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Abstract: Einstein's theory of General Relativity and its couplings to matter in 3+1 dimensions can be dightly enlarged with the requirement of a
local scale (conformal) symmetry and the corresponding gauge degrees of freedom. This form of the theory is a prediction from 2T-gravity in 4+2
dimensions. It has no dimensionful constants, not even the gravitational constant, and requires all scalar fields to be conformally coupled to gravity
and to the rest of matter. The theory can be gauge fixed to the usual gravity theory in the Einstein frame, thus generating the gravitational constant.
Other physically equivalent forms of gauge fixing lead to the complete set of exact analytic solutions of the usua Friedmann equations, including
radiation, curvature, anisotropy and a special potential for a scalar field coupled minimally to gravity. These analytic cosmological solutions, which
are geodesically complete at singularities, reveal many surprising properties that are not noticeable with approximate cosmological solutions. Some
aspects of the exact solutions will be reviewed in this lecture. In particular, it is predicted that the universe is cyclic and furthermore is has a period
of antigravity between every big crunch and the following big bang.
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Cosmology with a scalar coupled to gravity
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Cosmology with a scalar coupled to gravity_
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Cosmology with a scalar coupled to gravitym:‘
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Cosmology with a scalar coupled to gravity_
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Generic solution is geadesically incomplete in Einstein gravity. Thereis a subsgraf

geadesically complete solutions anly with conditions an initial values and parameters of the maodel.
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Cosmology with a scalar coupled to grawity;;w
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' 2eperic solution is geodesically incomplete in Einstein gravity. Thereis a subsgtaf

geadesically complete solutions aniy with conditions an initial values and parameters of the madel.



Cosmology with a scalar coupled to gravity

S /d{r\/g
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Friedmann equations
Also anisotropic metrics :
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Two more fields in metric
importantoniy near BB

Analytically solved with this V:
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For geodesic compleness: a slight extension of Einstein gravity (gauge degrees of freedom) & 14

Local scaling symmetry (Weyl): allows only conformally coupled scalars (generalization possible)

{Plus ggauge basaons, fermions , mare canfarmal scalars , imn complete Weyl invarnianttheary.)

1 1 1 5 3 - S

= no shosts —  gravitational paramster
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For geadesic compleness: a slight extension of Einstein gravity (gauge degrees of freedoam) 14

Local scaling symmetry (Weyl): allows only conformally coupled scalars (generalization passibie)

(Plus gauge basans, fermians , mare canformal scalars, in complete Weyl invananttheary.)
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A prediction of 2T-gravity in 4+2 dims. Also motivated by colliding branes scenario.

Fundamental: Gauge symmetry in phase space Steinhardt - Turok McFadden — Turok 0409122
LB. 08041535 1B -Chen 0811.2510
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For geodesic compleness: a slight extension of Einstein gravity (gauge degrees of freedom) 7/ 14

Local scaling symmetry (Weyl): allows only conformally coupled scalars (generalization passible)

{Plus gauge baosans, fermions , more canformal scalars , in complete Weyl invananttheaory.)

1 1
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A prediction of 2T-gravity in 4+2 dims. Also motivated by colliding branes scenario.

Fimdamental: Gause symmetry in phase space Stetnhardt — Turok MecFadden — Turok 0402122
LB. 080415385 |B.~Chen 08112510

Wevl svmmetrv can be gauge fixed mm several forms.
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For geadesic compleness: a slight extension of Einstein gravity (gauge degrees of freedom) & 14

Local scaling symmetry (Weyl): allows only conformally coupled scalars (generalization passible)
{Plus gauge bosons, fermians . mare canformal scalars, in complete Weyl invarianttheary.)

/d"",r\/—(_g#ua 03,0 — ig#vé)psé?us—%( —s*)R(g) —n:::f( ))
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A prediction of 2T-gravity in 4+2 dims. Alsoc motivated by colliding branes scenario.
Fundamental: Gause symmetry in phasespace Stemnhardt — Turok MecFadden — Turok 6409122
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Wevl svmmetrv can be gauge fixed In several forms.
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Thisis not the whaole story: Einstein gauge IS valld only
when the gauge invariant quantity 1 — s*(z*) /&® (z*)] is positive
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Far geadesic compleness: a slight extension of Einstein gravity (gauge degrees of freedom) & 14

Local scaling symmetry (Weyl): allows only conformally coupled scalars (generalization passible)
{Plus gauge basans, fermions . mare canformal scalars , in complete Weyl invananttheary.)
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Can dynamics push this factor to negative values? ANTIGRAVITY in some regions of spacetime?



For geodesic compleness: a slight extension of Einstein gravity (gauge degrees of freedom) ¢

Local scaling symmetry (Weyl): allows only conformally coupled scalars (generalization passibie)
(Plus gauge bosans, fermions , maore canfarmal scalars, in complete Weyl invananttheary.)
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A prediction of 2T-gravity in 4+2 dims. Alsoc motivated by colliding branes scenario.

