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Abstract: (n+1)-dimensional Lifshitz spacetime is deformed by logarithmic expansions in the way to admit a marginally relevant mode in which z is
restricted by n=z+1. According to the holographic principle, the deformed spacetime is assumed to be dual for quantum critical theories, and then
thermodynamics of generic black holes in the bulk describe the field theory with a dynamically generated momentum scale $Lambda$. Thisis a
basically UV-expanded theory considered in higher dimensions of the Lifshitz holography from the previous works. By finding the proper
counterterms, the renormalized action is obtained and by performing the numerical works, the free energy and energy density is expressed in terms
of $T/Lambda23.
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ntroduction I : Holographic Correspondence

Gauge Theory in d-dimensional spacetime

Ak
b

Gravity theoryv on the boundary in d+1-dimensional spacetime

AdS/CFT — Generalized to many other backgrounds and their dual
theories.
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Iniroduction

ntroduction I : Holographic Correspondence

Gauge Theoryv in d-dimensional spacetime

7
wr

Gravity theory on the boundary in d+1-dimensional spacetime

AdS/CFT — Generalized to many other backgrounds and their dual
theories.

@ (Asymptotically) AdS «— QCD
@ (Asymptotically) dS «— CFT
@ (Asymptotically) Minkowski «— ?

@ Lifshitz spacetime «— Quantum Critical Theories
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ntroduction 11

@ The quantum critical theories arising in condensed matter systems
are scale invariant, but in mnent:eral space and time need not scale
equally. The dvnamical crirical exponent =z determines the relative
scaling in which

-

t— A°t, X— AX (1)

@ The scaling symmetry is geometrically realized,

e de= dr 1
& = —— +—5tldrrdr] (2)
= P P

To obtain this meric, Lifshitz Spacetime, it is clear that an
anisotropic energy - momentum tensor is needed to source the
gravitational field. The minimal way to achieve this is to include a
vector field, i.e. Proca field.

@ Proca field is hodge dual to the two and three form action and

P nG@SCribes a massive spin - 1 field. page 6ds




ntroduction 11

@ NOTE
In (3 + 1)-dim. the operator due to Proca field becomes marginal
when z =2, and in (n + 1)-dim., z is restricted by n — 1 to have

marginal operator.

-
—_

z=n—1, for marginal (3)

e GOAL
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ntroduction 111

e NOTE
In (3 + 1)-dim. the operator due to Proca field becomes marginal
when z =2, and in (n + 1)-dim., z is restricted bv n — 1 to have
marginal operator.

z=n—1, for marginal (3)

@ GOAL
To describe the thermodynamics of black holes in the quantum
critical regime where T > A-. This can be done by slightly
deforming asymptotics of the spacetime.
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Lifshirz spacerime with Proca field

_ifshitz spacetime with Proca field

@ Action

@ Equations of Motion

@ Ansatz
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Lifshiiz spacerime with Proca field

_ifshitz spacetime with Proca field

@ Action
~_*dr'——1 —f 1 = 11, a,
f)—l Xy —8 Zh‘:hR_-_h\‘_g: EF ——EJL
. (2—=1)4+n(z—2)+n? (n—1)z
where A = — a= >
21- &

@ Equations of Motion

1 1 1 - § R s 1,
}{2 Rur i E§U1R _—lg,u'.' =— oz F;.[pF:-u _ Iguif L r:r_l —Jllu* r Eggw_&_ ;

V, F* —aA* =0

@ Ansatz
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Lifshitz spacerime with Proca fieid

_ifshitz spacetime with Proca field

@ Action

1 1 1 . 1 5 a 1 .
g & Egm,R —NAg | = = Bl — Zgu1.F +— Al — ;gmﬂ‘ ;

>

5 5 _ , dr° g = . Bl -
ds“=0F| —f(r)dt*+ — +p(r)(dc+dy"+---) |, A=—gh(r)dt.
- '

