMI&MLW}[IL,-IIHWIWHLL{ mmapmm
traedmmio = ] r=treekmpio, ] -Ti{Eead] 5] =—-Ples Listaser, | <} | feErpand| (L[ &7 ceRangei 0] | // . befullecucse] ;

The Status Quo
Last time, we finished by defining the function treeAmpin_k |

e.g., for 8-point N“MHYV, we have
" | treehmp(8, 2]
~= | {B{L, 2, 3, &, conl {4, 5}, (T, 6. L}  BEY, 4, 5, & 7},
Bf:, 2. 3. 5 opt{E. S5, (8. 7. L LB 4, 5. 7,8 .51, 2. 3. 4. 5T RL. 5. 6. 7. B,
BiL, Z, 3, 5, capi{5, 6}, (&, T, D311 BfL, 5. 65 T, 8], BEL, 3, &, 5, capi (5, 6}, (8, 7, I} L RBEL, 5. G, 7, 8],
RfL, 2, 3, 5, 6] Blcapi{Z, 3}, (6, 5, L}], 3. 4, 5. cap((6, 51, {3, 2, 1}]],
B[1, 2, 3, 6, 7] Blcapi{Z, 3}, {7, &, L}], 3, 4, 5, 6],
R[1, 2, 3, 6, 7] B{capi{Z, 3}, {7, 6, L}], 3, 4, 6, capi (7, 6}, {3, 2, L}]],
B{I, 2, 3, 6, 7] Rlcapi(Z, 3}, {7, 6, LI, & 5, 6, capi (7, 61, {3, 2, L}]],
RfL, 2, 3, 7, 8] BRlcapi{Z, 3}, (8, T, L}], 3, & 5, €, B[1, 2, 3, T, 8] Rleapi{Z, 3}, {8, 7, 1}], 3, &, &, 7],
R{L, 2, %, 7, 8] Blcap{(Z, 3}, (8, 7, L}], 3, & 7, capi (8, T}. {3, 2, LI T,
BfL, 2, 3, 7, 8] Eleapi{Z, 3}, (8, T, L}, & 5. 6. 7],
Rf%, Z, 3, 7, B BleapiiZ, 3}, (8, 7, L}, & 5. 7, capf {8, 7}, (3, Z. L}] ],
{1, 2, 3, 7, 8] BRleapi(Z, 3}, {8, T, L}], 5, 6, 7, capl{®, 7}, (3, Z, L],
3, 4, 6, 7] Rleapi(3, 4}, {7, 6, 1}], 4, 5, 6, cap{ (7, 61, {4, 3, L]],
3, & 7, 8 Bjcepi (3, &, (8,7, 1}], 4, 5. 6. 7],
3, 4, 7, 8] Rlcapi(3, 4}, {8, 7, LI, 4. 5, 7, capi (8, 7}, {4, 3, L}[T,
3, 4,7, 8] Bicapi(3, &1, (8, 7, L], 5, &, T, cap((8, 7], {4, 3, L}]], s
& 5 T BFRilesoi . St 8. T V. 5% 6. T-csaiftB. T i59. & FEEEE 5
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‘The Status Quo

Last time, we finished by defining the function treeAmpin_k |
e.g., for 8-point N“MHV, we have

o {Rfl 2y 34, copf{%, 5], [T, & 11| RflL, 4. 5, &, T],

Bfi,Z. 3, 4 capi{%, 5}, (&, 7, L} Rf1,. 4, 5.7, 8], %8I 2 3 & 38567, 8],

r{1, 2, 3, 5, cap[{5, &}, (&, 7, 11][ R[1, 5, 6, 7, &[, R[L, 3, 4, 5, cap({5, &}, {8, 7, 1}]] R[1, 5, &, 7, &,
B[L,. Z. 5 5y 6] Blespi (2, 3%, 16,5 L] » 30 £ 50 ool 180 310 (50 20 LE] DS

RiL, 6, 7] Rlcapi(Z, 3], {7, 6, Li], 3, 4, 5, 6],

RIL, 6, 7] Rlcapi{Z, 31, (7, 6, Li], 3, &, 6, cap[(7, 6}, {3, 2, LI]],

RIL, &, 7] Rlcapi{Z, 31, {7, 6, 1}], 4, 5, 6, cap{{7, 6], {3, 2, L}]],

RIL, T, 8] RlcapiiZ, 3}, {8, 7, 1}], 3,4 5,6],R[1,2,3,7, 8] RleapiiZ, 3}, (8 7, Li], 3, 4 6, 7],
RIL, T, 8] Rlcapl{Z, 31, (&, 7, 1i], 3, 4, 7, cap({8, 71, {3, 2, LI]],

EEI Tr EI R[mI'{Z"’ i]s {E,. Tr ]'-]']! {'“-: 5lr E-r TE:

RIL, 7, 8] Rlcapi{2, 3}, {8, 7, L}1, 4 5, 7, cap{{8, 7], {3, Z, L}]],

RIL, T, 8] Rlcapl{Z, 3], (8, 7, L}], 5, 6, 7, cap( (8, 71, {3, 2, LI]],

RIL, 6, 7] Rlcapi({3, ¢}, (7,6, 1}, 4 5, 6, cap[{7, &, {4, 3, L}]], |
alL, T, 8] Rlcapi{3, 41, {8, 7, L}, 4, 5, 6, 7],

RIL, 7, 8] Rlcapi {3, 41, (8, 7, L], & 5, 7, cap[ {8, 7], {4, 3, L}]],
RIL, 3 4,7,8] Rlcapi{3, &}, (&, 7, L}], 5, 6, 7, cap[ {8, T}, {4, 3, LI]],
= R[1, 4.5, 7, 8] Rcapi {4, 5], {8, 7, L}], 5, 6, 7, cap{{8, 7}, {5, & L}]]]

E?fﬁt gﬂ&l Wiﬁ bE fo EF&iH&ItE thﬁe funﬂﬁﬂns giVEf[ t}]_e m data_ Page 13/530
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| Ihe Status Quo
Last time, we finished by defining the function treeAmp(n_k_|
e.g., for 8-point N°MHYV, we have

l.:"‘

 treeamp(8, 2]

