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ircular string vs Bethe ansatz (Simple)
xerci=es tor the lecrure of Nikolav Gromow

ToPDF["D Links\\My Dropbox\\MSTP\\2011\\Kocly=z\\ex2 pdf"];

procount = 0;
L this exercise we check rhe AdS/CFT dualitv. Namelyv we compare enersy of classical string moving
AdS? <« 55 with a dual quantity in Super-Yang-Mills theorv. We will check numerical that two verwy
fferent quantities match.
Check (wirthour Marhemarica) rhar the equarions of motion are

X =—X[a. XX
he Polvakov action for the string moving mnside S7 15 given bv
L= f dr f doli, X;0F X — A\ X~ =1

here X is a four component vector and .\ is the Lagrange multiplier ro ensure rhat X = §°
he enerzy of rhe string is
hewsisa 1iosdoos” T Hooft connline Page63270, . |
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ToPDE["D Link=s\\My Drcpbox\\MSTP\\2011\\Kcly=z\\ex2. pdf"],;
procount = 0; 5

Theory

| this exercise we check rhe AdS/CFEFT dualitv. Namelv we compare enerey of classical string moving
c AdS5? « 55 with a dual quantity m Super-Yane-Mills theorv. We will check numerical that two

Ty

fferent quantities match

Strong coupling (Classical string theory)

Check | withour Marhemarica) rhar the equarions of motion are

. X =—Xlad.Xo"X

he Polvakov action for the string movine inside S 1s ¢iven bv

15
i |

here X is a four component vector and .\ is the Lagrange multiplier to ensifje that X = 5°.
he enerzyv of rhe string i
._\' = LR |_."—__T: - - r_.-"__'- =

here A is the 't Hooft coupling
Check rhar
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rhis exercise we

check the AdS/CFT

lual quantity in Super-Yang-Mills theo

luality. Namely we compare
- will check muunerical char two verv
ferent quantities 1

Strong coupling (Classical string theory)

without Marthemartica

e eCgilaruns

—d

> Polvakov action for the stringe moving inside 5~

is the 't Hoeoft c
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23 niy 1
'ircular string vs Bethe ansatz (Simple) :
XOTCI=Se= [Or 1€ [T ) \-El{f av i OIS

ToPDF["D Links\\My Dropbox\\MSTP\\Z2011\\Kcly=\\ex2 pdf"];

procount = 0;

Theory
; v of classical string moving

rhis exercise we check rhe AdS/CFT duali Namely we compare eners
cAdS? <« 55 with a dual quantity mn Super-Yane-Mills theorv. We will check numerieal thar two verv

L

T e
mnatioh

fferent quantities match.

Strong coupling (Classical string theory)

MOTIon are

Check (withour Marhemarica) rhar the equartions of

X =—X(0,X¢X

he Polvakov action for the =string movine in=ide 5° 1= given by
= /-f— f doio X P X = N X==1} 5

1l
¥

—4

&
£
i

1d .\ i= the Lagrange multiplier ro ensure

here X is a four component vecror e
he enerzy of rhe string i=
LN R (X

— = VWV A\ 4
Page 66/2?(_1j .
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Strong coupling (Classical string theory) |
Check (withour Marhemarica) rhar rhe equarions of motion ar S

PoX =— X[, XX

he Polvakov action for the strine movine inside 5° 1s ociven by

here .\ is a four component vecror and .\ is the Lagrangze multiplier ro ensure that .\ = &

he enerzy of the ztring i=

here A\ is rhe 't Hooft coupling

Y = \ = CUEs T T (Y TNT _"l.-_ = ST BTy 7 1 CEFLT
\ L 1
\ | ! 1
= ._'?'= - '._".r t 4
1"& S—— e | [ _."' — ir — 1 TP it 1;li. p— .II R r_" —_ i -} Il."_ll‘
I V

a sohurion of rhe equarions of morion. Derive rhe relation berween w;. > and [

T (1l-a)
X[1] ..\/— Cozs[wlz+anao]; =
Page67/2_70I i
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he enerzv of rl

= nis

1se we check the AdS/CFT dualitv. Namely we compare enerzy of classical string moving
. AdS? « 55 with a dual quantity in Super-Yang-Mills theors
flerent quantities march

We will check numerical thar two

Strong coupling (Classical string theory) |
Check (without Mathematica| rhat the equations of motion are

I.-'Jr_. jl -_T o= _-,.:: ”l _,1: _‘.IF“ f

tour componenr vecror and .\ is the Lagrange multiplier ro ensure thar X

he strine |

T

he "t Hooft coupling

'
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MmOoTiorn

pratrions of

the

xZv3nir
Theory
| this exercise we check rthe AdS/CFT duality. Namely we compare enerzy of classical string moving
AdS? < S5 with a dual quantity in Super-Yang-Mills theorv. We will check numerical rthar two vervy
fferent quanrtities march
Strong coupling (Classical string theory)
tion are

C0AT

Check

sithout Mathematiea

I' JI'.' ;‘ l,'_ p

_Xid,. XX

1= given

<tring moving inside S

Polvakov action for the

i= the Lasranee

%

1111

"

ol X:ioPX = A (X==1

it » thar X

1Dl T eSSt

here X is a four component vecror an
he enerov of the string is
o= v Xy (X L 1g-X)=
here A is rhe 't Hooft couplingz
Check rhar
= __'-_ L = o L.'I_ 1 — -5
¥y = cos(wy =+ ang) . X = S
1 1 e
| t |r {
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Check |wirhout Marhemartica) rhar the equations of motion are i
"X =—X{g,. XHX
he Polvakov action for the string moving inside 5° 15 ziven bv
L= |dr | dofd,XiPX =AX>=1
here .X is a four component vecror and .\ is the Lagrange multiplier ro ensure rhar X
he enerzy of the stnng 1=
A= v Ay (i X)= 4 (X2
here A is rhe 't Hooft coupling
{ heck rhar
TIL — Tl —q
L — 1 k= T T (Y THT "-_-::I <1111 i - —— ¥ ruT
|III [ ||' Ty
T";L-I —_— s _-"-—r;.—-__l-"“ "i: A L:_u..-.r ,l_"-h'i:—. — 1 T3
! L2 I'r L2
a soliurion of the equarions of morion. Derive rhe relation berween u e
J (1-a)
X[l]:.,\ ——— Cos[wlt+anco]; =
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other parameters winich is very complicated.

t
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Check (withour Marhemarica) rhar rhe equations of motion ar -
. =—X (. X _.ni'l'l_"L-
he Polvakov action for the =trine movine inside S is oiven bv
[ = [ dr | i, X; " X — L X7 1
here .X is a four component vecror and .\ is the Lagrange multiplier ro ensure rthar X = §7
he enerzyv of the string i=
A= vy (d:X)=+-10-X)=
here \ is rhe "t Hooft coupling
Check rhar
."._-- =\ = - xS T T CYTIT 1:"-_ — | - SETLL Bhp 7 1 CERT
Ilr I I|r ll
T'IL- ;'I ‘_;..rr-. _."'-— ||,—‘|_-T" r‘li:._—ll L.___.-n.r Il_—'— i =1 1T
V o V o
a solnrion of rhe equations of morion. Derive the relarion berween o il !
J (1l -a)
Xr1] =4 Cos[wlc+ang]; =
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One can trv to oind uy. w» as finetions of the other paramerers which is very complicated. [nsread
ad wp. o perrurbarively for large 7 ie. iind a and 6 in the expansion
a i 5 h
! — a3 == .-_:\._-"____
ich thar rhe equartions of motion are sarisiied up ro a rerms ~ [ 7

int: vou should find a4 = n(2a = Lin~ up ro a simple multiplier

Compute the energy A also as an expansion in J. Denote L = v AJ. The result vou should get is

(e e ey
F— L1L})X.AM | _-—]
¥ — &=
AR i} AL

the second part of the exercises we compare this result with the Yang-Mills prediction.

L

Weak coupling

For ziven L and M the Bethe ansatz equation has many different solutions. Thev all correspond to

fferent operators and different classical string. To find the solution which correspond to the cirenlar
ring from the part | of this excessive we have 1o specify a food set of starting points.
3 T 17 |

ehne the mnction StartingPoint

iS5 DOLIOWS

1]

Find numerically a solution ot the Berhe ansatz equation using FindRoot function. Take L and M -
Pirsa: 11080005 Page 73/2?(_1j o

- = N Pl



[a
3 the leadine order
here this m

- means of rhe

here A can be tound order by order

=ithspace are

A Il IS8 VEry

in

" 15 compured

Berhe

LI=ars

rhe sealar single rr:

T TN

=1 11

) oF
LLl=

[ he operarors dual ro the Moving
e operators of the form O, g LW i
\ X +4Z =1

E Wy £ = L
[o rthe next order the problem «

in perriurbarion theorv.

— permurations.

- O — = another exercises

B=T — e

COImpIee

leading order). -an he =olved

| — Eal '-.I L L. — il e |
\ i — 2.} “_ iy
here M/ = =X. When the Bethe ansatz is solved rhe anomalous dimension of rhe operator is given
i : -_ - : ; —p— IL‘._H L1 =
gl 2+ 1/4
StartingPoints[l , L, B2 J ==
E. V2L
—— + I — zk /. NSolve[HermiteB[™M,6K zk] =0, zk];
Zxn 2xn
Define a function SolveBAE[L_,M_,n_] which solve the Berthe ansarz using rhese starting points.
ok
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here A can be found order by order In '_Wt‘*ll!“.tl;‘-.?iu:‘_ theorv. [he operarors dual to rhe string moving

. 57 subspace are the sealar single rrace operartors of the form O = i XZXXZ . . . | —permurations.
» the leading order in A it is verv easv ro compite Ay = =X — =2 = L (see another exercises
here this r.:_'irL:_ri.".' is compnured to the leading order). To rhe next order rhe problem can be =solved

weans of rhe Berl =Arz

o 1 vE
|' i — ___'III . _H.Il__ — I SUEE |
\ | —
_|!l.L —_ P ! .Ll_L — —_F
% )
here M/ = =X. When the Bethe ansatz 1= solved the anomalous dimension of the operator is given
i — . — ; 2 .‘_“_“I A" =
Al b= 2+ 1/4
StartingPoints[Z , M , = ] =
F '
+ I — zk /. NSolve[BermiteHB[M, zk] =0, zk];
2o 27
Define a function SolveBAE[L_,M_.n_] which solve the Berhe ansatz using rhese starting points.

1
heck

SclveBAE[10, 2, 1]

ul 1) — 1.3088741844046431659894 7388973 — 0.581686455906516257514317993218¢.
Pirsa: 11086808 ! — T INKRTATRAANAIAAIAASARALTIRRATI — N SRTARALSSANASTATSTSTAITTAQITIR 71 Page 75/270_.
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OI=.

. DErators 0L THe [OII L] — — DETIIILT 2L
D the leadine order im A\ it 18 verv easv to compute Ap, = =
i= compnred to the leading order). To rhe next

X - &/ = L (see another exercises

order the problem can he solved

w53 iz
SD=PEce

Are |1

e =Celal >INZ e tId

T

here this guantity

v means of the Berthe ansar:

' } S 1 \ w o ; J
i T b=y £ — i, T+
| & | -
[l — i frg. — it —_—

t the operator is oiven

X. When the Bethe ansatz i= solved rhe anomalonus dimension of tl

i

here \f =

0
d
H.
a
i)
n.
3
0
|
|
Ilr
I
il
(o]
1§}

L 2 I
S — /. NSolve[HBermiteH[M, zk]

Define a function which solve the Berhe ansatz using these starting points.