K

@ In this coordinate, when r — 0, we approach to boundary of the
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Equations of Mozon - Type [ (Lph)
“quations of Motion : Type I (f,p,h)
2zh(r)? rm'(r) AFp'(r) E)?* rp’@) 5
f(r) p(r) 2f(r)p(r) 2p(r)? p(r)
5 (n—1Dzh(r)* ~2RE)? -0 () (—2)(n- 1D (r)? :
0 =+ : r—— W b= = =
fAr) f(r) 2f(r)p(r) 4p(r)?
28 H4n—6)h(r)* rf'(r) () CBn-=-5r*()p'(r)
- f(r) () 2f(r)> 2f(r)p(r)
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Lifshirz spacerime with Proca field

_ifshitz spacetime with Proca field

@ Action
S= l & ixy —_cr( L (R4+2R]— — FFZ + 5}3} )
) i B = 2
. (z2=1P4+n(z—2)+n? (n—1)=z
where A = e  — 7

.

e T ey B e g o L
ds“=1| —f(r)dt + —+p(r)(d=+dy"+---) |, A=—gh(r)dt.
lr'd— h_

@ In this coordinate, when r — O, we approach to boundary of the
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Zquations of Motion : Type I (f,p,h)

2zh(r)* rp'(r) A (Op'(n) ') r£p’in) 0

f(r) p(r) 2f(r)p(r) 2p(r)? p(r)

 * o | F + D P "\ o g . F - . R i | ! - " 7}
5 (n—=1xhryY rHiE)Y @=1)% (r)p'(r) (n—2)(n—1)rp'(r) B
J T = = - =

f(r) r) 2f(r)p(r) 4p(r)*

H4n—6)h(r)* rf'(r) () CBn-5)r*()p'(r)

f(r) f(r)  2f(r)? 2f(r)p(r)

B=n—-1 +(n—2)z+2".
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Equanions of Moton Equations of Mouon - Type I (x.q.k)

Zquations of Motion : Type II (X,q,k)

Let us change Variables

p(r)=el 5%, f)=el T, h(r) =k(D)VFD). (5)

For simplification, let us use

Hir)y= (4[3 +4(n —1)zk(r)* — 2(n — 1)m(r)g(r) — (n — 2)(n — lf}q(ri}zj . (6)

Tyvep Il equations of motions are

; B | S
rx (r)=—-2(n—1)zk(r) — — g(r)x(r), (7)
'(r) P k(r)> 5 (r)? ! (r ) (8)
qir)= —zk(r)* — —aglry-—— —x(r)-,
RS0 O a7 e W
k(r gddry (n—2)  x(r) 1 k(r)x(r)>
(n—1) q(r) q(r) = 2 4n—1) q(r)

(9)

Pirsa: 11070055 Page 15/46




Zquations of Motion : Type I (f,p,h)

2= h ( I*_)E rpf ( ; } F:_ f‘ . r.]p { = 1 ] ip ( o “Il T‘:p 7, |'_' = ) :

f(r) p(r) 2f(r)p(r) 2p(r)? p(r)

) g | L p x Prfr N 7 § g NS v D rr 27
8 (n—1)zh(r)* K@)y W-LrF@p () (Mm—-2)(n-1rp () .
=1 e = .

f(r) f(r) 2f(r)p(r) 4p(r)>
H(4n—6)h(r)* rf'(r) () GCn-=-5)r*()p'(r)

20 + — i T ==
f(r) f(r) 2f(r)* 2f(r)p(r)

p S T gy P 207 ¢ Y
n—2yroplry- #1 (o) -
| ) gieh, N S (4)
2p(r)- Sr)

where
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Equanions of Motoon Equations of Mouon - Type II (g k)

Zquations of Motion : Type II (x,q,k)