= | (A(L, 2, 3, 4, capi{4, 5}, (T, 6, 1111 BLL, &, 5, 6, 71,

Ri{l, 2, 3, 4, cap|{4, 5}, {&,.7,1}]] R[L, & 5,7, 8], R{1, 2, 3, 4 5] R[L, 5.6, 7, &],

rRii, 2, 3, 5, cap{{5, 6}, {8,7,1}]] R[1, 5, 6, 7, 8], R{1, 3, & 5, cap({5, 6}, {&, 7, 1}]] R(L, 5, 6,7, 8],
R(1, Z, 3, 5, 6] Blcapi(Z, 31, {6, 5, I}1, % & 5, cap((6, 5}, (3, Z, L1,

r(1, 2, 3,6, 7] E-[capl'{z, 31, {7, 6, L}], 3, 4,5, 6],

{1, 2,3, 6, 7] R[capi{2, 3}, {7, 6, L}], 3, 4, 6, cap[ (7, &, {3, 2, L}]],

R{L, Z, 3, 6, 7] Ricapi (2, 3}, {7, 6, L}], 4, 5, 6, capi(7, 61, (3,2, 1}]],

Ri{1, 2, 3, 7, 8] R[capi (2, 3}, {8, 7, L}], 3, 4, 5, 6], R[1, 2, 3, 7, 8] Rfcapi{Z, 3}, {8, 7, L}], 3,4, 6,7],
R{l, 2,3, 7,8 Ricapi{ {Z,3}, (&, T, L}], 3, 4, T, capl {8, 7}, {3, Z, L}]],

Ri{l, 2, 3, 7, 8] Rlcapi {2, 3}, {8, 7, L}], 4, 5, 6, 7],

B{L, Z, 3, 7, 8] Rlcapi{Z, 1}, (8, T, 1}], 4, 5, 7, cap((8, T3, {3, Z, L[],
Ri1, 2, 3,7, 8] Rlcapi(2, 3}, {8, 7, L}], 5, 6, 7, cap{(§&, 7}, {3, 2, L}]], .
Rfl, 3, 4, 6, 7] R[capi{{3, &}, {7, 6, 1}], 4, 5, 6, cap{{7, &}, {4, 3, L}]],
R{l, 3, 4,7, 8] Rlcapi{3, &}, 8, 7, 1L}], 4, 5,6, 7], :
| BIL,3,4,7, 8] Ricapi(3, &, (8, T, i1, & 5, 7, cap( (8, T}, (4, 3, L}]],
l R[1, 3, 4,7, 8] R[capi{3, &}, {8, 7, L}], 5, 6,7, cap[(8&, 7}, {4, 3, L}]], I
w B(I, 45,7, 8] R{capi {4, 5}, {8, 7+ L}], 5, 6, 7, cap{ {8, T}, {3, &+ L}]|]} |

¥t goal will be to evaluate these functions given the external data. Page 14/530
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The Status Quo

Last time, we finished by defining the function treeAmpin_k |

e.g., for 8-point N°MHYV, we have
| treeAmp(8, 2]

= | (BIL, 2, 3, &, capf{4, 5}, {7, 6 L}]1 BEL, £, 5, 6, 71,

R(L, 2, 3, 4, capl(4, 5], (8, 7, J]IK(L, &, 5, 7, 81, R[1, 2, 3, 4, 5] R[L, 5, 6, 7, 8],

RIL, Z, 3, 5, capf{5S, 6}, (8, T, L1311 BiE, 5, 6, 7, 8F, R{L, 3, &, 5, c=p[{5, 6}, {8, 7, L}1 LKL, 5, 6, 7, 8F,

Ril, 2, 3, 5, 6] R{capl{Z, 31, (6, 5.- Ll r 3¢ & 5, capl (&, 5}, {3, 2, L}]],

Bf1, 2, 3, 6, 7] Rfcapi{Z, 3}, {7, 6, Li], 3, 4, 5, 6},

Rf{l, 2, 3, &, 7] R[capif2, 3}, (7, 6, L], 3, &, 6, cap[{7, &1, {3, 2,.L1}]],

®f1, 2, 3, 6, 7] R{capi {2, 3}, {7, 6, L}], &, 5, &, cap{(7, 6}, {3, Z, L}]],

R{1, 2, 3, T, 8] Rjeapi (2, 3}, (8, T, L}], 3, 4,5, 6], {1, Z, 3, T, 8] Rleapi{2, 3}, {§, 7, 1], %, &, 6, 7],
T, 8] Rlcapi {2, 3}, {8, 7o L], 3 & 7, capl {8, T}, {3, 2, L}]],

Ef1l, Z, 3,7, 8] Rlcapi {Z, 3}, {8, 7, L}[, 4.5, 6, 7],
7, 8] Rieapi(Z, 3}, {8, T, Li], 4. 5. 7, capi{8, T}, {3, L, T[T,

Rfl, 2,3, 7, 8] Rlcapi {2, 3}, (8, T, 1L}],5,6,7,capl{8, 7}, {3, 2.1}]],

Rfl, 3, 4, 6, 7] R[cap{ {3, &}, {7, 6, 1}], 4, 5, &, cap| {7, 6, {4, 3, L}]],

BfL, 3, &7, 8 Rlcapi {3, £, {8, 7, L], 4. 5, 6. 7],

Rl1, 3, 4 7, 8] Rlcapi{3, 4], (8 7, Li], 4¢3, 7, capi {8, 7}, {& 3, L}]],

Ril, 3,4, 7,8 Rlcapi {3, &4}, (8,7, L}], 5, 6, 7, cap({{8, 7], {4 3, L}]],
-&;R[l % 5, 7, 8] Rlcapi{4, 5}, (B, 7T, L} ], 5, 6, 7, cap{ {8, T}, {3, &+ L}]]]

B¥st goal will be to evaluate these functions given the external data. Page 15/530
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e.g., for 8-point N“MHYV, we have

“= | treehmp(8, 2]

e |
atBE=

{(R[1, 24 3; 4, cap({4, 53], (7, 6, L1]IR[1, 4, 3, 6, 7],

BfE, Z, 3, &, capl {4, 5}, (& 7, I}1[ B[L, & 5, T, 8], B{L, Z, 3, &, S| R{L, 5, 6. 7, 8],

BEL, Z, 3, 5. capf{S, &}, (&, 7, L}][ BfL, 5, 6 7, 8], RfL, 3, &, 5, cap{{5, &}, {8, 7, E}]] BEL, 5, 6. 7, @[,
R[1, 2, 3, 5, 6] Rcapl{Z, 3], (6,3, LI ], 3, &, 5, cap( (&, 51, {3, 2, LI]],