1 1.
neck

SclveBAE[10, 2, 1]

ull) — 1.30887418440464345508947388
ut2) — 1.30887418440464346598047388973 — 0.58168645530651625751431
Plor rhe points generated by SclveBAE[210,30, 1] on the complex plain (use ListPlot). You should
w Thpat 1idasookte T he rownrs o ra dhsrrrhnrad alone niea e Page76/2_7(_1:|:
S_— . P F= —




%23z =

SclveBAE[1Q, 2, 1]

-y ———

u{l) — 1.30887418440464316590804 7388973 — 0.581686455906516257514317903218 .
utl) — 1.3088741 8410464346508 8 3

]

e
o

I
[ ]

8973 — 0.581686455906516257514317993218 ¢}

1se ListPlot). You should

Plor rthe

e That toe

-\ll — -
L
L]
L]
F .
. I
™
L T = T =
L
L
I -]
o
q
I q
L]
q
- o
u
L :
I - |
-
I L] _—
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LR ! |9 A —_ L Lt * e ot - — P o bl E L LAN 1 A lME = . thia B — e - L LAR " Eat Fflea® i

e that the Bethe roots uy are distributed ng nice Cuts
T L
L r - |

L d
=
- e

I ] 5
L]
4

L o i
o

L j
- |

*
E - 4
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IIven

dimension of rthe operator is

ILZ 1= solvedd The Anomalos

When the Bethe ansa

i
LI}
[

vhich solve rhe Berhe ansarz using rhese starring points.

ane 4 MInction
| ]
e s

7514317993218 ;.

4(2) 088 74184104643 4659804738 0.5
istPlot)!. You should

5 LISLE LOL

1] on the complex plain

Plot the points senerated by SelveBAE[210.30.,1
e that the Bethe roots uip are distrihgted alons nice cuts
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X 3.nk

.
:
;
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.
:
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:
:
_ |
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]
I |
q
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- L
.
_ ]
k- Tl
-
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L
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;
;
:
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=
L E
L =l
-
I L]
.
.
L ]
L .
L]
L ]
-
—2 4

Yo

Compure energy for rthe same solution

1.00029224974357119224624961305060 1 — 210

ompare this with the it the circular string from partl of t

FETIET Y |

A

Make a list of coethficients im front of A for L = 7M and M =

a2 of the torm {{L . coefficient} Plor deltas to oet

2 1 1 A i P _| i ot x e A0

i1 should see that the results are very similar!!!

n make the test of AdS/CFT even more convincine we shonld extr

Pirsa: 11080005
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shonld eet:

he exercises nnder identification

1@ resilr to laroe L.
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Make a L

0002928 el

ompare this

» of the form

f coethicients in

1 =000 =ee

ListPlot[d

Pirsa: 11080005

n make the rest of

[#5]

>

i

e

that the

4

th the enerov

It
Hh

1ta=s]

119224624961305060 1 — 210

: circular strine from

partl of rhe exercises nunder identification

it should

ju
0

and call 1
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=23 .niw

a of the form {{L, coef

Hy

n1 should see that the results are verv similar!!!

n make the test of AdS/CFT even more convincine we shonld extrapolate t

ListPlot[deltas]

-
-
- -
{ |
U0 =
- -
L
L]
»
L]
: -
L | iy
s
-
- -
L
-
®

» = -

A -
5 44 (o) 3

Using Fit function make of fit of rhis data bv manv inverse powers of L. Trv

L with the AdS/CFEFT prediction i1 — ), 2 with &« = 1, 7. It is possible

Pirsa: 11080005
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=2y3nis -

10003 . -
2006 - "
(L L = =
W2 -
3 0 - ol 130 210
Using Fir function make of it of rhis data bv manv inverse powers of L. Trv to match the coetficient
L with the AdS/CFEFT prediction il — ), 2 with o = 1, 7. It is possible to ger ar leasr 10 digits
atch!
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{{P, o, {r, &, {}, {{e}, W}}}, £, {n, {e}}}

k k+2
yik+1] -y[k] +

aqm = { — y[k-1] =0, y[0] =0, y[1] =1};

k+2 2k

; i
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R ——— T e e e,
T e o S — — —

IvaEe Sivie

[({F, o r, &, {}; {{ok, W}}}, i, {mn; {ek}] P=al
Szomeeesf B g mor ool F r &)
Inmtegraie
[({¥, a, {e, ©, {}, [{o}, Wil], 3, [B, {2}}] . =1 [=i 3 -+ [al, 32, 33}
P, o, {x,: € 1, [{o}, W}}l, i, {n, {}}] . =1 [ ] 3 I = {81, &2, &3}
ERgrf== ] =
Block| {Tmo} ., (oo =Faciorj==] - Collert{M reior][ or] (Desawingior] o] Saqrif [z==])Y, Sariif ], Facior]
Collect[Denomwinztor| oo ] (Denmminstor] 0] Sgrif ] == =Sgrtfz==] Sgrif
3+ =1 |
HeSgr
=1 o 37+ I =3 . =3+ Bl
3 a? +y b g2 +3i+y bl
) - Pilus & - '8 Permmitaiions|[{z1]] List —= Segnence
SymfeE =i I e= I
R = Lengoh | Permmmiaiions[{=2}]] [
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R ————____ e e )

Ivae Sivie

({F, o, {r; €, {}; {{a}, W}ii, 3, {1, {ek}] P=al
feopeersf T o ol W | |
Integrate
1 ::I
[{E, o r, o, {}, [{o}, Will, i, [B,. [e}}] [=® [=2 3 } = {81, &2, 3}
P, o, fr; © } . [{ol, Will, 3, {n -'_:}'} - =1 [ 3 1 - {81, &2, &3}
-
Block [ {Tmo) e = Faciorf==z] - Colleri{Mmeraior| o] 1 ] i=-SagriEfz==]) ., Sgrif ], Facior]
Collect[Denowinzior] ] (Denowinstori———] . Sgrt{ ==] Sgriif [, Factory) ]
g+ &1
} - Flus &8 & Permotaiions[{z}] List —= Seguence
VI | =1 11 =
¥ —= Lengih | Permmiciioms[{z_1]]
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E I R ——————— T e R,

TvaEEe Sivie

[{F, o r, £, {¥., {({a}, Wi}i, 1, {m, {ei}] f=t P=al
Seapeeesf B g ool B | |
Imtegraie
[{E, o r, o, {}, [{o}, Wil}, i, {B,. {e}}] [=2 [= 3 = {1, 22, =3}
({F, o : o }, [{o}, Wi}l, i, {m, {=}}] - f=1 == 3 - {at, &2, &3}
-
Blowck | { T} » = Factor| Colleri{H RO | - Demnowinaior| —me ] Sari-[ I i=>—Sgrif===]), Sarif ], Facior]
Block | { T ) mr = Fariorjf== Co i ol or| Tme ] Sari]e=s 1> —Sgrifz==] Sqrif 1, Facior]
Collect [Denowinzior] o | (Denowinstori—] . Sgrc{ ] == —Sgrtfz==] Sgrif [, Faciori)]
:.—"J:—.i o
=1 +aZ+ b 52 +3i+y bl
} Pilus & - '8 Permmisiions[{z1]] List —= Seguence
Zym | =2 If e=
¥ —= Lengeh [ Permmiaiions[{z_} 7]
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3 Styiel]eﬁmhihri_ Sohution - Basic

{{P, o, {=, &, {}, {{<}, W}}}, £, {n, {e}}}

k k+2
vik+1] -v[k] +

eqm = { y[k-1] =0, y[0] =0, y[1] =1};

k+2

3 I
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{{P, o, {x, &, {}, {{c}, W}}}, 1, {n, {e}}}

k E+2

- | |

Page 90/27
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} Style Definitions for Day 1 — Sohstion —

i s I
—_—

e S |
1 |

{{P, o, {=, &, {}, {{<}, W}}}, £, {n, {e}}} /. {=___ )

T

P -2

k kE+2
v[ik+1l] -v[k] +

eqn:{ y[k—ll:ﬂ.y[ﬂ]:ﬂ,y[l]=I.}:

k+2




{'E?r =, 'Err :r {}r {'EGI}, W}}}r : 2 ":nr 'EE}I'} o= {5. } i -

Sequencef{P. o. {r. 1. {}. {{0}. W}}}. i. {3. {e}}] !

k k+2
vyE+1] -¥[k] +

[
o

v[k-1] =0, ¥[0] , ¥I1]

i
I
SRR

“= Pirsa: 11080005 Page 92/2?(2_]; T[




{{P, o, {x, &, {}, {{c}, W}}}, 1, {n, {e}}} //- {= |

SequencefP.o.r.1. 0. W. i. 3. e]

Ik k+2
¥yk+1l] -v[k] +
k+2 2k

eqm = { y[k-1] =0, y[0] =0, y[1] =1};

Pirsa: 11080005 Page 93/2793 £ ‘
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{{P, o, {r, &, {}, {{c}, W}}}, £, {n, {e}}} //- {= P> =

Sequence{ P.o.r.t. 0. W. i. 5. €] |

k E+2
viE+1l] -v[k] +

“= Pirsa: 11080005 Page 94/27(2-3:. T[

=-




{{P, o, {x, &, {}, {{e}, W}}}, 1, {n, {e}}} //- {

b1
et

W

1]

Sequence{ P. 0. 7. . 0. W. i. 1. €]

k k+2
vy[k+1] -y¥[k] +

v[k-1] =0, v[0] =0, ¥[1] = l};

Pirsa: 11080005 Page 95/27(2-3:.




{{P, o, {x, €, {}, {{c}, W}}}, L, {n, {e}}} //- {= ¥ > a |

Il
—
N
—
1 I.
-
ey
i
——
-
et
|

k k+2
gk + 1] - y[k] + — y[k—l}=ﬂ,y[ﬂ]=ﬂ,y{l]=1}: |

k2 2k Page 96/270 . |

Pirsa: 11080005
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{{P, o, {£, &, {}, {{c}, W}}}, L,

Sequence{P. 0. r. 1. 0. W. i. 7. €]

Inte

Integeritigit=
Integertyponent

| Integeri engih
Integer?arc

| Integert aritoons

v Integer’
fnt&ér:!z
Integersiming

{ | Inteqgr=l

I Integraie
Integraist
Imterzcime

+| Interzcovel redingChart

[ Intertaces
Intestezving

| InternathyBaiancedD ecomposimon
Interpeizinafuncocn
InterpelstingPohmomizl

t  Interpeizticn
InterpoistcnOrder k+ 2
y ImMepoiancnPoiris
InterpoisicnPrecsion

Pirsa: 11086095 r==zt1con e

{n, {e}}} //- {

=EE= -

bl

yﬁ]+—T-yﬁ—11=ﬂ,yW]=G,yﬂ]=1

a———— = = = ]}
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|
, o, {z, £, {}, {{c}, WI}}, i, {n, {@}}} //- {a__} :>a ‘

Integraest
k k+2
eqn:{' vik+1l] -v[k] + : y[k—11=ﬂ,y[ﬂ]=ﬂ.3’€1]=1}?
k+2 2k Page 98270 .