Let us change Variables

p(N=el 5%, f(=el 5%, ) =kOVFD). (5)
For simplification, let us use
k)= (4[:}’ +4(n —1)zk(r)* — 2(n — 1)m(r)g(r) — (n — 2)(n — l,}q{r}z) . (6)
Tvep II equations of motions are
; . ey
rx (r)=—-2(n — 1)zk(r) — ——q(r)x(r), (7
tr) P k(r)? = (r)? ! [ry (8)
g (r)= — —zk(r)* — —q(r)° — —x{(r)",
o (n—1) 4@, Hn—1)
k(r) zk(r)) ((@m—-2) x(r) 1 k(r)x(r)?
B p \ (r)  =zk( b ey ( _J_ (1.’
(n—=1)q(r)  q(r) 4 2 4n-1) q(r)
Pirsa: 11070055 Page 17/46 (9)




Asympintic Solunions Asympioiic Solunons : Type II

Asymptotic Solutions : Type II

P Vf:_ 1 ] 1 — l [—J_' 2| & — l J_.-'::._._...
kf_i"_] e 1+ = === ‘ - 1T S
Z (z— 1)=<log(rA) Zaz—1] 'fug‘-'._ ri\) ;

- A 5—1 f:-f::.-f_::r._—fug1 rA)) .
+ (rA)Zlog*(rA) | Bl 1+ +--- 1 + r_'z( —_—
2z — 1)*log(rA)  log(rA)

(z—1)*(2z — 1)A + 2(62% — 52 + 1)log(—log(r\)) )j

F

22(z — 1)*(2z — 1)log‘rA) ,
(10)

(27 —4=—1)—2

- o[ 1 ) 2(3z — 1)log( —log(r\))
(r) =—. — —_— - _ =
i ( Jlog(r\) 22(z — 1)3log>(rA)

T l Sl e
- ‘ 214 2 = | -
2(6z° — 5z + 1 )log(—log(r:

. —_

.0 1 S =3
\)“log“(rA)| p| 1+ =
zZ(z — 1) 2z — 1)log(rA)

1 —2= . 3
; : \ - =+ 3 3 2 - ,
T 1) T4z )*A — 2(3z — 1)log( —log(rA)) ))
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Asympiotic Solunions Asympiotic Solutons : Type II

Asymptotic Solutions : Type II

z— 1 1 L E=1)(3a+2z—1P1)+-- )

2k VZ—
k(r) = —— 1+- = . _ 2
| £ (2 — 1)<log(rA) 22(z — 1)*log?{ I*_‘x_.'
| X -

: TR e 2(3z — 1)log{ —log(rA))
+(rA)“log“(rA)| B| 1+ +-es | +a| ——
2z — 1)*log(rA) log(rA)

z+1)—2(z—1)"(2z— 1)1 +2(62* — 5z + 1)log(—log(rA)) j)

R

22(z — 1)*(2z — 1)log‘rA)
(10)

. \4 ~ o : _ . :
z+2(z—1)"A —2(3z— 1)log{ —log(r\)) )

1 Z
_2 l Dl . . T %] & 7
(z — 1)log(rA) 2z(z — 1) log™ r-\__."

2.7 z= — 5z + 1)log(—log(r.

i ! — -..__._}|_._)r =

.2.?.‘: — 1 \_;":_. = —Z\a9Z — /2
(r U L::rr-rr\ /J( s = -

1 — 2=z . z(z — 1)%(2z — 1)log(r\)
1 (222 —4z+1)+2(z—1)* 3z — 1)log{ —log(r\)) ))

T—a = _
[ 22(z — 1)?*log?(rA) i
. Page 19/4F 1 l:]

g(r) =

w ™Y

og(r\\)
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Asymproce Solutions : Type I
Asymptotic Solutions : Type II

(r)=2Vz—1vz| 1 +-

— = (z—1)*A+(1 — 3=2)log(—log(rA))
(z — 1)?log(rA\) (z— 1)*og?(rA)

T s e o —2(42> —5z+1)+2(62% — 5z + 1)log{ —log{rA
R (rA)“log~(rA)| B| 1+ . — \ -
Py ' - z(z—1)4(2z— 1)log(rA)

( 1 (22— 1)2+2(z— 1)*4 — 2(3z — 1)log(—log(r\)) ) )
—t a el el e

log(rA) 22(z — 1)2log>(rA)
(12)