BiI, 6, 7] Bleapi{Z, 3}, {7, 6, Li]; ¥, & 5, €,

R{L, 6, 7] Rlcapi{2, 31, (T, 6, LI, 3, 4, 6, capl(7, 61, {3, 2, L}]],

R[L, &, 7] R[capl{2Z, 3], {7, 6, L}], 4, 3, &, cap( {7, &, {3, Z, L}]],

RIL, 7, 8] Rlcapi(2, 3], (8,7, 1}], 3,4, 5,68],.R[L, 2, 3, 7, 8] Rleapi (2, 3}, {8, 7, 1}], 3, 4, 6, 7],
R[L, T, 8] Rlcapi{Z, 31, (8, 7, 1}], 3, 4, 7, capi{8, 7}, {3, 2, L1]],

RIL, T, 8] Rlcapi(2, 3], (& 7, L], 4 5, & 7],

R{1, 2, 3, 7, 8] Rlcapl{Z, 3], {8, T, L}], 4, 3, 7, capl {8, 7}, (3, 2, LI]],

RLL, T, 8] Rlcapi2, 3], (& 7, 111, 5, 6, 7, capl{8, 71, (3, 2, LI]],

Rf1, 3,4, 6, 7] R[capl {3, &1, (T, 6, L}], 4, 3, &, cap[{7, 6], {& 3, LI]],

R[1, 3, 4,7, 8] R[capi (3, &}, (8, 7, L}], 4, 3, 6, 7],

&[L, L 4, 7, 8] Rlcapi{3, 41, (& 7, L], 4 5, 7, capl{8, 71, {& 3, LI1],

Rf1, 3, 4,7, 8] Rfcapi{3, 4}, (8, 7, L}], 5, 6, 7, cap{ {8, T}, {4, 3, L}]],

R{1, 4, 5, 7, 8] R{capi (%, 5], (& T, L}1, 5, 6, 7, cap({8, T}, {5, & L}]]}

Our first goal will be to evaluate these functions given the external data.
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'i;ﬂli-.r Lp 3 %y CED{%, 31, ifr “r Lirll 5‘-£J-r ‘kr 3! Bp Ilr

Bfi. 2,3 4, capi{%, 5}, (8,7 11T BfE,. 4,5, 7,8}, R{1. 2, 3, 4. 5181 56,7, B,

R{1, Z, 3, 5, capl{S, 6}, {8, T, L}IT B[L, 5, 6, 7, 8], R(L, 3, 4,5, capi{5, 6}, {8 7, L} R[1, 5, 6,7, 8],
®(1, Z, 3, 5, 6] R[capi{Z, 3}, (& 5, L}], 3, 4 5, capl{6&, 3}, {3, 2. L}]], '
&il, 2, 3, 6, 7] R[capi {2, 31, {7, 6, L}], 3. & 5, 6],

R{l, 2,3, 6, 7] Rlcapi{Z, 3], {7, 6, L}], 3, &, 6, cap[{7, 6], (3,2, L}]],

{1, 2,3, 6, 7] R[capi{Z, 3}, {7, 6, L}], 4, 5, 6, cap[{7, 6;, {3, 2, L1]],

®fl, 2, 3,7, 8] R[capifZ, 3}, {8, 7, L}],3, 4,5, 6],R[1, 2 3,7, 8] Rlcapi{Z, 3}, (&, 7, 1}], 3, 4, 6, 7],

Ril. Z, 3.7, 8] Rjcapf{Z, 3}, {8, 7, E}], 3. 4. T, capi {8, T}, {3. 2, L}]],

R(1,2,3,7,8] Rlecapi(2, 3], (8,7, L], 4 5,6, 7],

#[1,2,3,7,8] Rlcapi {Z, 3}, {8, 7, L}], 4,5, 7, cap[ {8, 7}, {3, 2, L}]],

R{l1, 2, 3,7, 8] Rfcapi {Z, 31, {8, 7, L}[, 5,6, T, cap{{8, T}, {3, Z, L}]],

Ril, 3,4, 6, 7] R{capi {3, 4}, {7, 6, L}], 4.5, 6, cap[{7, 6;, {4, 3, L1]],

R[I, 3, &, T, 8] Blcapi(3, &, {8, 7, 1}], 4,5, 6. 7],

Bf1,3,4,7, 8] Rlcapi {3, 4}, {8, 7, L}, 4 5, T, capl {8, 7}, {4 3, L}]],

RiL, 3, 4.7 8] Bjcapi{3, &, {8, 7, L}], 5, 6 7, capf {8, T}, {& 3, L}]], '
g, 5

R[1, » 1, 8] Rlcapi {4, 5}, (8 7, 1}], 5, 6, 7, cap({8&, 7}, {3, & LI]]}

-

Our first goal will be to evaluate these functions given the external data.

Supersymmetry in Mathematica
Recall the standard “R-invariant”

8913, (bedey+y (cdea)+7, (deab)-+74(eabe)+, (abed))
{M}M}(M{M}{ﬂ) Page 17/530
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Ril, 2, 3, 5, capl{3, 6}, {&, 7, L}/ R[L, 3,6, 7, 8], R[L, 3, &, 5, cap[{5, &}, {8, 7, LI]I RIL, 5,6, 7, 8], |
&ll, 2, 3, 5, 8] Rfcapi (2, 3}, (6, 3, L}], 3, &, 3, cap[(6, 3], (3, Z, L}]], |
Ri1, 2, 3, 6, 7] Rcapi {Z, 31, (7,6, 1}], 3, 4, 5, 6],

R[l,2,3,6,7] R[capi{2, 3], (7,6, 1:], 3,4 6, cap[{7, 8], {3, 2, L}]],

R(L, 2, 3, 6, 7] Rlcapi (2, 31, (7, 6, L}], & 5, 6, capl {7, 6}, {3, 2, L}]],

R{1, 2, 3, 7, 8] Rlcapi(2Z, 3}, {8, 7, Li], 3, 4 5, 6] R[L, 2, 3, 7, 8] Rlcapi ({2, 3}, (& 7, 1}], 3, 4, & 7],
Ril, 2, 3, 7, 8] Rfcapi {Z, 3}, {& T, L}], 3, 4, T, cap{{8, T}, {3, 2, L}]],

Ril, 2, 3,7, 8] Rlcapl(Z, 3}, (8, 7T, Li], 4 3, 6, 7],

R[L, T, 8] Rlcapl{Z, 3}, {8, T, Li], 4 3, 7, capl {8, T}, {3, 2, L}]],

&[1, 7, 8] Rleap( (2, 3], (8, 7, L}], 5,6, 7, cap((8, 7], {3, 2, LI]],

RIL, 6, 7] Rlcapi {3, 4}, {7, 6, L}], 4 3, 6, capl{7, 6}, {4, 3, L}]],

RiL, T, Bf Bjeapi{I, 4], {8, 7, L}, & 5, 6. 7],

RI[L, 7, 8] R[capi{3, 4}, (8,7, Li], 4 3,7, cap[{8, 7], {4 3, LI]],

RIL, 7, 8] Rlcapi (3, 4], (8, 7, L}], 5, 6, 7, capl(8, 7], {4, 3, L}]], :
RIL, T, 8] Rlcap{ (&, 51, (8 T, L}], 3, 6, 7, cap{{8, 7}, {3, & Li]]] |
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Our first goal will be to evaluate these functions given the external data.