, T, {1}

Sequencef P. 0. . 1.

Integrate[l, {x1,

2

Pirsa: 11080005

-

, {{e}, W}}}, 2, {

& L¥]

ﬂ
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{{P, o, {=, &, {},

Integrate[l, {x1, 0, 1}, {x2, =1, 1}]

fa | —

Pirsa: 11080005

{{c}, W}}}, 2, {m,

Page lOO/ZZQ_ji




P, o, {r, &, {}, {{e}, W}}}, L, {m,

Sequence{ P. 0. 7. 1. 0. W. i. n1. €]

Integratefl, {x1, 0, 1}, {x2, x1, 1}]

fa |

H
]
n

Intfl. ]

Pirsa: 11080005

{e}}} //- 1
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b Style Definitions for Day 1 - Sokstion - Basic

Integratefl, {x1, 0, 1}, {x2, x1, 1}]

1
=&

H
i
i

Integrate[l, Table[{x[1], x[=-1], 1}, {z, 1, n}l]

n

€

i
=
= &
.Ll—l L
rlr:f x3) x
) x
-

Pirsa: 11080005 Page lOZ/Z?Q‘j e
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o
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Integratefl, {x1, 0, 1}, {x2, x1, 1}]

:
g o
=

n=25;

Integratel[l, Table[{x[=], x[z-1], 1}, {z, 1, n}]]

ITntegratel | Ffxfr], G, 1},

{=[21, =11, 1}, {=[31, =i21, 1},
P4, =73T1, T} 2051, =4, 137

Pirsa: 11080005
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{{P; o, {x, &, {}; {{c}., W}}}, 1.,

SequencefP.o.7.r. 0. W, i. n. &]

I
e
3-;‘
—
" v
-
i
——
ol
|

Integrate[l, {x1, 0, 1}, {x2,

< | =

(&}
[
n

Integratel[l, |Table[{x[>], x[

= g . r =
X< e U I R B L& LS
=y EEILy Xy E S

Pirsa: 11080005

=1

{n, {e}}} //- {=

111

11, 1}, {=, 1, n}1]

Page 104/2?(2_3;




{{P, o, {r, &, {}, {{c}, W}}}, L, {m,

Sequence{ P. o.r. 1. 0. W. i. 1. €]

oo / Ay = / ' f i

Integratefl, {x1, 0, 1}, {2, x1, 1}]

< | =

o
]
n

{e}}} //- 1

b1
hiT]

Integratel[l, Sequence@@Table[{x[=], =[2-17, 1}, {=, 1, n}]]

[ ]
il

Inteprarel( 1. {x(1). 0. 1}. {xi2). x{1). 1}. {x

Pirsa: 11080005

Page 105/27(2:3;.



{{P. o, §x. £

» {}, {{o}, W}}}, £, {n, {e}}} //. {= } 5 a

(&)

[

n
I

Integrate[l, Sequence&e Table[{x[=], [z -17, 1}, {<, 1, n}]]

-

Pirsa: 11080005 Page 106/27Q _ .

LA Ja




| |
Integratefl, {x1, 0, 1}, {x2, x1, 1}] |

jd | =

o
[
n

Integrate[l, Sequence@@ Table[{x[], x[=-17, 1}, {1, 1, n}]]

-

170

i

Pirsa: 11080005
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k E+2
y[k+1] -y¥[k] +
k+2 2k

eqm = { yik-1] =0, y[0] =0, y[1] =1};

Pirsa: 11080005 Page 108/27Q
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{{P, o, {x, &, {}, {{2}, W}}}, i, {n, {e}}} //- {= } > a3

Sequence{ P. 0. 7. 1. 0. W. i. n1. €]

Il
‘.'--.___

Inteqgratefl, {x1, 0, 1}, {2, =1, 1}]

j4 | =

= 5

(3]

-

Integrate[l, Sequence@e Table[{x[=], x[=-17, 1}, {<, 1, n}]]

-

i

Pirsa: 11080005
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{{P, o, {r, &, {}, {{c}, W}}}, L, {n, {e}}} //.- {2, {= | P {=,

(P or.t.o W.i3 ¢

£L

Integratefl, {x1, 0, 1}, {x2, =1, 1}]

[ ]| e

=5

4]

Integrate[l, Sequence@e Table[{x[=>], ®x[z-17, 1}, {<, 1, n}]]

Pirsa: 11080005

Page llO/ZZQ_j =




Integratef[l, {x1,6 0, 1}, {x2, x1, 1}]

-
-

o
[
n

Integrate[l, Sequence@@ Table[{x[-], x[

170

Lol

Pirsa: 11080005

—3Y . E¥,o4i B mET])
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k k+2
v[k+1] -y[k] +

y[k-1] =0, y[0] =0, y[1] =1};

2k

-

Pirsa: 11080005 Page 112/2?(2_];




y[k-1] =0, y[0] =0, ¥[1] = 1},—

?R

Pirsa: 11080005 Page 113/2?(2_3;




[ncidenceirsoh

[ncdencehd =i
[ncnuges_onsentEasis
[nciuagestiebden=an
[ncudef ogs
IncludeSimguiarT erm
[ncrement

Inaent

IngentingMewiineSpacings

Ingenthiaxracoon
InaependentEdgeser]
[Nnospendentiem=sel
[nosterminats
[Ina=Cresondpoons

[na=Graph

InosxT =

Inexactumoerd
[nexactiumoers
Infinity

Infoe

{| Informaoon
[nhent=d
Inhentacope

;r':|

Ini
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kE+2

[k] +

2k

ylk-1] =0, y[0] =0, y[1] =1};

Page 114/2?(2'}1




k k+2
v[k+1l] -v[k] +

y -

k+2 2k

Pirsa: 11080005 Page 115/279:3:.




4 Sesrchfor s pages contzming RSoive.

]
4
4 =
|
| RSolve
=3clve oqn, O . | =
SCIVES & rSCUrTeNcs SoOusoon mor T
=Sclve’ Tagmn , SO 7 ol |
SCIVES & SWSLESTT OF reEcUIT=CsE SOuaicns.
2 SEcisEliamr, dJin £ Te A =
sCives 3 partat recurr=nce sguaion.
4
eqn = { }
y !
k+2
|
4
A S AMELES
RSolve
|
~ Basic Exampis
Solve = :_-:.":':E SELLEEEON
= HSolveia[p+1] -23[n]l =1, [ n
"
]
noude = Douno=rry conoidcen
= Hegivei{zjn+1] -2zin] =1i. a[0] =1L afn 1

Pirsa: 11080005 : page 116/270
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k k+2
yik+1] -v[k] +

eqm = { ylk-1] =0, y[0] =0, y[1] =1};

k+2

BESolwve

Pirsa: 11080005 Page 117/2?(2_3;




k E+2
vik+1] -v[k] +
E+2 2k

y[k-1] =0, y[0] =0, y[1] =1},-

?RS*

RSoivelegn, ainl, =] solves a recurrence equation for af]

RSolvel{egrn,, egrny, ..., {a1[7], ar[71], ...}, nl solves a system of recurrence equations.

1edrr, ajry, 1y oo PR P2, L) SOIVES & Dafllc recumence equauor.

RSolv

T
ey

== Pirsa: 11080005 Page 118/2?(2_3; T[




3

Pirsa: 11080005

k

k+2

vik+1] -v[k] + y[k—lj:ﬂ,y[ﬂ]:ﬂ,y[l]:l}

velegr, ain], n] salves a recurrence eguation Tar afrl.

edarty, _._p G| PR, A2 | FI], -}, P11 SOIWES 4 SYSEEm aT recumence equacians.

solves a partal recurrence eqguation.

r

Page 119/27




vik+1] -¥[k] +

{ k k+2
E+2 ZE

vy[k-1] =0, y[0] =0, ¥[1] =:r.}:

RSoiveiegrn, ain], n] salves a recurrence equation Tor afr

RS0lved \EdTly, a7y, ___f, (@I FTl, an|Fr], ___[, 1] SOIVeSs 4 SY5Eeim ar recuimendce equganons.
c

RSeclve[eagn, v[k]l, k]

3 Pirsa: 11080005 Page 1201270, -H




N

v[k+1] -¥[k] +

{ k k+2
E+2 2k

v[k-1] =0, y[0] =0, ¥[1] =:r.}:

RSalvelegn, ainl, n] solves a recurrence eguation Tor afrl.
RSoivel{egrn:, eamn, ...}, [ai[n], ar[m], ..}, n] salves a system qf recurrence equations.
RSalvelegrn, aint, n~, .1, (1, mo, .. }] soives a partial recurrence equation.
RSeolvef[eagn, v[k]l, k]
. § iy oyl pE oy £ LY T T S o | T T B §
"I-lv!--.i'u-|_" __L|_ | & | A '__'| T — & - 4 T ||’|

Pirsa: 11080005 Page 121/27Q :
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k k+2
vk+1] -¥[k] +
E+2 2k

v[k-1] =0, y[0] =0, ¥[1] =:r.]-.-

RSolvef[egn, v[k], k]

Pirsa: 118800057 = = B mam s T AT T Page 122/27Q. .
150%




RSoivel{egrn:, earn, ..}, (ai[n], ax[r], ..}, n] solves a system Qf recurrence equatians.

o Pt W SN < = M. S L n ) N e i
RSOlvelegr, atny, 2, ., 711, 712, _._}] SQIVes & partial recurrefiCe eguaton.

Sym[Ge@e@Range[4]]

3‘#

Pirsa: 11080005
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RSalveiegrn, ainl, n] salves a recurrence eguation Tor afz].

‘ai[n], ar[7], .. ], n1l solves a system Qf recurrence equations.

solves a partial recurrence eguation.

RSolvef[egn, v[k], k]
. [ . St 1 2 =y I 1 oy, T Y i1 e 1 AR e BN i
“,”','nl—— el % ¥ KN-—LYELL—FEy K—{L+—FE) KR—=(1L—& — =ik 'J
G[1, 2
Sym[Ge@eRange[4]]
3‘#‘
Pirsa: 11080005 1
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alves a recurrence equation far af].

RSolvelegr, ainl, nl s

N
L
(]
=
i
%
1%
3
b
45
1
]
|5
(%]
&
]
i
ol
=l
]
-‘l

‘ai[n], ar[7], .. ], nl solves a system Qf recurrence equatians.

RSolvelegrm, afn:, 2, .1, n1, 2, . }] solves a partial recurrence equation.

