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Abstract: Einstein's theory of General Relativity and its couplings to matter in 3+1 dimensions can be dightly enlarged with the requirement of a
local scale (conformal) symmetry and the corresponding gauge degrees of freedom. This form of the theory is a prediction from 2T-gravity in 4+2
dimensions. It has no dimensionful constants, not even the gravitational constant, and requires all scalar fields to be conformally coupled to gravity
and to the rest of matter. The theory can be gauge fixed to the usual gravity theory in the Einstein frame, thus generating the gravitational constant.
Other physically equivalent forms of gauge fixing lead to the complete set of exact analytic solutions of the usua Friedmann equations, including
radiation, curvature, anisotropy and a special potential for a scalar field coupled minimally to gravity. These analytic cosmological solutions, which
are geodesically complete at singularities, reveal many surprising properties that are not noticeable with approximate cosmological solutions. Some
aspects of the exact solutions will be reviewed in this lecture. In particular, it is predicted that the universe is cyclic and furthermore is has a period
of antigravity between every big crunch and the following big bang.
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Cosmology with a scalar coupled to gravity'
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Cosmology with a scalar coupled to gravity;
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Cosmology with a scalar coupled to gravity
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Cosmology with a scalar coupled to gravity
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Cosmology with a scalar coupled to gravity_
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Cosmology with a scalar coupled to gravity
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For geadesic compleness: a slight extension of Einstein gravity (gauge degrees of freedom) & 4

Local scaling symmetry (Weyl): allows only conformally coupled scalars (generalization passible)

{Plus gause basaons, fermions , more canfaormal scatars | in complete Weyl invananttheaory.)
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For geadesic compleness: a slight extension of Einstein gravity (gauge degrees of freedem) - ¢

Local scaling symmetry (Weyl}): allows only conformally coupled scalars (seneralization possibie)

(Plus gauge bosans, fermions , more canformal scalars , in complete Weyl invarianttheory.)
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A prediction of 2T-gravity in 4+2 dims. Also motivated by colliding branes scenario.

Fundamental: Gauze symmetry in phase space Steinhardt - Turck NMcFadden — Turek 0409122
LB. 08041585 |B-Chen 0811.2510
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For geodesic compleness: a slight extension of Einstein gravity (gauge degrees of freedom) 4

Local scaling symmetry (Wevyl): allows only conformally coupled scalars (generalization passible)

{Plus gauge bosans, fermions , more canfaormal scalars , imcompiete Weyl invananttheory.)
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A prediction of 2T-gravityin 4+2 dims. Also motivated by colliding branes scenario.
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For geadesic compleness: a slight extension of Einstein gravity (gauge degrees of freedom)
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For geoadesic compleness: a slight extension of Einstein gravity (gauge degrees of freedom) & ¢
Local scaling symmetry (Weyl}: allows only conformally coupled scalars igeneralization possibie)
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Can dynamics push this factor to negative values? ANTIGRAVITY in some regions of spacetime?



For geodesic compleness: a slight extension of Einstein gravity (gauge degrees of freedom) & ¢

Local scaling symmetry (Weyl): allows only conformally coupled scalars (zeneralization passibie)
{Plus gauge basons, fermions, mare canftarmal scalars , in camplete Weyl invarnanttheaory.)
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Can dynamics push this factor to negative values? ANTIGRAVITY in same regions of spacetime?
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ﬁ..
-gauge O Syr G

@ ==3
Conformal factor of metric =1 for any metric. =2 L ailrt,x dependence.
case of only time dependent fields
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Plus the energy constraint: H=0 Thisis eguivalenttothe 00 Einstein eq. Gge=T4s
which compensates for the ghost
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TP-gauge @-'?* S"‘f" gf:p
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Analytic solutions — all of them!!
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Analytic solutions — all of them!!
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Analytic solutions — all of them!!
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solved by looking at the Ex — - re N LpF a2 4

plot of the potential. H{s) =35+ Vis) Vi(s) = EAO +cs
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Analytic solutions — all of them!!
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K=0 case
Quartic
potentials
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FIG. 1: The flat FRW universe. k= 0.

Vigh forb=0
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K=0 case

Quartic Eidi—E+n> Els)
potentials

A ——— T — —— . —— ———

A x Fisn{z|m}, Vigh forb<o Vigy for b<0
cniz|m), b e T
dn(z|m}]

z={t-)/T
Am,T

depend on

b,c,K,p,E FIG. 1: The flat FRW universe. £ = 0.

Vigh forb>0 Vigh forb=0

& Tisi T perform independent oscilations
For generic initial conditions, the sign of ($?-s?)t ) changes over time.
So the generic solution is geodesically incomplete in the Einstein gauge.