Supersymmetry in Mathematica

Recall the standard “R-invariant”

8014 (1, (bede)-+7y (cdeay+n, (deab)+74(eabe)+ 7o (abed))
R[&J:f c.d,e] = .
(abed )(bede){cdea)(deab)(eabc)

'=11080011 Page 18/530

Vo wrill deceribe all sunercvmmetric funchons as 3 nair of obiects:
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BiL, Z, 3,?, ]R[c:&;l fZ I}, 43 Ty 1} ],%,5,& y i
R{l. 2, 3,7, 8] Ricapi (2, 3}, (8, 7, L}], 4 3, 7, cap({8, 7], (3, 2, L}] ], ,
Ril, 2, 3,7, 8] R[capi {2, 3}, {8, 7, L}], 5, 6, 7, cap( {8, 7}, {3, 2, LI]],
Ril, 3, &, 6, 7] Rlcapi (3, &}, (7,6, L}], 4, 5, 6, cap[{7, &}, {& 3, Li]],
R[1,3, 4, 7, 8 Rlcapi {3, &}, (8 7, L}], 45,6, 7],
. Efl, 3, 4,7, 8] Rlcapi (3, &}, {& T, L}], 4 5, 7, cap{ {8, T}, {4, 3, L}]],
Ril, 3, & 7, 8] Rlcapi(3, 4}, (8, 7, Li], 5,6, 7, cap[{8, 7], {4 3, L}]], |
Rfl, 4,5, 7, 8] R{capi (%, 5t, {8, 7, L}|, 5, 6, 7, cap{ {8, T}, {5, & Li]]! |

Qur first goal will be to evaluate these functions given the external data.

Supersymmetry in Mathematica
Recall the standard “R-invartant”

61 (bode)+m (cdea) 417 (deaby-+7geabe)-+e(abed))
| (abed )(bede){cdea)(deab)(eabce)
We will describe all supersymmetric functions as a pair of objects:
- “residue”: a bosonic function of external data
e “dMatrix": the matrix of coefficients for Fermionic variables appearing in the Fermionic -functions.
Ve'll put these together as a list of the form {residue dMatrix}. e.g.,

: 11080011 Page 19/530
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befw: part degx.ab:

BfE, %, 3. T,
L, L. 35,7,
BfE,. X 3T,
Bfl, 3.4, 6,
BEL, X, 4.7
BfY, X, 4,1
BiI, 3. 4.7
| I 4.5 1T

jr”rf/iiii,{ff_; Lffnik_:f_—*fa{ }Kii’f”rﬁ'ﬁﬂr e"f Ffr’ j;g

8] Rlcapi(Z, {& T L], E,S,ﬁ Els

8] RlcapiiZ, ln (8,7, L}, 4,3, 7, cap (8, 7}, (3, 2, LI]],
8] R[capi{Z, 3], {8, 7, L}], 5, 6,7, capl{§, 7}, {3, Z, L}]],
| Ricapi{3, &1, {7, 6, L}], & 5, 6, cap{{7, &, {4 3, L}]],
Rlcapi{3, &}, (8, T, L} ], 4.5, 6, 7],

Rlcapi{3, 4}, {8, 7, L}], 4, 5, 7, cap{ {8, T}, {4, 3. L}]],

I
I B[

» 8] Rlcapi {3, &}, (8, 7, 1!], 5,6, 7, cap[ ({8, 7], {4 3, L}] ],
1 R

capi {4, 5}, (8, 7, 1}], 3, 6, T, cap({8, 7}, {3, & Li]]}

r‘f _é

173
_.*':_._.._

Qur first goal will be to evaluate these functions given the external data.

Supersymmetry in Mathematica

Recall the standard “R-invariant”

imgmg¢ﬂ=

8013, (bedey-+y (cdea)+7(deab)+74(eabe)-+7, (abed))

(abed)(bede){cdea)(deab)(eabe)

We will describe all supersymmetric functions as a pair of objects:
- “residue”’: a bosonic function of external data

e “dMatrix”: the matrix of coefficients for Fermionic variables appearing in the Fermionic é-functions.
¥ie'll put these together as a list of the form {residue,dMatrix}. e.g.,

11080011

508 (. (bede)+m (cdea)+n,(deab)+(eabe) 47, (abed))
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R1, 2, 3, 7, 8] Rcapi(Z. 3}, (8,7, Lil, & 5, 6. 71, :
R[L, 2, 3, 7, 8] R{eapi(Z, 3}, {8 T, L}], 4 5, 7, cap{8, 7}, {3, Z, L}]], |
R{1, 2, 3, 7, 8] R[capi{Z, 3}, {8, T, 1}], 5,6, 7, capi {8, 7}, {3, Z, L}]], |
R[1, 3, 4, 6, 7] R{capi(3, 4}, (7,6, L}], 4, 5, 6, capl (7, &}, {4 3, L}]], |
R[1, 3, 4, 7, 8] H{eapi (3, &}, (8, T, L}], 4, 5. 6, 7], |
R{1, 3, 4, 7, 8] Rfcapi(3, 4}, {8, 7, L}], & 5, 7, cap{{8, 7}, {4, 3, L}]].
R[L, 3, 4, 7, 8] R{capi (3, 41, {8, 7, L}], 5, 6, 7, cap({8, 7}, {4, 3, L}]]., |
R{1, &, 5, 7, 8] R{cap{ {4, 5}, {8, 7, L}], 5, 6, 7, cap[ {8, T}, {5, & L}]]} |

Qur first goal will be to evaluate these functions given the external data.