GIL. Z. 3]

PR T
& 3)

Sym[GeeRange[4]] |
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G[i. Z. 3]

Gil. 2. 3)

Permutations[{1l, 2, 3}]

+ - »
L = 2
T 3 -
- + =
L
5 3 5
J 1
- [ L
2 -
- 1
- L -
a - +
J i

Pirsa: 11080005
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(7B > (1 + )22k =D (H(1 =Tk —(1 = k=201 — "L — (1 =)
]
EEI, - 31 =1

Gl 1.3

Permutations[{1l, 2, 3}]

5 >
1 ;-
T ) 3
b B =
- L
s ] a3 1
5] |
- - 4
2 1 ¥ 5 i
s I
. ¥ 5
J i
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GIl. Z 3]

G(l.2. 3)

GeeePermutations[{1, 2, 3}]

L o o
1 =i |
g o
| S
= + -
- L
= 1 b | :
¥ §
28 &
1 =
31
g
1
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Gl 2, 3]

b
(1 3)

Geee Permutations[{1, 2, 3}]

G612 3).G{1.3. 2. Gi2. 1.3).Gi2 3. 1. GI3.1.2). G{3.2_1)}

Sym[G@ERange[4]]

= 1|
q Pirsa: 11080005 Page 129/2?(2_];




G[1, 2, 3]

54 3
(= 3)

Geee Permutations[{1, 2, 3}]

G112 3). 6l 3. 2L &2 1. 3. G2 3 1).Gi3.1.2). G{3.2_ 1)

Sym[G@eRange[4]]

. M-l
q Pirsa: 11080005 Page 130/2?(2_3;




G[1, 2, 3]

;4 s
(A 3)

Permutations[ {1, 2, 3}]

# . | 3
L = 2
T 3 .
bl + )
L
| 3 .
s | 1
- - -
3 + .
- | -
- 4 -
4 2 1
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GELE, Z, 3] =
l. 2. 3)

Permutations[{1l, 2, 3}]

OEEEEN (1. 3, 2}, (2, 1, 3}, (2, 3, 1}, {3, 1, 2}, {3, Z, 1}]

G eee Permutations[ {1, 2, 3}]

IGEL. 2. 3). GL. 3. 2). {2 1.3). Gi2. 3. 1) G312 3 2 )]
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» Styie Definitions for Day 1 - Sahution - Base

G[1, 2, 3]

i -5 3
i 3)

G eee Perruutations[{1, 2, 3}]

G2 3. & 1. 3.2, G2 1.3). G2 3 1).{3.1.2). (3. 2_1)]

Sym[G@eRange[4]]

! Pirsa: 11080005 Page 133/2?(2'3& ‘H




G[1, 2, 3]

=12 3)

Plus e (Geee Permutaticons[{1, 2, 3}])

Sym[Ge@eRange[4]]
—piSETTOS000S Page 1341270




GiY, 2, 3]

i 5 S |
{;1 J )

Plus @€ (Gee€ Permutations[{1, 2, 3}])
Length 1

(1 . 3) 6l 3 2y -Gl 1.3+ G2 3 1)+ G5 |

Fy i | 1
) - Gi3 L)
| i A

T
[

Sym[G@ERange[4]]

D 4400 D aario7n
FiSd. 11U6UUUS Fdyt 159721\
1

-
150% =~




G[1, 2, 3]

1.2 3)

Plus @e (Geee Permutations[{1, Z, 3}])
Gl

L1

Length[{1, 2, 3}]!

4

(HI. 2.3 - &EHL 3. ) —~GH2 1. 3)~GH2

oy | =

_ 3. 1)+ GE3. 1.2

) Pirsa: 11%5" 2 s T e T AT 1

Page 136/27(2_3;




G[1, 2, 3]

i -] >
(i 3)

Plus @€ (Geee Permutaticons[{1, 2, 3}])

Length[{1l, 2, 3}]!

oy | =

1.2 3)+AHLL 3. )+ HL 1. 3)+H2 3. 1)+ (H3. 1. 2) + (3. 2. 1))

Pirsa: 11%5" 2 s T = wmeee T AT T

Page 137/27(2_3;




Gfl. 2. 3]

' -5 >
i 3)

Plus @€ (Geee Permutations[{1, 2, 3}])

Length[{1, 2, 3}1!

(Rl 7 Syedil 3 el 1 el

[ ) I =

L]

L AredR3. 1. 2y+4i3_ 2 1j))

Totzle (Geee Permutations[{1, 2, 3}])

1.2 ) +GH1. 3. )+ G&HL 1. 3)+ &2 3. 1) +Gi3

e U i
B S T

Pirsa: 11080005
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RSolve[egn, v[k], k]

=
IME)—=(1L=-5)2 "

1-2) 2 " k=1)zll 3

G[1, 2, 3]

i -5 -
i 3)

Plus e (Geee Permutations[{1, 2, 3}])

Length[{1, 2, 3}]!

(GI1. 2. 3)+Gf1. 3. )+ GH2. 1. 3) + (A2 3

3. 1)+ GE3. 1. 2) +GH3. 2. 1))

I:_:I'\.ll‘

Sym[GeeRange[4]]

Q*
=% Pirsa: 11080005
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GfY, 2. 3]

£
Plus eg (Geee Permutations[{1l, 2, 3}1)
Length[{1l, 2, 3}]!
:—:.Gi'_.:.f':—Gif_.E.:'l—G-i:. I.3)+ &2 3. 1) +GFH3. 1. 2) +=H3. 2. 1))
)

Plus @@ {G@EEF;mtatinns[{l, 2. 33])

GILL2L3)+&EA1L 3. )+GEHL 1.3+ 3. 1) +GH3. 1. 2) + 3.

La =)

Fad
A
=y

Sym[GeeRange[4]]

Pirsa: 11080005




GEY, 2, 3]

(A1 2 F)

Plus @€ (Geee Permutaticons[{1, 2, 3}])

Length[{1l, 2, 3}]!

(1.2 3+l 3. Y+ Gl ]

I'_:I'\.ll‘

_3)+ G 5. 1) +GH3

L2y 3. 2 1)

Sym[GeeRange[4]]

3‘#

Pirsa: 11080005
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G{Y, 2, 3]

1.2 3) |

Plus @€ (Geee Permutations[{1, 2, 3}])
Length[{1l, 2, 3}]!

(HI. 2 3)+HIL 3. )+ H L 1. 3) +H L 3. 1)+ H3. 1. )+ (#H3. 2. 1))

Totzle ( - @@@ Permutations[{=1}])

Symis [2a1  ]] :-=
Length[Permutations[{=1}]]

Sym[G@@Range[4]]

” 1.
Pirsa: 11080005 Page 142/2?(2_];




GfE,. % _ a3

&

L]

-
- |

Plus ee (Geee Permutaticons[{1l, 2, 3}]1)
Length[{1l, 2, 3}]!

HL2ZIHI+EHL I D+EH 2L 1. I +EH2L 3. 1) +GE3. 1. 2) + Gf3. 2

- e L))

N | =

Totzle@ ( - @e@@ Permutations[{=z1}])

Symi& [a1 ]] ==

Length|[Permutations[{=1}]]!

Sym[G@e@Range[4]]

ﬂ

Pirsa: 11080005 Page 143/2?(1j -
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Plus @@ (Geee Permutations[{1, 2, 3}])

Length[{1, 2, 3}]!

o

I—: Gl L 3)+-GEHL 3. ) - HL 1. 3) - H2L 3. 1)+ H3. 1. 2) - G 3.
s

Totale ( - @@8 Permutaticons[{=1}])
Symic [a1 1] :=

Length |[Perrmitations[{=1}]]!

Sym[G@eRangs[4]]

G2 3.4 LA B+ LI 2D+ HL 3L D+ LA L DGR 5. B 4G 3.9 4
G 1. 4. L2 3, tERAZADNLEE AL LA I NG L2 R LA 2
G372 T4 80000 T+ BEA LD L6342 o813 5 Lésn 1. 3.9+
G4.2. 1.3)~G4. 2. 3. 1) + Gf4. 3. 1. 2) - G{4. 3. 2 1))/ 620 448401 733 239439 360 000

Pirsa: 11080005
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I
( 3)

Plus @e (G e@ee Permutations[{1, 2, 3}]1)
Length[{1, 2, 3}]!

-5

Laa

= i A1

G1l.2 3)+G&H1L 3. )+ HL 1 )+ HL 3. 1)+ &H3. 1. )+ A

Totzlée ( - @@@ Permutations[{=z1}])

Sym[& [al ]] :=
Length [Permmitations[{=1}]]!

Sym[G@eRange[4]]

G2 3. N+ L2 4 N+ @ 52 Dl 3.1.2 A4
G143 +G3 LY+ GLI AN+ FH2 41 3+ &2 4.3
G52 L DL 2 D)+ 554 LG4 T+ 64 1. 2.3) 4 634
G2 1.3+ Gl 2.3 1)+ G 3. 1. )L ¢4 3.2
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3‘#

P
( 3)

Plus @e (Geee Permutaticons[{1l, 2, 3}])
Length([{1, 2, 3}]!

133 1. D3, 2. 1)

Faa

(1.2 3)+G&H1.3.2)+H2 1. 3) + GE L.

L:I-.ll‘

Totzle ( - @@ Permutations[{=1}])

Sym[= [s1 1]] :=
= . Length[Permutations[{=1}]]

Sym[GeeRange[4]]

= 1

— (L. 23 LG 24 G132 9+ 613 4D G142 1611 4.3.2) 4+

G2 1.3 DG LA 3 .5 LY+ @23 A Tr@ A L 3G 5.0
G 1 2D LG LA+ G2 LD L@ A D G A LD AR T
Git.1.2.3) - G4, 1.3.2) + GIA. 2. 1.3 + G4 2. 3. 1) + Gl4.3. 1, D) - G4, 3. 2. 1))

e,
2 ]
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{4 s ..
r 3)

Plus @e (Geee Permutaticons[{1l, 2, 3}])

Length[{1, 2, 3}]'!

]
()
I
6
=t
L=

LD+ EHL 1. 3)+ G 3. 1)+ GH3. 1. 2) +(H3. 2. 1))

Sym[= [21_ 1] :=

Totzle ( - @@ Permutations[{=1}])

Length[Permutations[{{=1}]1]
Symfi,. 2. 2, 3]

Symil_ 2 2 3)

3‘#

ASym[G[2, 1, 3, 41] -
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Gil., Z. 3]

PO
(= 3)

Plus e (Geee Permutations[{1, 2, 3}])

Length[{1, 2, 3}]'!

(HI. 2L 3)+HIL 3. )+ H 2L 1.3) + AL 3. 1)+ (H3. 1. 2) + 3. 2. 1))

Totzle ( - @@ Permutations[{=1}])
Sym[s [a1 ]] :=

Length[Permutations[{{=1}]]

Sym[G[1, 2, 2, 3]]

i

P | - -5 - i -~ - = | - -5 - Py - - 5 = T - - ey -5 b
— G 223+ G2 3.2 G 3.2 )" L. L 5 Gl A G 2 .

(]
|

P |

HZ. Z 3. e 3. L.+ a2 3 2. 1+ E3 L2 2y &3, 2. 1. 2y G322

3‘#
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} Style Definitions for Day 1 - Solution - Basc —=] x |
1 e —
P———

G[1, 2, 3]

i ¥ 5 .
G¢ 3)

Plus @€ (Geee Permutaticns[{1l, 2, 3}])
Length([{1, 2, 3}]!

L2y FeH2 1 Sy a2 3 1)y+Gia. 1. Ly 2 1))

L

Pl |
) ATy L.

[} "
1]
[
1
()

o |

Totzle ( - @@ Permutations[{=1}])

Symis [a1 1] :=
- — Length[Permutations[{=1}]]

Sym[G[1, 2, 2, 3]]

! |
— (G L 22+ G123+ GL3. 2+ G2 1L 230 +G2 L3 D +G22 1

+

()
|

2 Z 3 &2 3. 1.2+ 2. 3.2 1y L 2.2y +6&i3. 2. 1. 2y G5 2. 2.1

[

-

3 l
Page l49/2?Q‘.j T
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T3 - -
(] 3

Plus ee (GCeee Permutations[{1, 2, 3}1)

Length[{1, 2, 3}]!