"A" is the scale dynamically generated by the marginally relevant mode.
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Equanons of Motion Equarnions of Moton - Tvpe II (g k)

Zquations of Motion : Type II (x,q,k)

Let us change Variables

p()=el 5%, f=el TE, W) =kOVFD. (5)
For simplification, let us use
= (4[5 +4(n — 1)zk(r)* — 2(n — Dm(r)g(r) — (n — 2)(n — l,}q(r:}z) . (6)
Tvep Il equations of motions are
. e—x)y . ..
rx (r) = —2(n — 1)zk(r) — ———q(r)x(r), (7)
f( J Ig k( 7 n { -\5-1 ’ \fq (Sh
rq (r) = —zk(r)” — —g(r)" — — x(r)",
q i—1) W 4t1._ ] A1) )
f B k() () (-2 x(r) 1 k(r)x(r)?
rk'(r) = — - — kK(r)g(r) — —+— —
m—Da®  q0) 1 2 An—-1) q00)
(9)
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Asympiotic Soluions Asympioiic Solunons : Tpe II

Asymptotic Solutions : Type II

) b T IR TR o ) R O )

o yE—1 1 2 N
kl:l.]‘__] = — l — o g = p— o
o z—1 -—f’om r\) 22(z — 1) log=(rAA) )

- 3 (3z — 1)log(—log(rA) ’
+ (rA)*log*(rA)| B L _ - J ke r_'{( e S
- ofer — ] H“:jf_‘r[ o \L '| ]

— 1)*(2z— 1)A + 2(62% — 52 + 1)log(—log(rA)) ))

4.'}']

| = 4_' _ ‘_-
| 2z(z—1)*(2z—1 'r-f{;g- rA) ;
(10)

o 1 z+2(z—1)*A — 2(3z — 1)log(—log(r\))
glr) = 1— - = : — +---
(z—1)log(rA) 22(z — 1)°log”(r\)
2> — 5z + 1)log( —log(r:

A B Trr 4

. .

2Vz—1z : 7 |
(FA Y= Eoﬂ‘lr\ /:;(1+ . .
% Z{z—1) \2( “’f — 1M {w;rr; \I

1 — 2
1 (222 —4z+1)+2(z— 1)*2 — 2(3z — 1)log( —log(r\)) 2 )
T (—I - o N w Y 3 B e
log(rA\) 22(z — 1)<loe=(r\) ) y
. Page322/4F l l J
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Asymptotic Solutions : Type |

; 1 (7z —4) + (62 — 2)log(—log(rA)) (23z% — 142> + 15222 +---
r(ﬂ‘(} ) — \ V= l o : v 327 \ = P e o .
G700 (z— 1)°log(rA) 4z(z — 1)%log=(rA)

==
7 T ™

z — 2)log(—log(rA)) +(3z — 1)°log*(—log(rA)) )

v
L]

|
—
5
U

Z{z—1 "-6fr;}1rq (rA)

(o) 1 : (52 —2)+2(3z — 1)log(—log(r\)) 31z* — 642 + 1062~ — - --
Ej'n‘('} — i3 F " f o ) \ i o 3
(rA)? 2(z — 1)3log(rA\) 4z%(z — 1)%log?(rA)

i 3 L 7 i % i T : % Y ‘ -Ill' = 37T 2 ) i T -
(327 +262° — 21z +4)log( —log{rA)) +(3z — 1)°(z — 3)log"( —log{r\))
| z%(z — 1)®log=(r\) ]
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Holograpine Renormairanon Free Energy Density and Energy Density

‘ree Energy Density and Energy Density

® Free Energy F = —Tlog(Z) =TSg(g.)