There are special solutions that are geodesically complete, but must constrain parameter space.
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Geodesically complete larger space: ¢,,s, plane
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Geodesically complete larger space: ¢,,s, plane
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Geodesically complete larger space: ¢,,s, plane
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Geodesically complete larger space: ¢,,s, plane
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Geodesically complete larger space: ¢,,s, plane
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various quadrants. y 7 0TS - Generic solution is
: | @l>]si J= = a cyclic universe
Closed curve if =" § TN ; . :
periods relatively g .- "”' = ::,: Wtfthc:l:l?\m‘f
guantized. s ] stu . Ed :en :
(parametricplot - S S
using Mathematica)
5 /o 5 s
4 B s 3 V6l lo. + s.
ar=:0(z). 2= — (0 —52). o=—=1In||
- 6 Kk 2 lo., — s-
ve — KO v6 — . KO
0, =+——/f|z|lcosh | —}. s, =F+—+/|z|simb { —
- / = : i .
K V b A \/
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Vis) = 1 Ko® +cs?
K>0 case
#) x E o e
.
E*=K%/{16h) E R

#

Higher level E>E*, with E=E, E, =E+p
Similar behavior to K=0 case.

Lowerlevel E,E, <E*, with E=E, E,=E+p
s oscillates in the V, well, while
¢ oscillates outside the V, hill.

Then for anv initial values there is 2 finite
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bounce st size 2. 20 NO antieravityv.

1 (o) = %[{02 — bo*

4

K< (0 case

E*=KZ/{16c)

Higher level E>0, with E=E, E,=E+p
Similar behavior to K=0 case.

Lower level E*<E <0,
with E.=E, E,=E+p
All solutions are geodesically incomplete in
the Einstein gauge. Thereisno wayto
avoid antigravity. e



Geodesically complete solutions
in the Einstein gauge, without antigravity

== } \ _S 2 '(_ N ; Canditions an & parameter space:
s _ Q"z/ﬂ o @ (1) Synchronized initial values
7 ey Va y -2 " ,
P AW A YN Ry (0)=s (0)=0
/ BN (2) Relative quantization of periods
Examplen=5 -2 5nodesin picture P¢:n P
; o S
S
o 5 L= 2 = = =" ﬂm 0 :Is
j - cramol : o= crenric
1 ) _ g
\ /
. Vi
———— = | \w NS e e
b>0 _———-—r'__'_'d_'__ _Ei:::q____ - : rd - __H,f-‘“‘;' w
y Y
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Universe expands to infinite size, turnaround atinfinite size



Geodesically complete solutions
in the Einstein gauge, without antigravity

5 1 2 \ _S ’ B W = Conditions on 6 parameter space:
| \1/.{" - ¢ (1) Synchronized initial values
N . > - , :
o AW AY Y -TRY (0)=s (0)=0
/ R (2) Relative guantization of periads
Examplen=5 -> 5nodesin picture p¢:n P,
. ¢ = of @
= 5 :,m - 2 = Y ::;q;,g 0 '
L ag
~I
N /
N /
= e ‘Jﬂ ' e e
6>0 > y —_—— O g I
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Universe expands to infinite size, turnaround at infinite size



0.0s

E a a
B a acc= -
=3 = s
a a
0.02
H
<bang _— ———_ turnaround o Crunch =2
e 0 ~____ 15
_— = acc
002
Hubble parameter has some penods of nearly constant behavior
e accelaration 1s positive in those time neighborhoods. scmewhas

ve of the cuarent acceleration penicd of the umverse.

FIG. 12: Temporaryv inflation periods.
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Anisotropy

ds? =a® (1) (—cz’:r"'l = d.ﬁg_ If K0, ds;=BianchilX (Misner)

K=>0 (dqé) - 2oy 7)1+ 2V §a2{;_}dtl'2 e F:lr:tﬂ .—}—Ey"gag{r}dyﬂ . e—-—laﬂr—]d_u?.

A asner

™
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Anisotropy

ds® =a” (7) (—d7 +ds3) IfK#0, ds;=BianchiIX (Misner)

K=0 (d‘;g) i Ei{lli?}“?‘ﬂu"ga:z{?}di,ﬂ e F?.QI{.—}—EV,EQQ{.-—}dyE Iy E—-—LQT_{T}({_U?.

A asner -

In Friedmann equations, 2 more fields @1 (7) . o (7). just like the o (7)

Friedman Eqs: kinetic terms for a,, a, just like ¢, plus anisotropy potential it Kz0

Viiap.az) = _-,[1.1 (G_Sal + 4e°1 sinh? (.2\/?(_‘1_7_) le%1 cosh ()\/{az) = 1)

K=a~=
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Anisotropy

ds? =a” (7) (—dT> +ds3)  IfK#0, dsy=BianchilX (Misner)

P 2. W LT = 9 9 3 _9 [ 9 7 T P
K=>0 (rfig) __ 2ex(7)+2v 3aa(s JdI" 0 E-aﬂ- )—2v/ 3aa( }dy— 1L e daqls }d.‘:“

A asner

In Friedmann equations, 2 more fields Q1 (7) . @2 (7). just like the o (7)

1

Friedman Egs: kinetic terms for a,, a, just like g, plus anisotropy potential if Kz0

K ; 2 (5./3 ; 3
v (E_a.,n + 4¢° sinh? (2\;’3&1) — de™" cosh (2‘/3‘“2) B 3)

1'fﬁ]_.&g}: o
G

Free scalars if K=0, then canonical conjugate mementa p,,p, are constants of motion.
Near singularity, kinetic terms dominate, so all potentials, including V(o) negligible.