(HIL. L +EHL 3. D) +EH L 1. )+ &L 3. 1D+ G312y +Gil3. 2 1)

Totzle ( - @@@ Permutations[{=z1}])

Sym[=E [21__]] :=
= = Length[Permutations[{=1}]1]

Sym[G[1, 2, 2, 31]

— el L 3G 2 8 20 BB 2 Y G T T By, 1 8 D) - L 34

[ | . 5 + =] =3 + ¥y [ | ¥ 3 ] P | 1 -] 3 B > ¥ -] qo 3 3 +
G Sl l 3. 1 Y -GS FESLE ) + G 3 .2+ 613 )
— - Il oma oda Lo o R S o e Tl s e amm L

3*
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3 - -
(H 3

Plus ee (GCeee Permutations[{1, 2, 3}1])

Length[{1, 2, 3}1!

e

el 2 3y GIL 3 G2 T 362 3 1)y - 63

oy | [
Lad
—t
I

I
rJ-J

]

Totzle ( - @8@ Permutations[{z=1}])
Sym[&_[2I_ 1] :=

Length[Permutation=s[{=1}]]

Sym[G[1, 2, 2, 31]

— (el L 8) -G 12 3. Ty - 3

Ro 2o Ay b2l 2 B2 105 Dy iq 22§

25

a2
- -

% ~+ = - =+ [ B | ) 3 = ' i | 5 -] . | . . ] 5 3 §y 5 = +
Ly -2 3 1. 2 GEE. 3 E) 4ol 3 ) + G 3 E. DGR3
- W - W - R -

3*

ﬂ

PagelSl/Z?Q_ji

ASym[G[2, 1, 3, 4]]

Pirsa: 11080005




Plus ee (Geee Permutaticons[{1l, 2, 3}])

Length[{1, 2, 3}1!

-

(HI. L 3+ EHIL. 3. )+ H L 1) +EH L 3. 1)+ GH3. 1.2+ G, 2. 1)

| -

oy

Totzle ( - @@@ Permutations[{z=1}])

Sym[E [a1 1] ==

Leng‘l:h['?er:u:utatinns [{=1}11

Sym[G[1, 2, 2, 311

G223 B ER AN A s £ § I, AL I £ A SRRSE ) 5 oE o A S SBLL B £ M TR
3 3 ] ]

LA B ot B TG g s & IS AR gl b2 N st 1% By -Gl b At

+ %

[ = ] 3 + » 3 + 3 3 N 3 % i 1 ] 5 B ] ¥ & ] ¥y 5 3 +
G 3. 1)+ 3 ) A } + G 3 ) + Gt 3 E. D63 1))
i P — W — e w - s B S e e ame o

i s, 1|
s

ASym[G[2, 1, 3, 4]] % |
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— (L 2. )t 2 3 2yt 3 2 By r i 2 Bl E R By G o3t

=
¢ i e o T e R e T ) W i ) (R A 8 O WO . O B T
o AR } VAR s CoRra e oy B, SR N o o b SR BT A B s, MNP SRSV B i & ¢ M SRNCERRC SRR [ L

ASym[G[2, 1, 3, 4]]

¥[5, u+1] ¥[j, u-1] = (L +¥[F-1, ul) (L+X[F+1, ul)

]
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— L 2.3y G L2 3. 2y -l 3. 2 A+ g2 1 2 3t S By G2 T T 3)1

] - - - - -5 - - -5 -5 - - . - - -5 T - # - oy - - -
2.2 3 1 +GE2 3 1. D)+ G223 N4AG3 L2+ G322 1.2 +-603. 2.2 1))

. ﬂ

Plus @e ( (G@ee Permutations[{1, 2, 3}]) /. G[=__] » Signature[{=z}] G[=z])

(1.2 3) &A1l 5- ) -2 1. 3)y+ L 5- 1)+ A3 1-2) — A3 2 1)

ASym[G[2, 1, 3, 4]]

¥E§, a+ 1T, a1 = (1 TiF-1,_af) (L+TEF+L, uI)

-4 r

1 =
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— il L 2. 3) {2 3. 2y 8 2 Ayl 1 2 3y 2 128

(H2ZL 2 3. 1)+ H2 3. 1.0V + G232 1D+ I L2+ 3.2 1.2+ &3 2L 2 1
1 . | 2 } 3 1 3
i A S Pt Sl Eea LA TR ARG ) £ S A e R | S r o SNCARISTAER [

4 E5 ¢ V.S R ) T L

> ﬂ

ASym[G[2, 1, 3, 4]]

¥[3, u+l] ¥Y[j, u-1] = (1 +¥[3-1, ul) (L +¥[3+1, ul)
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rlsol.nt * L
"~ Sym[G[1, 2. 2, 311

= i - - - - - -
— (X 2. XY+ 123
5

., v SRR £ f S TR S0 B 0 £ 9.0 DR | B IR £ A |

||

A R £ 8 SRS PR

) = = 3 4 = ! i B . . | i | . L. % 3 . 5 S I |
{r - '|—-|:':|"|‘ - | I_'I:;T - :_{;‘-\ _|:;-|i- ] —{r 3 |
— ams e ow L — ada L o) s mmw L o Y ud me Lo o ol — amw L

3*

Plus @e ( (Geee Permutations{{1, 2, 3}]) /. G[=__] =» Signature[{z}] G[z])
(1. L3)—GI1_ 3. 2)—GHL 1. 3))+GIL 3. 1)+ G 3

g e s
LMy —GHAL 1)

— L

ASym[G[2, 1, 3, 4]]

¥Y[3, u+1l]1 ¥[j, u-1] = (L +¥[5-1, ul) (L+¥[3+1, uj)
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Sym[G[1, 2, 2, 311

— (Rl 1 2. 3) -G 12 S 2yl o 3. 2 2y + b2 L Bt G LR My 2D T3

44

[ | 5 3 - =1 3 - Ny = 3 3 - i - = = TR = * ¥ B = =1 -
G S B 2 A s M) B } + G 3 ) + G 3 1.2)+Gi3 1))
—— e o ow L N I —— e ow mmw L1 e La s alm - - I e e aee L

3‘#
Plus @e ( (Geee Permutations[{1, 2, 3}]) /. G[=__] » Signature[{z}] G[z])

=By 1y — 63 Lo 1

Lad

= 2y 1.3yl

Lad

Gf1. 2 3)— Gl

Ly 1 2y —6(5. 2 1)

Faa

H1. 2. 3/ —GH1. 3. ) —&FH 2 1. 3) - H 2

ASym[G[2, 1, 3, 4]]

Y[3, u+1] ¥[j, u-1] = (L +¥[F-1, ul]) (L+¥[3+1, u])
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— (L 2. 3)-- G122 3. 2y L. 3. 2 )+ 2 2302 LR By L G623 T 3t

-2 5 1402 5. 1

N % = N 5 - F - - ! Ff ™ - - - R | ] =l -
.2+ Gf2 3 1) - GH3 | =G 3 1. 2) +~GH 3 )
- - AR e B s e —_ s —a e o) —_ea s e - e ams S L

Plus @e ( (Ge@eee Permutations[{1, 2, 3}]) /. G[2__] =» Signature[{=z}] G[z])

=y 3e 10y — 63 Lok

)

Lad

1. L. J)—iGll 3. 2y G 1.3

Lad

[ ]

L 2y—=H2 1. Jy+ECHL

(77}

Gil. 2. 3)—GH 1. I+ &ARI1 2 -G 2 1)

Signature[{=z}]

Signatuze[{=I}]

ASym[G[2, 1, 3, 4]]

Y[, w+1] T}, w-1] = (L+¥[3-1; ul) (2+¥[F+1, ul)

=t I

o

Y I — T
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Sym[G[1, 2, 2, 31]

DN+ 5.2 2+ R L2 3+ EHL LI DG 3)+

¥ ¥ 5 > 3 T | 5 -
Gi ] 31+ (oA 3

3

H2Z Z 3 1+ 62 3. L. 2D+ B3 21V 6G8. L2 2+ G322 L 2y G5 . 2 2 1))

1
e
(]

Plus @e ( (Geee Permutations([{1, 2, 3}]) /. G[=__] =» Signature[{=z}] G[

L L3y Gfl. 3.0 GI2 T . 3) 46l 3 1)

Ly—kx. Lo dy-+El 3o b+ 12

[

e G
RS ) B 2

' Signature[{=}]
" et EEaTE]

Asym[c [21 ]] :=Sym[S[21]1 /.

ASym[G[2, 1, 3, 4]]
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=

I
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!._4
Lid
i
I

I
%)
i
-

L
— (=l 2 3+ 4 3)+GiL 5.

[ R
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I.2) —Gi4.

24
G 1.5.9 -G LA -G LD L@ 3 A DAL GEA L R L35~
. 4 H-SEALD LG4 214

o
i
L]
S
(¥
| I R I 1
L]

G5 1. 2. 0+ 663 .42 +6(5.2
Gib 132340 £.2.9 6.2

Laa
-

[
G
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Y1, v+l Yli,.,n—-1] = (1 +X[1 -3 ul) (1L:+Xf7+1,; ul)

FullSimplify[9én[3 (u+m)] +Ca=[3 (u+m) ]]

sl 3 (u + 7)) + cosi 3 (u +— 1))

ee = -Sin[3u] -Cos[3 u];
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Y[, u+l]l Y1, u—-1] = {(3+-2[7 -3 uf) (L +X[3+%, ul)

FullSimplify[Sin[3 (u+m)] +Ca=[3 (u+m) ]]

sl 3 (u+ 7)) + cosi 3 (u +— )

ee = -Sin[3u] -Cos[3 u];

Pirsa: 11080005 Page 161/2?(;]; : |
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Gf4.1. 2. 3)—G4. 1. 3. ) —GHL. 2. 1. 3+ GHL L3 1)+ G 3. 1. 2) -G 3.2 1)

Y[, u+1]1 ¥[j, u-1] = (L +¥[3-1, ul) (1+¥[3+1, ul)

(4]
—

FullSimplify[Sin[3 (u+m)] +Ces[3 (u+m) 1]

2]
Faa

(U -+ T} +—Cco \LE——ITF)

IEI
(9]

ee = —-Sin[3u] -Coz[3 ul;
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Solve[Y[j, u+l1l] ¥[J, u-1]1 =(1L+¥[§J-1, ul) (L+X¥[J+1, ul), Y[J, u+1]]

FullSimplify[Sin[3 (u+m) ] +Cos[3 (u+m]]

-|'|| e
(U ——IT)) —COS 2 (I +—2T))

Lid

Sl

ee = —Sin[3 u] -Co=s[3 ul; ‘
|
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Sclve[¥[j, u+1] ¥[3j, u-1] = (L+¥[3-1, u]) (L+¥[3+1, ul), ¥[3, wu+1JI[[1I]

- F

u-=u-1|

[
|
—t
S
|
Pt
I‘I

L
|
I
[~
|
=t

FullSimplify[Sin[3 (u+m)] +Cas[3 (u+m)]]