@ Free Energy Density

z:# — _j"E' T _j#G_H

e () (n—2rp’(r) 1fi(r)
= lim r (Np(r) = = = £ ais——
opZria Vi P! p(r) fe(r)
where C,, is not a constant, but a series of 711_1 :

@ Energy Density

& = Ok EpT™

= (n— Lrp'(r) i
= : = I \ \'_|
s hmuf(r]p(r ( ) x(r)k(r ZC ( 2) )

=)
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Holograpine Renormaizanion Free Energy Density and Energy Density

‘ree Energy Density and Energy Density

@ Free Energy F = —Tlog(Z) = TSg(g.

@ Free Energy Density

Sl S R

e et ((n—=2)rp'(r) o (r)
= lim v/f.(r)p(r) > T T
:’]\‘- r—0 p{f')
where C,, is not a constant, but a series of .=.~.g11r -

@ Energy Density

> —1. = orab
e u’(]';\a-:b-fa

ln—l

2}{“ r—rE]
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(z2+52z—12) z—2)(12z" — 79z + 68z —67z+ 18)
16 16(z — 1)(3z* —232° 4+ 192% — 21z + 6)log(rA)

C o | ) oy )

(452° — 2972 + 1152% + 6952° — 602=z> + 964z — 296) +4(z— 1)(z — 2)%(9=- -

64(z — 1)*(3z* —23z° + 1922 — 21z + 6)log*(rA\)
(92° —812* +952° — 15922 + 60z — 4 e
T rn 1 T —— W i (15)
8(z—1)%(3z%*— 232 +192% — 21z + 6)log>(rA)

2(z — 6) -:.';_—12;3 3 103:*’ — 2262 + 20322 — 152z + 36)

16(z — 1)%*(3z* — 2323 + 19~
2(9z* — 87z° + 105z — 101z + 26) o
o 3724 ~Ny 3 7 E P - . [lf}__]
Az— 1) 32257+ 192 — 2= | 6jlog™(rA)
z2 z2(12z% — 792° + 682% — 67z + 18)
4 " 4(z—1)(32% — 2323 + 1922 — 21z + 6)log(rA)
z2(45z* — 3092° + 347z — 297z +70) +4z3(z — 1)(92% — 15z + 4)log{ —log(rA
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Near Horizon Solutions and Physical Quantites

Near Horizon Solutions and Physical Quantites

Near horizon solutions

r\°> (—6zX+14z+7)z+8(3z— 2}h§ r \®
. ]_ - 4 1 L L
Fy 12 r

I
") (l (32— 1)z— 4h? (l r )3 (32— 1)z — 4h (1 r )3 | )
Pt =Pe 2z E 2z r ;

]

- r 1\ e\ z(—9z% + 10z +20) + 8h2(3z— 1)
h(r) = +v/fo (hﬂ (1 - —) + A, (1 o —) i h.:,(
£ Ty ; 24z

- Fis 1 d2f| vV Jo . [ 2 3 4 [ -
T — —_— b Ty = § — ATL — T ) — LTE —
2=V 24|~ 2= ) PV T G
gro (P g
A hrd_? - A
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Numetical Work

LOgistics

@ GOAL : The characteristic energy scale in condensed matter systems
is driven to zero at a quantum critical point, so temperature itself
seems to be the only energy scale that remains in quantum critical
matter. EXpress physical quantities in functions of T.
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Logistics

@ GOAL : The characteristic energy scale in condensed matter systems
is driven to zero at a quantum critical point, so temperature itself
seems to be the only energy scale that remains in quantum critical

matter. EXpress physical quantities in functions of T.

® Step 1. Setup u = =

® Step 2. Extract log( Ar.)
Type II Asymp. < Martching with Type II E.O.M at the middle = N.H.

@ Step 3. Extract for" and por—
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Logistics
LOgistics

@ GOAL : The characteristic energy scale in condensed matter systems
is driven to zero at a quantum critical point, so temperature itself
seems to be the only energy scale that remains in quantum critical

matter. Express physical quantities in functions of T.

@ Step 1. Setup u :T_i

® Step 2. Extract log(Ar. )
Type II Asymp. < Matching with Type II E.O.M at the middle = N.H.