Fundamental: Gause symmetry in phase space Steinhardt - Turock hMecFadden — Turok 0409122
IL.B. 080415385, |B.-Chen0811.2510

Wevl svmmetrv can be gauge fixed I several forms.
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Thisis not the whole story: Einstein gaugeis valld only
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Pirsa: 11070013 Page 15/44

Can dynamics push this factor to negative values? ANTIGRAVITY in same regions of spacetime?
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Conformal factor of metric =1 for any metric. = Eor aiilt x dependence.
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V- o
&.— 1

Conformal factor of metric =1 for any metric. =2 Ecik bt dependence.

case of only time dependent fields

2 2 dr? 2 2 .2 2
ds;, = —d T kr/r2 +r° (df° +sin® 0do”)  FRW,
k
R(g,)=6K. with K = —. k=0.+%1
"o
1 >2 2 K 2 2 4 =
L :5(—0_.,,—!—3,_,) —5(—97-!—5.,;) — o f =

Plus the energy constraint: H=0 Thisis eguivalent to the 00 Einstein eq. Ggo=Tpe
which compensates for the ghost.
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v-gauge Oryr 50 G -
&= I

Conformal factor of metric =1 for any metric. =2 Eor 3l .t x dependence.

case of only time dependent fields

z dr? g :
dsf — —d7" + e If:;;’-rz + 2 (dQZ + sin® ﬁdoz) FRW,
k
R(g,) =6K. with K = —. k£ =0.+£1.
"o

1 v S K 2 2 1,.( 3
LZS(_O?'I_S?)_T(_Ov"_&?)_@f 5

Plus the energy constraint: H=0 Thisis equivalent to the 00 Einstein eq. Gygg=Tye
which compensates for the ghost.

connection between the 7-gauge and the Einstein gauge
BCRT transform " a ( 5 Q) \/6 1 ( @& -8 Positive

Bars Chen - |
Steindhardt Turok E 6 ' e 9 P ngn
age
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ﬁ—a‘ '0- 114
/-gauge Oy 5. g2
&.— 1

Conformal factor of metric =1 for any metric. =2 For all t,x dependence.

case of only time dependent fields

; ; dr? *
des ——dr’ = + 1% (d#® +sin® 0do®)  FRW,
e 1 —kr?/r ( ) ‘
_ k
R(g,) =6K. with K = —. k=0, £1.
"o
= Nothing
]. = 9 B_ S - .
.- (_Qi + 5;) e —O.. gy o singularin
v . - 2 ( 3 ) f O y-gauge

Plus the energy constraint: H=0 Thisis equivalenttc the 00 Einstein eq. Ggo=Tse
which compensates for the ghost.

connection between the 7-gauge and the Einstein gauge

.? ; [ - -
BCRT transform 5 s 5 5 \/E_} 1 ¢ 15, Positive
8arsChen a"E — (O,_ = 5:) O ————— region
Steindhardt Turok 6 | e 9 o —&
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Analytic solutions — all of them!!

L iz |, =2 K 2 2 'Y
L = 5 (_ =3 + S-) il ? (_O.?, _l- S'?’) ===} j. 5
Special case: O"‘f {5;’@) — bt + cs?
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Analytic solutions — all of them!!

1 - K 2 2 'Y
b= = (-0_?. G S.F) 8 (—o,? -I—s.,r_,) — o f (5)

Special case: ot I 30) — bot + cs?
0 ¢ 15 K Completely decoupled equations,
— Q. — @+ ILNO_. .
BCST tranciorm excegt forthe zero r:%n e_rgy: ccndltfun-
ST 0—35 1 des® L Ks. Sqlutmn_s arelacuhlelllptﬂ:fu_ncnuns,
squations e - with various boundary conditions.

.

b . I-2 1. .
ecome U—(_}U — bot ._[1 )_._( $- +ess —Il )*Po
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Analytic solutions — all of them!!

1 "9 > K ) 9 S
2 -2 2 2 4 p
L:;(—OT-{—S?)—?(—O,?-i-&'.__,)—@f 5
Special case: orf (s/0) = bo* + cs?
) - 3 . Completely decoupled equations,
0=0, —4bo) +ho,, except for the zero energy condition
BCSTtmm i ) r } fu 3 i
S G—35 1 -LCRS  Ke Sc_:lutmn_s are lacobi elliptic . _nctmns,
squations ! . with various boundary conditions.
become : 1-2 | | |
0= — (oﬁ —bo-+=-Ko- } + =52 +est + =Ks2 } + pg
2 2 ' 5 2 '
First 1, s K 5 IL.2 s K |
—_— e i el _'-_._‘ e S, 2: E.:EE- E,:E_!_
integral 2 e 2. = E. ju" e £ - E. ' ' e
Particlein a potential f28 . E2E . P - 1 £~ 19 4
oroblem, intuitively H (o) = T V(o) V(o) = EAO — be™,
solved by looking at the - — o FE-X  Eprad 4
olot of the potential. H(s) =35+ Vis) Viis) = Eho +CS
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Analytic solutions —

all of them!!