Then amomentum qis also conserved near the singularity.
For a range of q,p,,p, mixmaster universe is avoided when gis present (agree with BKL, etc))
p1={ag)*9,a, etc.

Without potentials can find all solutions analytically

for any (initial) anisotropy momenta p4,pP5; or c momentum ¢
. including the parameters K,p,
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g=a mamerntum
p=anisairapy momentumn.
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Antigravity Loop (K=0 case)

(i)-I-S:‘J'E.(‘\jpz-tqz +pt}

b -s=

[

23
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g=a mamentum
p=anisotrapy momentum.

Antigravity Loop (K=0 case)

e ;1_ =
! (i) 2 K W Wpte® )
¢+S:‘\f'l' (‘\J};:l2+qZ +p:] = =
L [,o *T+\p?+q°
1
/ \ ':-T :1‘ —
ry2 \ B
r (3)
s 9 (b o= 2 =
~ — (ﬁ*rmfp“cf]
mﬂmvr.[}'_‘ y J
This picture L
- KE{} b 0.5k ifpyorpyisnot0:
2 FORALL INITIALCONDITIONS
N ‘é;"‘ 5 both ¢.s =0 at the bigbang
1.5 1.0 —0.5 cronclf -~ S o 1.5 or crunch singularity,
e E N FOCUSSING !!
0.5k &
1 ALWAYS
Duration ofloop : _1ok _ B PE;D# i?f;?lgti:ww
pi(spu . 1}5)‘]*‘1 /D : L sanawicne e Pageeeﬁfl

crunch and bang



Antigravity Loop (K=0 case)

g=a mamentum
p=anisotrapy momentum.

K=0: p,.p, are conserved o 2
throughout motion. ¢+5— VT ( V - qz + 0 t]

2
[p *xT+yp?+q°
g changes during the loep y ’
because of V(a). r . Sl @
if small loop, =no change. ( = ) 2 ‘\ vl
" =

‘?'_& v [p *#T + *\f p? +q )2 i

‘ antigravity E‘a :
;ﬁ;ighﬂum . 05 - if p; or pyisnot0:
s = o FOR ALL INITIAL CONDITIONS
e | 1 ,g,.,'/ . 0 | both ¢.s 20 at the bigbang
S ~0.5 croncl( j:\*mgj_f 1.0 1.5 or crunch singularity,
S & FOCUSSING !!
T ek %
i N ALWAYS
U - _ - a periufj of antigravity
Apteal /o i =, sandwiched betgéﬁp

1 : crunch and bang



Antigravity Loop

This picture
: forKz0
| o
-2 I 2
N emvity logp

q,p.,p; change during each loop (if loop is large) because of the potentials, but
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trajectary always returns to the origin and connects gravity € -2 antigravity regions




————— Antigravity Loop (K=0 case)

p=anisotrapy mamentum. ¢

K=0: p,,p, are conserved _
throughout motion. Cb"’S— VT ( V P2 + q2 +0 t)

2
(,o *T+ypP?+q°
g changes during the loop ' !
because of V(o). K ’1 3 ]
¢ y - |Ie——
If smail loop, =no change. ( = ) 2 i R 3
- e

o wm ES --.,} o :
b A i (p*r-:-‘\fp‘-i-qz]
. amtigraviry ‘ :
Thispicture i
- Kzﬂ N oSt ifpyor pyisnat0:

% E . FOR ALL INITIALCONDITIONS
| | . _%-" 3 both ¢.s =0 at the big bang
L5 ~1.0 0.5 crinelf’ -\ qbansd. 1.0 1.5 or crunch singularity,

S Senc LN FOCUSSING !'!
Z : ALWAYS
Duration of loop : 1.0 _ - e s
Pi[spm 1%)14'-1 fﬂ : “f“_'_w*: sandwiched be{gﬁﬁ?

L > crunch and bang



Antigravity Loop

N e This picture
o ¥ 1o} forK=0
'\ [
| S\§ wdgmEviy loop
NN [
N 0.3t
copuehies
e P
=2 = 74 1 2
’.L, bangs 5
crnciies M-
R : »
TEISTANVITY = 3
L \ ‘\‘ i zravity [oop
—1 OF k‘ ) b "

g,p:,p; change during each loop (if loop is large) because of the potentials, but
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trajectory always returns to the origin and connects gravity €2 antigravity regions
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1)

5)

5)

What have we learned?

Have found new techniques to solve cosmalogical equations
analytically. Found all solutions for several special potentials.

Antigravity is very hard to avoid. Anisotropyreguiresit.

Have studied Wheeler-deWitt equation for the same system, can
solve some cases exactly, others semiciassically. Same conclusions
with quantum fuzziness.

Open: Are there observational effects today of a past antigravity
period? Thisis an impertant future project. Study of small
fluctuations and fitting to current cbservations.

Will this new insight survive the effects of a full quantum theory.
How does it affect the study of string theory ?

These phenomena are direct predictions of 2T-physics in 4+2
dimensians (although they can be stated in 1T-physics, 1T gavity
does not demand ALL scalars to be conformally coupled, 2T does).
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