= F o - - i 2y -
S (LU — T} —COSNT (L +—ITF)
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Sclve[¥[j, u+1] ¥[j, u-1] = (L+¥[j-1, u]) (L+¥[3+1, ul), ¥[3, wu+1JI[[1]]

u-u-1

FullSimplify[Sin[3 (u+m)] +Cos[3 (u+m)]]

' ¥ 4 3
SHUD (L +— T} —COSt2 (L — T}

pirsa: 11888005 —SinTA T - CaelT T -
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Gf4. 1. 2. 3)— 4. 1.3.2) G4 2 1. 3+ G 2L 3. 1)+ (4. 3. 1.2y —Gf4. 3. 2 1))

Sclve[¥[j, u+1] ¥[3j, u-1] = (L+¥[3-1, u]) (L+¥[3+1, ul), ¥[3, wu+1JI[[1]]

dr
u-u-1
= Hr—lLa—=1L+NAjria—1+1)
LLf uf— = = [
Fljpa—2
—i—tlil =Yilu+n+3

FullSimplify[Sin[3 (u+m) ] +Co=s[3 (u+m)]]

' 3 3
S (L — T} —COSNT (L +—0T))
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Gf4.1. 2. 3)—&H4. 1. 3.2 ) —GH4L. 2 1. 3+ AL 2L 3 1)+ G 3. 1. 2) -G 3.2 1))

Solve[Y[j, u+l] ¥[J, u-1] = (L +¥[§J-1, ul) (L+X¥[7J+1, ul]), ¥Y[3, u+1I11I[[1]1]

u-u-1
o fow ¥{17-1, u—-1]+1 ¥Yii+1, u—=1] +1%1
i—ictlttl =¥ iu+n+3

FullSimplify[Sin[3 (u+m) ] +Cos[3 (u+m]]

smi3(u+ 7)) ~cosi3(u+—m)
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Gf4.1. 2. 3)—GH4. 1. 3.2} —GHL. 2 1. 31+ GHL 2L 3 1)+ G 3. 1. 2) —Gid 3.2 1)

Sclve[¥[j, u+1] ¥[3, u-1] = (L+¥[3-1, u]) (L+¥[3+1, ul), ¥[3, wu+1JI[[1]]

u-u-1
e :T_F_‘ _.i._-‘?_l__ :__;'_—u'_—l_—]
¥{j. u)— — - r
¥{j.u—2
—i—tlitl = ¥Yilu+n+3

FullSimplify[Sin[3 (u+m) ] +Co=s[3 (u+m)]]

=%

T =
S (L +.T)) —CosSNI (L +—TT))
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Sclve[¥[j, u+1] ¥[3j, u-1] = (L+¥[3-1, u]) (L+¥[3+1, ul), ¥[3, wu+1JI[[1]]

u—-u-1
o Hri—La—bL+DA;ri.a—1)+1)
¥{j. u)— —= = r
LlJ. E—L
—i-tlitl = ¥ilu+n+3
:T — 1. u—1)=1 1-—::_.__ d— L)+ L)
Ly f. lf— 7= o = ]r
¥ P — 2

FullSimplify[Sin[3 (u+m)] +Ca=s[3 (u+m) ]] ‘
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Gf4.1. 2. 3)—G&H4. 1. 3. 2) G4 2 1. 3+ AL 2L 3. 1)+ G4 5. 1. 2) —Gid. 3.2 1))

Sclve[¥[j, u+1] ¥[3, u-1] = (L+¥[§-1, u]) (L+¥[3+1, ul), ¥[3, wu+1JI[[1]]

u-—-u-1
5 Filj—l.u—1)-1yF{;+-1.u—1)+ 1}
Y{j. uy— . = (
Li]. H—L
—i—tlil =Y¥ilu+n+3

FullSimplify[Sin[3 (u+m)] +Ca=[3 (u+m)]]

sind 3w+ 7)) —cost3(u =)
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4. 1.2 3)—EH4L 1.3. ) G4. 2 1. 3+ L. 2L 3. 1) +- (4. 3. 1.2y 4. 5. 2 1))

Sclve[¥[j, u+1] ¥[3, u-1] = (L+¥[3-1, u]) (L+¥[3+1, ul), ¥[3, wu+1JI[[1I]

u-u-1
5 y—Lau=LH+ DA+l a—1)y+ 1)
- L} —- = [
¥(jau—2
ilul=Yiin+n-+23

(¥j-Lu-D+1D)(¥j+1lL.u-1)+1)

{F:j. ) - }|

FullSimplify[Sin[3 (u+m)] +Cos[3 (u+m)]] |
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Solve[Y¥[j, u+l1l] ¥[j, u-1] = (L+¥[F7-1, ul)

u-u-1
Fi7—1l.u—1)+-1y¥F(;j+1.u—1)+1
: u)— . — :
L] F et
ilul=Yiiu+n-+23

(Flj—lLau—0+0)(F(j+1l.a—1)+1)
{F:j.ur—} }
Yij.u—-2)

FullSimplify[Sin[3 (u+m)] +Cos[3 (u+m)]]
Pirsa: 11080005
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(L+Ti3+1, ul), Y[j;, a+ 1T I1]]
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e —— . — | =
" Conmvert To . InpuiFarm shmt=in+1 =
[
- - _ L P - -
L i R — Mz il Ly L -k [ E g SN § ey 4 e o e |
| p : sw Inputfoin Sht—i_tri=H
7 C= Pro ‘ = 3
G4 rid A oo E g 432 1))
imitahis Clutpuiomm

Z=il Tags >
StzndardFom Shaft—Cirk—M
IrCUpINg »
4 ¥  TradioonaiForm Shift+Ciri=T
. Briomao r
Solve[} : CEETE , Y[3, w+ 111 [[2]]
Notebook History...
1o = 11 — Tt Display
Cetere Al Cutput IroutEorm EiECI&‘_E |
Show Expression Shift=Ctri—E StendardForm Dispiay
£ o - v TradioonaiForm Display
i ju LT el
—i—fltitl = ¥ilu+n+3
(Fij—lLu-1L+L(Fj+l.a-1+1)
F{jl i — 2} -

FullSimplify[Sin[3 (u+m)] +Cos[3 (u+m)]] |
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Gf4.1. 2. 3)—&H4. 1. 3. 2)—GHL. 2 1. 3+ GHL L 53 1)+ G 3. 1. 2) — G4 3. 2. 1)

Solve[¥[j, u+1] ¥[j, u-1] = (L+¥[§-1, ul) (L+¥[3+1, ul), ¥[3, wu+111[[1]1]

u-u-1
PR =Y (u—n-+3
(Fj—l.u-1+0(F(j+1l.a-1)+1)
(¥ wy > }

F(j. u—2)

FullSimplify[Sin[3 (u+m)] +Cos[3 (u+m)]] !
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Gf4.1. 2. 3)—G&H4. 1. 3. 2)—GHL. 2 1. 3V + L 2 53 1)+ G4 5. 1. 2) — G4 3.2 1))

Solve[¥[j, u+1] ¥[j, u-1] = (L+¥[5-1, ul) (L+¥[3+1, ul), ¥[3, w+1I11[[11]

u-u-1
i—jetll =Xi{u+n+3
(¥ij—Laua-L+1L)(Fj+1l.a-1)+1)
{I’:‘j.m—r }

¥(j. u—2)

FullSimplify[Sin[3 (u+m)] +Co=[3 (u+m) 1] |
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(Fij—l.a-1L+1)(F(j+1l.a-1)+1)

{Fij.m—r }
¥(j.u-2)

FullSimplify[Sin[3 (u+m)] +Co=[3 (u+m)]]
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Solve[¥[j, u+1l] ¥[j, u-1]1 = (L +¥[F-1, ul) (L +X¥[3+1, ul), ¥[3, u+1I1[[1]1]

u-u-1
ey ok ¥ii-1, w-1l«1) (¥Ii+1, u-1]+1 ‘
i—j=t{uwl =Yjlu+n+3

(F[j—l.a—1]+1)(F[j+1. u—1]+1)
(Y. a1 .

Flj.a—-2]

FullSimplify[Sin[3 (u+m)] +Co=zs[3 (u+m)]] |
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3.1 2 —Gid. 3.2_1))

L I o 5 SR T I -

Gf4.1. 2. 3)—G{4. 1. 3. 2)—-Gi4. 2. 1_3

Solve[Y[j, u+1] ¥[j, u-1] = (L +¥[3-1, ul) (L+¥[§+1, ul), ¥[3, wu+1I1[[11]

u-u-1

i—ictltl =¥ (u+n+3

(¥lj-Laua-1]+1¥[j+1l.u-1]+1)
¥lj. u—12]

}

r{{ru -

5 T |
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Bl |

Gf4.1. 2. 3)—&H4. 1. 3. 2) - G4 2 1. 3+ AL 2L 3 1)+ G4 5. 1. 2) — G4 3.2 1)

ﬂ

Solvel¥[i, e+1]1 ¥[3; a-11 = (L+¥[3 -1, ul) (L +¥[3+ 1, ul), ¥I35, o+ 110111

u-u-1
- Y (3, w—=2
i—ictltl =Y lu+n+3
n=25

‘Y[J'-l-"—1]+1HfU+1.u—1]+1.} = |
¥Tj. u—2]

r{{ru. -

Salvel¥[j, u+l1] ¥[3, n=-1] = (1 +¥[3-1; un]) (L +¥[F5+1,. u]l), Y[3, v+1]I[[1]I)]

u-=-1u-1

Pirsa. 11080005 Page L2
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)
|
|4

Gf4. 1.2 3)—Gl4. 1. 3. 2)—-Gi4. 2. 1_3 1)+ G4 3. 1.2y — G4 3.2 1))

Solve[¥[j, u+1] ¥[j, u-1] = (L+¥[5-1, ul) (L+¥[3+1, ul), ¥[3, w+111[[1]1]

u-u-1
i—ictltl =Y (u+n+3
n=25

(Flj-La-1]+1¥[j+L. u-1]+1)
¥lj. u—2]

)

F[{f{j. u] —

) I
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Gf4. 1.2 3)—Gl4. 1. 3. 2)—GI4. 2. 1 3+ GHL 2L 3. 1)+ G4 3. 1.2y —Gid. 3.2 1))

Sclve[¥[j, u+1] ¥[3, u-1] = (L+¥[5-1, u]) (L+¥[3+1, ul), ¥[3, wu+1JI[[1]]

u-u-1

fFLr'—l.u—1]+1Hf[j+1.u—l]+l|} i
¥lj. u—2]

r{{ru -

.. (E[7i-1, =2—-11 +1) (Y[7+1, a-1]+1)

il = sXEF . ] 3 _:_:}D}:
4 Y[:r '—-'_EI
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Sclve[¥[j, u+1] ¥[3j, u-1] = (L+¥[3-1, u]) (L+¥[3+1, ul), ¥[3, wu+1JI[[1I]

u-u-1

i I (¥[F-1, =2-1] +1) (Y[F+1, a-1]+1) D} =|
rule = 4 1T . O e Jog B r
. B i u—2]