Supersymmetry in Mathematica
Recall the standard “R-invariant”

| 501417 (bede)-+y, (cdea)+7. (deab)-+7(eabe)+7e(abed))
! R[aﬂ b, C, d-r ﬂ'] = { E i} fE iﬂi(ﬂﬁﬂﬂ) (m}{m}

[
We will describe all supersymmetric functions as a pair of objects:
- “residue’: a bosonic function of external data
e “dMatrix”: the matrix of coefficients for Fermionic variables appearing in the Fermionic -functions.
We'll put these together as a list of the form {residue,dMatrix}. e.g.,

: 11080011 Page 21/530

%, (bede)+my (cdea)+n(deab)+n(eabe)+e (abed))
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R[Ll, %, 3,6, 7] Rlcapi{Z, 3], (7, 6, L}], & 3, 6, cap[{7, &, {3, 2, L}]],

Efl, 2,3, 7, 8] Bieapi {2, 3}, {8, 7, L}, 3 & 5 & - BfI,. 2, 3. 7, 8 BjecapiiZ, 3}, {8, 7,1} ],3,4.6.TI], '

R{1, 2,3, 7,8 Rlcap{{Z, 3], (8, 7, L}, 3, & 7, cap{{8, 7], {3, 2. L} ]],

Rfl, 2, 3, 7, 8] RlcapiiZ, 3}, {8, 7, LI]+ 4 3 ﬁ; 1,

Ril. 2, 3, 7, 8] Rlcapi {2, 31, {8, 7, L}, 4 5, 7, cap[ {8, 7], {3, 2, L}]],

R{1, 2, %, 7, 8] R[ecap{{2Z, 3}, {8, T, L}], 5, 6, 7, cap[(§, T, {302, L1111,

Ril, 3, 4, 6, 7] Rlcapl{3, &I, (7, 6, Li], 4 5, 6, cap( {7, &}, {& 3, LI]], !

Ril, 3, 4, 7, 8] Rlcapi{3, 4], (8, 7, Li], 4, 3, 6, 7], |

R{l, 3, 4,7, 8] Rlcapi (3, ¢}, {8, 7, L}], 4 5, 7, capl (8, 7}, {4, 3, L}]], |

RI1, 3, & 7, 8] Rfcapi (3, 41, {8, 7, 1}], 5, 6, 7, cap( (8, 71, {4 3, LI]], |
. R[{1, 4 5,7, 8] Rlcapl{%& 5}, {8 7, L}], 5, 6, T, cap{ {8, 7}, {5, & L}]|]] |

Our first goal will be to evaluate these functions given the external data.

Supersymmetry in Mathematica

Recall the standard “R-invariant” 3
‘R[a —— " nafbede) ey deab)+7g cabe) 7o abed)
e (abed)(bede){cdea)(deab){eabe)

|
We will describe all supersymmetric functions as a pair of objects:
_ze “residue’: a bosonic function of external data

" iMatrix”: the matrix of coefficients for Fermionic variables appearing in the Fermionic 6-funéfions.
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Ri1.2,3,7,8] Rlcapi{Z, 3}, (8, 7, L}|, 4.5, 7, cap{{&, 7}, {3, 2, L}]], i
R{1l, 2,3, 7, 8] Rlcapi{2, 3}, {8 T, 1}], 5, 6, 7, cap{ (&, T:r {3, 2, L} 1,
R[1,3,4,6,7] Rlcapi ({3, &}, {7, 6, LI, 4 5, 6, cap[{7, 6}, {4, 3, L}]],
BiL, 3,4, 7, B Rjcapi {3, &, {8, 7, Lk, 4,5, 6. 7],
5

R[I, 3,4, 7, 8] Rlcapi {3, 4-}; (8 7, Li1, & 53¢ 7, capl {8, 7], {4, 3, LI]],
R[1, 3,4 7,8 Rlcapi(3, 4], (8, 7, L}], 5, 6, 7, capl {8, 7], {4, 3, L}]],
R[}-r 4'! Er Tr EI R[CEP.E[‘L; E}F IEI Tr 11]_!' S’F ‘Er Tr CEF['[EI T:’r {5: 'q’r L}]}}

Our first goal will be to evaluate these functions given the external data.

Supersymmetry in Mathematica
Recall the standard “R-invariant”

| 6914y, (Bede)+y (cdea) <7 (deab)-+(eabe)-+ne(abed))

‘ Rla. b,c.d.e] - (abed) (bede)(cdea)(deab)(eabe)

We will describe all supersymmetric functions as apmrofobjﬁcts

- “residue”: a bosonic function of external data
.. @ “dMatrix”: the matrix of coefficients for Fermionic variables appearing in the Fermionic 6-functions.
eslioput these together as a list of the form {residue, dMatrix}. e g,

=T N TRy ey ey B bt e sl e T T
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BfL,. 2, 3. 7. 8 Ricapi {Z, 3}, (8,7, l;r],d!t,,i & T1, |
R{1.2,3,7,8] Rleap( (2, 3], {8, 7, L}], & 3, T, cap{ (8, 7], (3, 2, L}]], |
R{l, 2,3, 7, 8] R{capl(Z, 3]-; (8,7, 11,3, 6,7, cap({8, 7}, (3, 2, L}] ], |
R{1, 3, & 6, 7] Rlcapi (3, &}, {7, 6, L}], 4, 5, 6, cap[{7, 6}, {4, 3, LI]],
Ril, 3, & 7, 8] Rlcapi(3, 4}, (& 7, 11], 4, 3,6, 7],

R[1, 3, &, 7, 8] R[capi {3, 4}, {8, 7, L[], 4, 3, 7, capl{B, 71, {4, 3, L}]],
Ril, 3,4, 7,8 Rcap( (3, 41, (8,7, 111,35, 6, 7, cap{{8, T}, & 3, LI]],
Ril, & 5, 7, 8] R{cap{ {4, 5}, (8,7, L}], 5,6, 7, cap{{8, 7}, {3, & L}]]}]

Our first goal will be to evaluate these functions given the external data.

Supersymmetry in Mathematica

Recall the standard “R-invariant”

|R[a b.c.d,e] - 6614(%M+ﬂb<cdﬁ}+ﬂc(dwb}+ﬂd(whc}+qé{m»
‘ o (abed )(bede)(cdea){deab)(eabce)

We will describe all supersymmetric functions as a pair of objects:

- “residue”: a bosonic function of external data

o “dMatrix": the matrix of coefficients for Fermionic variables appearing in the Fermionic -functions.
¥e'll put these together as a list of the form {residue,dMatrix}. e.g.,

: 11080011 Page 24/530

L %, (bede)+my (cdea)+nc(deab)+(eabe) -+, (abed))




| Mathematica File Edit Inserr Formar Cell Craphics FEailuation Paleses \Window Help WSS 3 <+ =G0 Mg 125 C

By m_;__uart amx._"lh

B =21 - - - : =
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B[L, 3, &, 6, 7] Rcapi[3, &}, {7, 6. L}, &, 5, 6, capi (T, 61, (&, 3, 1311,
RiX, 3, & 7, 8] R{capi{3, &}, {8, 7, L}], &, 5. 6. 71, |
RfL, 3, 4,7, 8 |

[capi(3, 4], (&, 7, 11], 5, 6, 7, cap[{8, 7], {& 3, L}]],

1 B
1 2]

- 8] Rlcapi (3, &}, {8, 7, L}], 4 5, 7, cap[ {8, 7}, {4, 3, L}] ],
I ] |
| Rlcapi (4, 5}, {8, 7, 1}], 3, 6,7, cap[(8, 7}, {3, & Li]]} !