@ Step 3. EEH‘ElCIﬁ]FEf and por=
Type I Asymp. < Matching with Type I E.O.M at the middle = N.H.
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Resulcs 1
Results 1 : Extracting A

@ z=2and hy, =0.97128

......... Asymptotc

Honzon

L .

-0nas [ i ]

- - - - =

=2 - 4
o oaz | i

1
-
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Resulrs 1
Results 1 : Extracting A

@ z=2and h; =0.97128

......... Asymptotic

J — HOTIZOND

e =
TOTO4 F -
- - -
- - i
= B ¢ -
- I
Da3 L
TOTES 4
[ [ 1 [
= T ok k=
o —
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Resuls 1
Results 1 : Extracting A

@ z=3 and hy = 1.63426

......... Asymptotic

Honzon

--------

- - =

- . - - -
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Resuls 1
Results 1 : Extracting A

® z=4and h, = 2.28216

......... Asymptotic

Honzon

1 o-
SR ]
0. 305CEs -
i
o.3030E4 -
1
]
E Tz |
0 38508 .
J
— - -
-
- - g -
C_B03%Es .
]
J
n Tesons E 1
UL SO ==
]
0 _Rg>0F4 - .
L L L L
A 13 5 3 8
i | | 3 i
i »
) lo=| — |
Pirsa: 11070055 = Page 34/46
™




Resulrs 1
Results 1 : Extracting A

@ z=>5and hy = 2.92546

......... Asymptotic

Honzon

=2 -
- - -
J.B02sCE “
L L L
=
o= —
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Resois 1

Results 1 : Extracting A

® z=—6 ﬂﬂd h.[_] — 356676

......... Asymptotic

Honzon

-
-
D12 |
212855 b
-
Page 36/46
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Resols 1
NOTE

@ A value of hy cannot be bigger than h,,,,..

@ This is because when r goes from the horizon to the boundary, the
metric function grow exponentially, so it can never reach the
boundarv.

@ Physically, this is the situation in which the deformation is turned off
and we recover a black hole in the pure Lifshitz spacetime.
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Resuls 1
Results 1 : Extracting A

@ Maximum value of h, on 2

(] (=]
L T ¥ I
I |

Ll
I

! i i et b Lo i it |

4
e |
d

I

@ Maximum value of hj is linearly increased on z.
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Resuirs 2
Results 2 : Extracting f, and p,

@ z=2 and hy; = 0.9705

=
u!: % it 3
155 i -
[ |
. i; :
:.:';L— ‘- =
’[ I
as1- .
r 1 =

- g ) =g " - A2~ e
@ for. =18.37 and pyr7 = 2.3009 = log(—=) ~ —2104.02
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Mesiex 2

Results 2 : Extracting f, and p,

@ z=>5and hy = 2.9247

® forl° =109.46 and p,r>

Pirsa: 11070055
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Resulrs 2
Results 2 : Extracting f, and p,

@ z==6 and hy = 3.566
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Resuls 3
. _ \L:
Results 3 : Entropy density over T versus log(—)

=t

@ z=2and hy = 0.9705 ~ 0.9713 (log5~ = —2104.02 ~ —29694.2)
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. _ \LL.__‘
Results 3 : Entropy density over T versus log(—)

-

@ z=3and hy = 1.6335 ~ 1.6343 (log=— = —1015 ~ —10337)
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Resuls 3
; A%
Results 3 : Entropy density over T versus log(—)

® z=4and hy, = 2.2822 ~ 2.2814 (log’= = —736.488 ~ —6479.28)

] 2 1
i :
-1 _: 1 oo i |
; ] ]
3 h
PR 1 5
M St ik 1] d = L

Pirsa: 11070055 Page 44/46




Resuirs 3
: \ 2
Results 3 : Entropy density over T versus log(—)

@ z=>5 and hy = 2.9255 ~ 2.9247 (log= = —620.51 ~ —5422.71)
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Next things to do

@ find that Free energy density vs log(%f}

@ apply this method to Lovelock gravity
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