FullSimplify[Sin[3 (u+m)] +Ces[3 (u+m)]] |
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Solve[¥[j, u+1l] ¥[j, u-1]1 = (1 +X¥[F-1, ul) (L+X[3+1, ul), ¥[3, u+1]11[[1]]

u-u-1

. (Fi§-1, a-If+i] i1, a-I1+1)

S : Y[=, u-2]

Clear|[¥Y]:;

¥ . o)l =030 )Fenx]
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i—icilal =Yilu+n-+3

g F‘&'.'" : (Y[7i-1, =2-11+1) (E[7+1, = —-1]+1) E.'l}
rule = 4¥[7 , = 5 T -
= T3 =—2]

¥[7 , 2f:=0t:3=20])F7ansl |

FullSimplify[Sin[3 (u+m) ] +Co=[3 (u+m) ]]
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=Tjlu+n+3
n=>5
= (Y[7-1, =2-1] +1) (¥[7+1, a-1] +1)
rale =4%TF ., =
= ¥[i, -2}
n=>5
Clear([¥Y]:
T ., aj =0 T=z=0]]l7zn+1

Table 'f. rule // Factor, {3, 1, n.}]

FullSimplify[Sin[3 (u+m) ] +Co=[3 (u+m) 1]

Pirsa: 11080005 ** — T!1 — ~ast 3l =

Page 185/27_Q_j £



i—epti 211'_ t— 1+

n=>5
z (Y[7-1, 2-11 +1) (Y¥[F+1, a-1]+1)

rule =<E[F , = ] = P i ;}D}:
* Y[, o—-2]

n=5

Clear([¥Y]:;

T3 ., e =070 ))Fensx]

Tim—3+1 I3

Y[3, 1+n+3]

¥[o-35+1, 1]
Ta.blel- '/ . rule // Factor, {3, 1, n.}]
“¥[3, L+n+ 3]
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e

= (XT3-1; =—1] +1) [FlF3+1. =1 +1)

- - T w2

Clear([Y]:;
¥IF . %) =0 FsR)Foaeld

Y[n-j+1, 1]

Y[3, L+n+3]

FullSimplify[Sin[3 (u+m)] +Cos[3 (u+m) ]]
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Solve[Y[j, u+1] ¥Y[j, u-1] = (L+¥[3-1, ul) (L +¥Y[3+1, ul), Y[3j, u+1II1[[1]1]

u-=u-1
g () =Y (n-+n4-3
n=5
2 (¥[i-1, =2-1] +1) (¥[F+1, o-1] +1)
rule = {¥[5 , =1 :> ﬂ}n}
= {3, a—2]
n=25
Clear[¥]: ;

Id .8 ) =07 F20)1F=nx]l

a5+l _ 13

Y[3, L+no+ 3]

S |
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n=25
= (Y[i-1, =a—-1] +1) (Y¥[F+1, a-1] +1)

: - ¥[=, =-2]

n=235;
Cleaxr([¥];
¥ ., 8] =07 3=0Q )12l |

¥[n-3+1, 1]

Y[3, L+n+3]

F(5—.0)=L(F(T— 7.0+~ 1) (). 7
Y(6— 7. —1)(F(j—1.8)+~1)(F(;+18)+1
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n=25

- (¥[5-1, 2-1]+1) (¥[5+1, 2-1]+1)
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T
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Y[no-3+1, 1]

Table|

/. rule // Simplify, {-, n}]
“Y[3, L+no+3]

FullSimplify[Sin[3 (u+m) ] +Los[3 (u+m)]]

=

sl 3 (u — 7)) —cost 3 (u — )

ee = -Sin[3u] -Co=[3 ul;

. ﬂ
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¥[o-35+1, 1]

Table|

/. rule // Simplify, {-, n}]
“¥[3, L+n+3]

FullSimplify[Sin[3 (u+m)]|+Cos[3 (u+m)]]

- > -
S (L —T) ) — CstI (L —IT})

=—-Sin[3u] -Cozs[3 ul;
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Clear([Y]:

¥ ., & =07, F=0))F=2nx]

¥Yo-35+1, 1]

Table|

/. rule // Simplify, {=, n}]
“¥[j, L+n+ 3]

FullSimplifg[Sin[3 (u+m) ] +Co=s[3 (u+m)]

ee = —Sin[3u] -Cos[3 u]; =

6 I !
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¥[o-3+1, 1]

Table|

/. rale // Simplify, {3, ﬂ}]
“X¥[3, L+o+3]

FullSimplify[Sin[3 (u+m)] +Cos[3 (u+m)]]

L

(u + 7)) +~cost3(u—+)) =

smi

=—-Sin[3u] -Coz[3 ul;

I'—__1|.
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¥[i 8] =07;37=0Q])F=as]

¥Y[o-3+1, 1]

Ta‘nle[ '/ . rule // Simplify, {-, n}]

Y[3, 1L+n+3]

FullSimplify[Sin[3 (u+m)] +Ces[3 (u+m7)]] // ByteCount

_l".

ee = —-Sin[3 u] -Cos[3 ul;

ee // Byt

=

Bvitedrdenng
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Table| . /. rule // Simplify, {=, n]-]

FullSimplify[Sin[3 (u+m)] +Cos[3 (u+m)]] // ByteCount

124

ee = —Sin[3u] -Ca=s[3 u];

ee // ByteCount
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3+ Vmr2+1
(t+ Var2+1) (2+Vmr2-1)
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FullSimplify[Sin[3 (u+m)] +Co=[3 (u+m)] // TrigZcExp]

—sm I u) —cosi3ul

ee = -Sin[3u] -Cos[3 u];

ee // ByteCount
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I+Vym*2+1
=1 = f i

(1+ Vm*2+1) (2+Vmr2-1)

1§

3+ Vm~2+1
(1+ V=r2+1) (2+Vm~2-1)

Clear|[F];
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(2+Vm~2-1)

I+ Vm*Zx1
(1+ Vmr2+1) (2+Vmr2-1)

.

J
Clear|[F]:
F[l] =1;
E'[E] =1;

Ffa J :=Fia] =F[a-1] +Fian-2];

ListPlot@Table[ (F[1] // Log) />, {+, 1000}] // Timing

o
—

Run|["sxplorsr hEto w.foc.up.pt,/math=school |
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3+ym*2+1

@+-¢mﬂz+1]{z+ﬁmﬁzii]

=1 =

3+ Vm*2+1
@+-¢m*2+1}[2+ﬂm*2-11

KSgr =

Clear|[F]; |
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3+vVm~2+1 I
(1+ Var2+1) (2+Vmr2-1)

Clear|[F];
F[l] =1;
E'EE] =1;

Fia I :=Fia] =F[a-1] +Fia-2Z];
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KSgrz= ]
Block[{trz]}, (o = Factor[==]-

Collect[Numerator|[trr] (Dencminator[=mr] /. Sgrt[z== ] > -Sgrt[=z=z]),
Sgrt[ ], Factor] /
Collect[Denominator[=mc] (Denominator[trz] /. Sgrt[=z== ] :> -Sgrt[z==z]),

Sgrt[ ], Factor])]:; I

I+ Vm*2+1

|1':1+ "‘\J'!".'I“E-i-l‘] {'2:—*{':'.1“2—1} |

al =

3+ Vm*2+1
(1+ Vm~2+1) (2+Vmr2-1)

' KSgr
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i

a ] :=

Block[{t0=]}, (to = Factor[==

Collect[Numerator[tmr] (Demominator[-—r] /. Sgrtz== ] > -Sgrt[===z]),
sgrtl 1. Factox] /
Collect[Denominator[~mr] (Dencminator[toz] /. Sgrtf[=s=s=_] > -Sgxrt[=z==]),

Sgrt[_ ], Factor])]-

I+ Vm*2Zx1l
(1t+ Vm*2+1) (2+Vm*2-1)

al =

F:Vm*24+1

@+-vm*2+1}{2+#mﬂz-1]

- KSgx

Clear[F]:;
E[l] =3:

E'[E] =3
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RSgrfz=z ] :=
Block[{trz]}, (t0 = Factor[==];
Caollect[Numeratortor] (Dencominator[-me] /. Sgrtfz== ] :>» -Sgrt===]),

Sgrt[_ ], Factor] /
Collect[Denominator[~mr] (Dencminator[toz] /. Sgrt[=s=s=_] > -Sgxrt[=z==]),
Sgrt[_ 1, Factor])]-

3+Vm*2+1
(1+ Vm*2+1) (2+Vm*2-1)

al =

3+ Vm*2+1 _
@+-vm*z+11[2+wmﬂz-11 :

7 }l
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RKSgrfz= ] :=
Block[{trz}, (Tt = Factor[==
Collect[Numerator[torc] (Denominator[-—rz] /. Sgrt[z== ] :> -Sgrt[=z===z]),
Sgrt[_ ], Factor] /
Collect[Denominator[-mr] (Dencminator[toz] /. Sgrt[=z=s= ] > -Sgrt[=z=z]),

Sgrt[_ ], Factor])]:

3+ VYVm*2+1

(1+ Vm*2+1) (2+Vmr2-1)

=l =

3+ Vm*r2+1 =
: = "I-JKEF
“+-¢m*z+1}:2+vmﬂz-1}

oim — ) |
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Kogrfa= ] :=

Block[{trp}, (tmp = Factor[==];
Collect[Numerator[tmr] (Denominator[-mr] /. Sgrtlz== ] > -Sgrt[=z==z]),
Sgrt[_], Factor] /
Collect[Denominator[=mr] (Denominator[trz] /. Sgrt[=s== ] > -Sgrt[=z=z]),

Sgrt[_ ], Factor])]:

3+ Vm*2+1

(1+ Vmr2+1) (2+Vmr2-1)
\ |

=l =

3+Vmr2+1
- ng
(1+ Vym*2+1 ) (2 Vmr2-1]
—2 ml—_l—\,w——_ |m-—l\, m-+—1 —2|—4ym -1
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3+Vm*2+1
(1+ Vm*2+1) [2:vVa~2-T)

el =

3+Vm*r2+1
{14- Vm~r2+1) (2+Vmr2-1)

 KSagx

—2(m"=2)+ym—1 (m +2ym+1 2| -tym +1

nr i — 3

~l

Cle=ar[F];
FiX] =1;

FI2] =1;
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El:
@+-Jmﬂz+1]{2+ﬁm*2-11
=1

3+Vmr2+1

(t+ Vmr2+1) (2+Vm"2-1)

- KSgr

Clear|[F]; !
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El:
{35 WJ:*::"2+1~'} ff2:—’\fm“2—l}
\ J | _.
=1
1 43
[Vor —1 2}y +1 -1

4 mg
(1+ Vmr2+1) (2+4Vm~2-1)
—2im—=2)=ym—1 jm- +2ym+1 —2|—4ym +
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3+vVm*2+1
(1+ Vmr2+1) (2+Vm 2 -1 )
{ ) |

!

=l =

Numerztor[el]

3+Vym*r2+1

=y [/ KSgx |
(1+ Vm*2+1) (2+Vm~2-1))
—2m —2)~ym —1 (M +2ym +1 2| —4ym+1

i

i — 5)
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3+ Vm*2+1

el =

Numerztor[el]

DeNumerstor[el]

L]

uﬂé-—l 4

3+ Vm*2+1

(1+ Vmr2+1) (2+Vm 2 -1)
\ 8

“+'Vm“2+1}{2+ﬁm“2—l]

2 m;——ll—-mfn;—-l|nF

' KSgr
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I3+ vVm*2+1
@+-dmﬂz+1}{2+ﬁmﬁz-1]

!

al =

Numeraztor[el]

Dencminatorfel]

3+ Vm*r2+1
@+-¢m*2+1}f2+¢m*2-1]

// KSgx
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3+vVm*2+1
(1+ Vmr2+1) (2:Vm~2-1)
l\ ) |

!