Our first goal will be to evaluate these functions given the external data.

Supersymmetry in Mathematica
Recall the standard “R-invariant”

%1 (bod)+p(cdea)+ 7 (deab)-+77gfealbe) e (abed))
(abed)(bede){cdea)(deab ) eabc)
We will describe all supersymmetric functions as a pair of abjects:
-o “residue”: a bosonic function of external data

o “dMatrix": the matrix of coefficients for Fermionic variables appearing in the Fermionic d-functions.
We'll put these together as a list of the form {residue,dMatrix}. e.g.,
R b.c. de] - S UTalbede) m{cdea)-ne(deab) 7y(cabe) e (abecd)
| .“_'7._11080011 = = (abed)(bede)(cdea)(deab)(eabc) page 25/530

¥ I 1 D o e g TN e SR o i IEEn () THRRTRE CEReRE e I_L__‘l.'ﬂ'll

iR[a,b,c,d,e] =
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| ®il, 3, & 7, 8] Rlcapii3, &, {8, 7, L}], 5, 6, T, capi{8, T}, (& 5. L},
Bifl, 4 5 7, 8] Rlcapi {4, 31, {8 7, L} ], 5, 6. 7, cepf {8, T}, {5, & LI [ ][]

Our first goal will be to evaluate these functions given the external data.

Supersymmetry in Mathematica
Recall the standard “R-invariant”

8014, (bede)-+7y (cdea)+n (deab)+7 y(eabe)-+7e (abed))
I R[a.,b, C, d, ﬁ] =
(abed)(bcde)(cdea){deab)(eabc)

|
We will describe all supersymmetric functions as a pair of objects:
-& “residue’: a bosonic function of external data
o “dMatrix”: the matrix of coefficients for Fermionic varizbles appearing in the Fermionic o-functions.
We'll put these together as z list of the form {residue dMatrix}. e.g.,

| 69 (a(bede)+ 1 (cdea)+c(deab)+7g(eabe)+e (abed))

e (abed)(bede)(cdea)(deab) (eabe)
o !  {(bode), (cdea), (desb), (eabe), (abe} |

sedbed)(bede)(cdea)(deab)(eabc) page 2650
; s — ——— 1
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Bfl, 4.5 7T, 8 Ejcapi{t, 51, (8.7, L}] ;. 5, & 7, capi{8, T}, {5, & LEF]]}

Our first goal will be to evaluate these functions given the external data.

Supersymmetry in Mathematica

Recall the standard “R-invariant”

— 601+, (bede)+y (cdea)+n(deab)+g(eabe)-+e (abed))
| (abed)(bede)(cdea)(deab)(eabe)
We will deseribe all supersymmetric functions as a pair of objects:

-® “residue’: a bosonic function of external data

o “dMatrix": the matrix of coefficients for Fermionic variables appearing in the Fermionic 0-functions.
We'll put these together as z list of the form {residue,dMatrix}. e.g.,

69 (1a(bede)+my (cdea)+c(deab)-+y(eabe)+e (abed))
(abed)(bede)(cdea)(deab)(eabe)

a 1 _ _
=~{ oD bt Nodeayeabeabe;  (bede), (edea (deab), (eabe), (abed) |

: 11080011

REa.b.c.d.o] -

Page 27/530

{ residue  dMatrix }
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Our first goal will be to evaluate these functions given the external data.

Supersymmetry in Mathematica

Recall the standard “R-invariant”

61t (bede)+m, (cdea)+17c(deab)-+17geabe)-+ne (abed)
| (abed)(bede){cdea)(deab)(eabe)
We will describe all supersymmetric functions as a pair of objects:
& “residue”: a bosonic function of external data
o “dMatrix”: the matrix of coefficients for Fermionic variables appearing in the Fermionic §-functions.
We'll put these together as a list of the form {residue,dMatzix}. e.g.,
09 (pa(bede)-+y (cdea)-+pc(deab)+y(eabe) +7. (abed))
(abed)(bede){cdea)(deab)(eabc)

|
= 1 |
im{ e G - (bote). (dea). (desb), (esbo), Gabed

;-.:_11080011 {mﬂ{ [[Iﬁ MX} Page 28/530

;R[&,b,c,d,e] =

Rl b, c.d o] -
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Recall the standard “R-invariant”
80147, (bede)+, (cdeay+n(deab)-+7{eabe)-+7, (abed))
(abed)(bede)cdea)deab)(eabe)

Wemﬁdmheaﬂsupersvmemc functions as a pair of objects:

-& “restdue”’: a bosonic function of external data
o “dMatrix": the matrix of coefficients for Fermionic variables appearing in the Fermionic 4-functions.
We'll put these together as a list of the form {residue,dMatrix}. e.g.,

09 (7a(bede) -+ (cdea)-+(deab)-+g(eabe)+e (abed))

5R[a,h.c d.ef =

e (abed)(bede)(cdea)(deab)(eabe)
!
| {resimﬁ : dMamx}

|

As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is

ebtained by multiplying each “residue” by 4 particular entries of its “dMatrix”

higl we can view as four 1x1 determinants). Page 201530
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Recall the standard “R-invariant”

671 g bede) +y(cdea) e (deab)-+7g(eabe) e (abed)
| (abed)(bede){cdea){deab)(eabe)
We will describe all supersymmetric functions as a pair of objects:
& “residue”: a bosonic function of external data
o “dMatrix”: the matrix of coefficients for Fermionic variables appearing in the Fermionic é-functions.
We'll put these together as a list of the form {residue,dMatrix}. e.g.,

69 (a(bede)-+my(cdea)-+nc(deab)-+4(eabe) e (abed))

Rla,b,c.d,e] -

Ria.b.c.d.¢] -

(abodbode)cdea)(deab)eabe)
1
N e - (bede). (cdea). (desb), (ebe), e}

As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is
ebtained by multiplying each “residue” by 4 particular entries of its “dMatrix”

gl we can view as four 1x1 determinants). page 301530
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Recall the standard “R-invariant”

871 (bede) +m(cdea) e (deab)-+7g(eabe) e (abed)
(abed Xbede)(cdea)(deab){eabe)
We will describe all supersymmetric functions as a pair of objects:
& “residue”: a bosonic function of external data
s “dMatrix”: the matrix of coefficients for Fermionic variables appearing in the Fermionic d-functions.
We'll put these together as a list of the form {residue,dMatrix}. e.g.,
6" (1a(bede)+my (cdea)+c(deab)+q(eabe)+e (abed))
(abed)(bede)(cdea)(deab)(eabc)

= : (e, (dea), (dea), enbe), (b)) |

EMthiﬂ=

Rla.b,c.d ] -

(abed)(bede)(cdea)(deab)(eabe)
{residue . dMamx}

As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is
f ehtained by multiplying each “residue” by 4 particular entries of its “dMatrix”

. risMeely we can view as four 1x1 determinants). Page 31/530
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Recall the standard “R-invariant”

878 becde) 4 cdea) e (deab)+7eabe)+ e abed)
| (abed)(bede)(cdea)(deab)(eabe)
We will describe all supersymmetric functions as a pair of objects:
& “residue”: a bosonic function of external data
o “dMatrix": the matrix of coefficients for Fermionic variables appearing in the Fermionic 4-functions.
We'll put these together as a list of the form {residue, dMatrix}. e.g.,
| 691 (7a(bede)+my(cdea)-+c(deab)-+q(eabe) e (abed))
(abed)(bede)(cdea)(deab)(eabe)

| 1 |
N s - (bede). edea), (deab), (cabe), (abod

{residue . dMamx}

As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is
ebtained by multiplying each “residue” by 4 particular entries of its “dMatrix”
P el we can view as four 1x1 determinants). page 32/530
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Recall the standard “R-invariant”

%1 (bode)+1p(cdea)+77c{deab)-+7geabe)-+(abed))
(abed)(bede)(cdea)(deab)(eabe)
We will describe all supersymmetric functions as a pair of objects:
-& “residue”: a bosonic function of external data
o “dMatrix”: the matrix of coefficients for Fermionic variables appearing in the Fermionic 6-functions.
We'll put these together as a list of the form {residue,dMatrix}. e.g.,
0% (na(bede) -+ (cdea)+c(deab)-+g(eabe) +77e (abed))

fR[a,b,c,d,EF

| R-[a, b-.r C. &7 ﬂ} = {ih :Eﬂ{hcﬂﬁxm}{mxm)
1 , |
N s (6o (cdea), deab), e, (b

As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is
ﬁ ebtained by multiplying each “residue” by 4 particular eniries of its “dMatrix”

hich we can view as four 1x1 determinants). Page 33/530
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Recall the standard “R-invariant”

8%t 7a(bede)+my cdea) 1 (deab)-+7(eabe)+7e(abed)
| (abed)(bede)(cdea){deab)(eabe)
We will describe all supersymmetric functions as a pair of objects:
o “residue”: a bosonic function of external data
o “dMatrix”: the matrix of coefficients for Fermionic variables appearing in the Fermionic 6-functions.
We'll put these together as a list of the form {residue,dMatrix}. e.g.,
691 (7a(bede) -+ (cdea)+nc(deab)-+g(eabe) +e(abed))
(abed)(bede)(cdea)(deab)(eabe)

1
N e s - (bede), (cdea, (deab, (eabo), e}

|
Ria,b,c.d,e] -
I

;R[mb,c,ie]:

{ residue . dMatrix

As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is

ebtained by multiplying each “residue” by 4 particular eniries of its “dMatrix”

yhiat we can view as four 1x1 determinants). Page 341530
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Recall the standard “R-invariant”
| 8914, (bede)-+7y (cdeay+n (deab)+75(eabe)+7. (abed))

[kt (abed)(bede){cdea)(deab)eabe)

We will describe all supersymmetric functions as a pair of objects:
- “residue”: a bosonic function of external data
o “dMatrix”: the matrix of coefficients for Fermionic variables appearing in the Fermionic é-functions.
We'll put these together as a list of the form {residue,dMatrix}. e.g.,
0" (a(bede)+my (cdea) -+ (deab)-+g(eabe) e (abed))
(abed)(bede)(cdea)(deab)(eabce)

- . (bede), (cdea), (deab, (eabe), (abec)) |

Rla,b.c.d.c] -

(abed)(bede)(cdea)(deab)(eabe)
{residue . dMatnx}

As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is
ebtained by multiplying each “residue” by 4 particular entries of its “dMatrix”
i uam we can view as four 1x1 determinants). Page 35/530
ORI Y LS SR SN 57 Y ST S N , . S Sy




mmmMchﬂmmmmmm @S WA 3 4 =Epain Mg il26 Q
uctﬁ_gaﬂmux.nn

o (PIg-rre =k b ) i i e |
F"‘i—:ei,:-‘f B r/ RECUTSIOTIININ =4 )Y LI eI N e oo 204l

Recall the standard “R-invariant”

871 g bece) 417 cdea) 1 (deab) +7eabe)+ e abed)
| (abed)(bede){cdea)(deab)(eabc)
We will describe all supersymmetric functions as a pair of objects:
-& “residue”: a bosonic function of external data
o “dMatrix”: the matrix of coefficients for Fermionic variables appearing in the Fermionic 6-functions.
We'll put these together as a list of the form {residue, dMatrix}. e.g.,
| 09t (7a(bede) -+ (cdea)+n(deab)-+q(eabe) e (abed))
(abed)(bede){cdea)(deab)(eabc)

| 1
- o oo oo deab eaney —{(bede), {cdea). (deab), (eab), (abed)}

iﬂimmiﬂ=

Rla,b,c.d.e] =

{residue . dMalnx}

As reviewed during Pedro’s lecture on Sunday, each component-ampiitude of an NMHV amplitude is
thtained by multiplying each “residue” by 4 particular entries of its “dMatrix”
piadirarn we can view as four 1x1 determinants). Page 361530
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-o “residue”: a bosonic function of external data

o “dMatrix”": the matrix of coefficients for Fermionic variables appearing in the Fermionic 4-functions.
We'll put these together as a list of the form {residue,dMatrix}. e.g.,
| 0" (7a(bede)-+my (cdea)+c(deab)+n4(eabe) e (abed))

fR[a’b’ cas (abed)(bede)(cdea){deab)(eabe)
| L ; ; .
: cﬁ{ (ab(:d}(bcdc}(cdﬂa) < dﬁﬂb)( &bﬂ} {(m}r {m} r {m}r (m}r (M}}}

| {reszdue _ dMatnx}

As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is
obtained by multiplying each “residue” by 4 particular entries of its “dMatrix”
(which we can view as four 1x1 determinants).