=l =

Numerator[el]

Dencminatorfel]

\u'?rz:—'_ —l:[‘u'-'-n:—'_ ~1]|

3+ Vm*2+1
@+-¢m*2+1}f2+vm*2-1.

bl

Pirsa: 11080008~ — 1=V m— — 1l = Tl =1 =2 —daim— 1 Page 216/27Q. .




3+ Vm*2+1
@+-ﬁmﬂz+1j{2+ﬂmﬁz-1}

al =

Numerztor[el]

Dencminatorfel]

\.‘frz:—'_ —l.“\..'-'-n:—'_ +1]

3+ Vm*2+1
@+-¢m*2+1]f2+ﬁm*2-1]

" KSgr

pirsa: 110800087~ — 1= m— — 1l = Txlme =1 =72 1 — i =1 Page 217/27Q.__




3+ Vm*2+1

al =

Numerator[el]

Dencminator[el]

\,.'.ﬂ::—l +3

|\u'sn:—'_ —;]I‘UFH:—__ —__|

3+ Vm*2+1
“+-ﬁmﬂz+11fz+vmﬂz-11

2k

=2{m=2) + =1 fmr+2ym+1

ﬁ+-vmﬂz+1jf2+ﬁmﬁz-1}

= =

m i — 35




I3+ ym*2+1

al =

|:f1+ 1\..r:*:*."‘..?-!-lil :aE-a-"Jm“E

Numerator[el]

Denominatorf[el] /. 4/ _

V' —1 =2|(Vmt+1 1]

3+ Vm*2+1

(1+ Vmr2+1) (2+Vm~2-1)

_1]:
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3+ Vm*2+1

al =

.
i

(1+ Vmr2+1) (2+“J'm“2—l]

Numerator[el]

paies o
Denominatorfel] /. Lk - -

Vm —1 —:']|um1—1 ~1]

3+ Vm*2+1

(1+ «fm'~2+1} {2+Vm“2—1]

Fi

—Zi{nr —Z) +ym-—1 [+ 2N+

' KSgxr

—l]——’rum;—l

e im — 35}
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A+yYm*2+1

al =

ﬁ+-vmﬂz+1j{2+ﬂmﬁz-11

Numerator[el]

Denominatorf[el] /. 3/ 2= - -Va

\;‘-n:—'_ —l-]lm'-“r;;—'_ +:1

3+ Vm*2+1
@+-ﬂmhz+1}{2+vmﬂz-1]

' KSagr

—2 m:—Ll—\,m;—i |m:—l\.,.-m:—'_ — 2| =1y me+1

n (m —3)
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3+ Vm*2+1

al =

(1+ Vm*2+1) (2+Vm"2-1)

Numerator[el]

:';Denmn_'i_uat-::r[{el] VT —’V?“

Vvm- —1 +3
2—NVm -1 ||[1-Vm ~1 |

3+ Vm*2+1 =

@+-¢mﬂ2+1}{2+vm*2-1}
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3+Vm*2+1

al =

(1+ V=*2+1) (2+Vmr2-1)

Numerator[el]

—_—
Collect [Dencminatnr[el] {Dencm:’..na.tcr{el] . S —*J{:] . 1;'_ .

E:’zr:plify]i

vm =1 =3

[2-Vm —1||1-Vm <1

3+Vm*2+1
(1+ Vm*2+1) (2+Vm"2-1)

[/ KSgr
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al =

I

ﬁ+-vmﬂz+1}f2+ﬁmﬁz-1}

Numeraztor[el]

Collect[Denaminatnr[el]iDencminatnr{el]

E:'_"r;_::lify]

3+ vVm*2+1
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al =

@+-vm62+1}{2+ﬁm52-1}

I

Numeraztor[el] {Denmd.natnr[el] ¢ -\J' = =-Va } » N _ » Simplify

e ﬂPEMtnr[El] {Dennmina.tcr[el] : = - —*Ej, 1/?,

Simplify]
"q??!':—_ 3

l
i — 5

I3+ Vm~2+1

" KSgr
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Collect [H‘Lmueratnr[el] (Dennminatnr{el] s -\j = ==Va=z ] el S:i_ﬂq:lify]

C:::}_Llect[ﬂenaminatnr[el] (:Denminatcr[el] .2 = —*J:], 1j—,
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(1+ Vm~2+1) (2+Vm~2-1)
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KSerx
“+-¢m*2+1};2+ﬁmﬂz-1]
2mm =2 =ym—1 j- 2y mr-+1 —2)—4y m 1
i — 5 |
Pirsa: 11080005 Page 228/27'Q'g=_ L 1

r =R - = 1 "



3+ ym*2+1

al =
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I-De:r.am.'i.natur[el] (Denmninatnrfel] . ‘\J"-:.__—?- —Vql . '\/j, S:'_ﬂq:lify]

- - L

2m N —1 2y +1 2| —4ym+1 +4

7 i -
ol — 2

3+ Vm*2+1

“+'Vm*2+11{2+ﬁm*2—1]

KSgr

—2im—=2)=ym—1 |ml—l\.,.m:—_ —2l—am+1

Pirsa: 11080005 - - Page 229/27_(2_j :




3+ Vm*2+1

al =

ﬁ+-vmﬂz+1]fz+ﬁmﬁz-11
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Callectl'Denmninatcr[el] ‘Denmm’.nat::r[el] /.
2m ym =1 M 2ym =1 —2) -y o1 =1
m (e — 5|

3+ Vm*2+1

@+-vm*2+1ijz+ﬁmﬁz-1]

'/ KSgx

-2 m;—ll—\,m;—l |m:—2\.,.-m:—'_ —ll—-hu.?r:;—'_

Pirsa: 11080005

‘\J'I'_ -

=

-JE?.w[j,sumLuw]

Page 230/27_Q_j:

'} J




3+Vm*2+1

al =

{1+ Vm*2+1) (2+Vm~2-1)

I

- | —_—
Collect| Numerztor[el] ﬂDenam.‘Ln.a.‘:nr[el] /-2 =»>-Va ] o S:i_*q:lifgl

Ccllectl-Denam:Lnatcr[el] (Denmninatcr[el] F -\J' = === 1 o . Sj_ﬂq:lify]

2mt~ym—1 (M e2ym 1 —2|-4ymt -1 ~4

=

o —

I 4

3+ Vm*2+1
(1+ V=*2+1) (2+4Vm~2-1)

" KSgr

Pirsa: 11080005 Page 231/27_Q_j £




I+ yym~2+1

=1 =

(1+ Vm*2+1) (2+Vm~2-1)

Ccllect;Humeratar[elI{Dencminatcr[el]

Cullect[Dencminatur[el](Denaminatnr[el]

- - - i -
¥ 1 1

—Ln-—u&?—igm——lxm——l—;|—4um——_—+

ol —5)

el // PowerExpand

uﬁé-—i -3

(Vo —1 =2|(ym =1 ~1]

3+ Vm*2+1

Pirsa:lld%gﬁot VmA2 41 | "2+*V':n'*2-‘r_ 1|

' KSgr

Page 232/27Q _ .

L Sa



3+ yym~*2Z+1

+ Vm*2+1) (2+Vm*2-1)

Collect ;Hmerat-::r [=1] ': Dencominator|[el]

= -}-v?], A/

Cnllect[ﬂenminatur[el] (Denmuinatnr[el] \j === } ' S:i_.ﬂ'q::lify]
—_'-r*-—".,"v'——_ m-=2lym =1 1y m 1 +
(e — 5
3+Vmr2+1
_ " KSgr
(1+ Vmr2+1) (2+Vm~2-1 )
dim =2 =ym—1 |m;—l\,.'m;—'_ 2| —4ym+1
(e — 3|
7 Pirsa: 11080005 Page 233/2?Q‘.j i
= = =R o -



3+ m~Z+1

(1+ Vmr2+1) (2+Vm~2-1)

Ccllect:-ﬂmeratcr[eli {Den-::m:i.nat—::r[el] [- 32 = —V?} . '\JI'II_ . Sj_ﬂq:l:i.ff]

Collect

Dencminatorel] I.Denmuinatcr[el] /oA = =-=-Va | , N _ , Simplify
( v v
!

3+Vmr2+1

" KSgr |
X 1 iy
@+-ﬁmﬂ2+11;2+wmﬂz-1| |
y 2 ) :
ZlmE—2) + =1 w2y e+ 1 —2 =441
i — 5
7Pirsa: 11080005 Page 234/27_Q_Ij= “: o |

= .~ =EEE - r—= | . =



3+ vmr*2+1

(1+ Vm*2+1) (2+Vm~2-1)

=4

—2im =2)=ym =1 |m =2ym =1 =2|-4ym =1

i —

|y

Clear[F]:; -
FEE] =1;

F[2] =1;
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Clear[F];
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F[2400]

Clear|[F]
F[li] =1
F[2] =1
Fis =F[z] =F[=z-1] +F[=-2]:

ListPloteTable[ (F[1] // Leg) /~, {i, 1000}] // Timing
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Clear[F];
F[l] =3 |
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Fla 1 =F[rn-1] +F[n-21;

F[2400]

Clear|[F]-;
F[1] =1;
F[2] = 1;
Fia ] :=FIn] =Fia-1] +FIn-2Z];

ListPlote@Table[ (F[1] // Log) /<, {i, 1000}] // Timing
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Clear|[F];
F[1] =1;
F[2] =1;
FIa I :=FIa] =Ffa-1] +Fia-2Z];

ListPlot@Table[ (F[1] // Log) /=, {1, 1000}] // Timing
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ListPloteTable[ (F[i] // Log) /<, {1, 1000}] // Timing
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Clear|[F];
F[1] =1;
F[2] =1;
FIa ] :=FIa] =Ffa-1] +FIa-2];

ListPlot@Table[ (F[1] // Log) /<, {1, 1000}] // Timing
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ListPlot@Table[ (F[i1] // Log) /<, {i, 1000}] // Timing
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Clear|[F];
F[1] =1;
F[2] =1;
F[=z ] :=F[z] =F[=z-1] +F[=-2];
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ListPloteTable[ (F[1] // Log) /=, {1, 1000}] // FTiming
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Clear|[F];
F[1]
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ListPlot@Table[ (F[1] // Log) /=, {+, 1000}] // Timing
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Clear|[F]-;
F[1] =1;
F[2] = 1;
FIa ] :=Fia] =Ffa-1] +FIa-2Z];

ListPloteTable[ (F[i] // Log) /<, {i, 1000}] // Timing

Run|["explcorer htitp ww . £c.up.pt/mathscheol na
-
Pirsa: 11080005 Page 262/27(2_3;
150%
- = r =EEE - = " n



Clear|[F];
F[1] =1;
F[2] =1;
Fia I :=Fia] =Ffa-1] +FIa-2Z];

ListPloteTable[ (F[i] // Log) /<, {1, 1000}] // Timing
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