® Extracting the “residue” and “dMatrix” for each R-invariant

[ ==Y
-'"l
Pirsa: 11080011 Page 37/530
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- “restdue”: a bosonic function of external data
o “dMatrix": the matrix of coefficients for Fermionic variables appearing in the Fermionic §-functions.
We'll put these together as a list of the form {residue,dMatrix}. e.g.,
0" (7a(bede)-+y (cdea)-+pe(deab)-+4(eabe)+7e(abed))
(abed)(bede)(cdea)(deab)(eabe)

= :
Ao e e, ey, (. e

{ residue . dMatrix }

Riab,c.del-

As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is
obtained by multiplying each “residue” by 4 particular entries of its “dMatrix”
(which we can view as four 1x1 determinanis).

® Extracting the “residue” and “dMatrix” for each R-invariant

E_t

e
Pirsa: 11080011 Page 38/530
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-o “restdue”: a bosonic function of external data
o “dMatrix": the matrix of coefficients for Fermionic variables appearing in the Fermionic 6-functions.
We'll put these together as a list of the form {residue,dMatrix}. e.g.,
0" (7a(bede)-+y (cdea)-+c(deab)+n4(eabe)+e (abed))
(abed)(bede){cdea)(deab)(eabe)

1
.i.{ e . (bede), cdea), (dea), esbc), (o))

As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is
obtained by multiplying each “residue” by 4 particular entries of its “dMatrix”

(which we can view as four 1x1 determinants).

® Extracting the “residue” and “dMatrix” for each R-invariant

j >
. Pirsa: 11080011 Page 39/530
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-& “residue’: a bosonic function of external data
o “dMatrix”: the matrix of coefficients for Fermionic variables appearing in the Fermionic 4-functions.
We'll put these together as a list of the form {residue,dMatrix}. e.g.,
09 (7a(bede)-+py (cdea)+nc(deab)-+4(eabe)+e(abed))
(abed)(bede)(cdea)(deab)(eabce)

| I
N e e - (o). (cde), desh, eabe), (bec}

|
As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is
obtained by multiplying each “residue” by 4 particular eniries of its “dMatrix”
(which we can view as four 1x1 determinants).
® Extracting the “residue” and “dMatrix” for each R-invariant

5 .
Pirsa: 11080011 Page 40/530
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As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is
obtained by multiplying each “residue” by 4 particular entries of its “dMatrix”
(which we can view as four 1x1 determinants).

'@ Extracting the “residue” and “dMatrix” for each R-invariant

" | treeamp(6, 1]

<" | (8L, 2, 3, 4, 5], R(L, 2, 3, 5, 6] . R[L, 3, 4, 5, 6]]

= —

111080011 Page 41/530
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i, (abed)(bede){cdea)(deab)(eabe)
| 1 |
-t abed (bede)cdea(deabyeaney + \(bede). (cdea). (deab), (eabe). (abcd)}}

As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is
obtained by multiplying each “residue” by 4 particular entries of its “dMatrix”
(which we can view as four 1x1 determinants).

'® Extracting the “residue” and “dMatrix” for each R-invariant

r| treehmp(6, 1] /. R[x__ ] » [Partition {x}|

magll i 5 0 . STRL R 5 S R R

irsa: 11080011 Page 42/530
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As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is
obtained by multiplying each “residue” by 4 particular entries of its “dMatrix”
(which we can view as four 1x1 deferminants).

'® Extracting the “residue” and “dMatrix” for each R-invariant

'treenpf& 1] /. R[z__] » (Partitionf{x}, &, 1, 1])

T N A R, (R 1
| B 3 5 (X B 5 B (0, 5 6 B
L3, 4,50, (3, 45,8, (45,61

r {:4, 5! l-f E}r I,El*' l-r 2-ur 3}]’!‘
e 3y Epire (B EL. T, X F,
Pr (50 601, 3}, (6, L, 3, &}
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As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is
obtained by multiplying each “residue” by 4 particular entries of its “dMatrix”

(which we can view as four 1x1 determinants).

'@ Extracting the “residue” and “dMatrix” for each R-invariant

- | treeAmp (6, 1];
| %[ 1/. R[x__] » (Partitiom{{x}, &, 1, 1])

[l 1]
" LHEL N 2 R 6 5 1R 6 5 2, 105 1 20, 5. 50 3ER
| e S B 55 6, I 5 6 1, (5 6 . 31, |6 . 2, B0 L,
| L. 3. 4.5, {3, & 5, 65, (&5, 6 1}, (5.6, 5. 3, (6L, 3, 45])

Page 44/530
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As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is
obtained by multiplying each “residue” by 4 particular entries of its “dMatrix”
(which we can view as four 1x1 determinants).

'@ Extracting the “residue” and “dMatrix” for each R-invariant

'tm{ﬁ, 1];
%[[1]]1/.R[x_]=» (Partitiom[{x}, 4, 1, 1])

N =
o RS589, (3,85 1, 5.5 L5, 5., F, 3}

: 11080011 Page 45/530
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As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is
obtained by multiplying each “residue” by 4 particular entries of its “dMatrix”
(which we can view as four 1x1 determinants).

'® Extracting the “residue” and “dMatrix” for each R-invariant

§rli=

| treeRmp (6, 1] |
%[[11] /. R[x__] = (Partitiom[{x}, 4, 1, 1])

s | {Rr_l! Zr 3_[ 4’ 5:[' R:'l’_ 21’ 3‘., 5 E'- r E.t-l 3‘_; 41 5! E-_[}

{{1 2 58, 18,555, (38553, 8.5 1,2 15 5. 2, 3]

-
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1 e
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{ residue . dMatrix }

As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is
obtained by multiplying each “residue” by 4 particular entries of its “dMatrix”
(which we can view as four 1x1 determinants).

9 Ext:acﬁng the “residue” and “dMatrix” for each R-invariant

trmhp:ﬁ 11[[L]]
|is.r’ R{x | » (abeePartition[{x}, &, 1, 1])

‘E[]‘. Z, 3, 4, 5]
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| { residue . dMatrix }

As reviewed during Pedro’s lecture on Sunday, each component-amplitude of an NMHV amplitude is
obtained by multiplying each “residue” by 4 particular entries of its “dMatrix”
(which we can view as four 1x1 determinants).

' E:l:tra;:ting the “residue” and “dMatrix” for each R-invariant

o

| treeBmp (6, 1][[1]]
| %/. B[z T=» {_ﬂ'-zll (sbeeePartition{{x}, 4, 1, 1]))}

"= | B[E, Z, 3, & 5]
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