1 "9 y) K ) )
2 -2 2 2 4p
L==(-0.+5)——=(—05+5s])—o -
2 - | 2 | o,
Special case: ot I 5;;"9) — bot + es?
e u B 4503 1+ Ko Completely decoupled EJ.Lc;t.latit:m_s,j
BOST trancioem ! except forthe zero E.&ne.rgt{ C:;d'tfun'
S T B—x -LC-5'3 i+ Ks. Sqlutmn_s are lacobi elliptic ‘ _nr:t:luns,
equations - . - with various boundary conditions.
become: 1-2 | R | ¥
0=— (-0, —bol+-Ko* |+ | =82 +es? +-Ks% ) +p
First 1 3 Il- 5 | .E'l- :

- SR B Sy S R B Y . B T E.=FE. E,=F+
integml 21 CS5 5 S ES juﬁ_ Do 5 o = K, S Po
Particlein a potential fic% - B T - 17~ .2 4
problem, intuitively H(o) = 29 Vie) ! [O} - EB{D — bo™.
solved by looking at the _ — L, -  YEr a2 4
plot of the potential. H(s) = 38"+ V(s) Vi(s)= 2AO +CS

nnnnn
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K=0 case
Quartic @ "\ | esamerne 2R
M Vis) ¥ (5}
potentials
EHs)=E>0
Vigy for b<0
o' T
0y
Vigh for b>0

FIG. 1: The flat FRW universe. £ = 0.
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o — A — —— . —— - ——— — . -

K=0 case

Quartic E{¢)=E+p 2 Els)
potentials '

— e — —— —— — — — —— — — — o — — — — o

A x Fisn(z|mj}, Vigh for b<0 Vigy for b<o
cn({z|mj), |
dn(z|m}]

z=(t-,)/T
Am,T

depend on

b,c,K,p,E FIG. 1: The flat FRW universe. £ =0.

Vigh for b=0

dt T).s( T) perform independent oscilations
For generic initial conditions, the sign of ($%-s?)t T) changes over time.
So the generic solution is geodesically incomplete in the Einstein gauge.

There are special solutions that are geodesically complete, but must constrain parameter space.
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IIIII

Geodesically complete larger space: ¢,,s, plane

i V61 0. + 3.
oz — z 8(z) :Eg(o:?j-f). J:T;H(O—b )

6 =
0. = —_:—\/_ | cosh (hg) = ‘+_——\/_|a111h (hg)
K

V6
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Geodesically complete larger space: ¢,,s, plane
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Geodesically complete larger space: ¢,,s, plane

; | s
N, S
Generic solution: \\ : +, =
(& T).s(T) periodic) \ e,
is a smooth curve \ N
that spans the |
various quadrants. [ ¢|3’|5 TN
Closed curveif Lol P\
periods relatively | e T
quantized. \
(parametric plot '“:“;__‘ ;
using Mathematica) ] ‘ "\3\';

- 5 i o 61
ax =z 8(z). S —57). e Ln(

O
|
H
S
O
=,
7
o
AP
>
9|

) 5, = f"f\/ﬂsinh (i‘%) |
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Geodesically complete larger space: ¢,,s, plane

5 Se L big bangs or
Generic solution: . Bl big crunches
(0t T).s(T) periodic) o i ! R 4 at the lightcone.
is a smooth curve L < P
that spans the
various quadrants.

Closed curve if
periods relatively
guantized.
(parametric plot
using Mathematica)

> Hl 9 3 \/6]. Q. + 5.
ar—=2z8(z). z2=— oS —5° g = —
E 6 (U“ ) K 2 ( @ — 8, )
€ KO _ KO
@, = :\/—\/Hrﬁush ( ) N | sinh (
. V6 | 6
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Geodesically complete larger space: ¢,,s, plane

=, SR g i big bangs or
Generic solution: S, el big crunches
(¢ T).st T) periodic) \ & . : at the lightcone.
is @ smooth curve \ ¢ | '
that spans the : —
various guadrants. Generic solution is

a cyclic universe
with antigravity
stuck between
crunch and bang!

Closed curve if
periods relatively
guantized.
(parametric plot :
using Mathematica) ]

3 K

ax

LF
v — KO
0, =+t—+/|z| cosh =) s

K

|
>
il

|
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Vis) = iKo*+es?
K>0 case
i O OF E s e
e— '}
E*=K:-f‘|:15'hj E # o

/

Higher level E>E*, with E=E, E, =E+p
Similar behaviorto K=0 case.

Lower level E,E, <E*, with E=E, E, =E+p
s oscillates in the V, well, while
@ oscillates outside the V, hill.

Then for anv initial values thereis 2 finite

Pirsa: 11070013

bounce st size 3. 20 NO antieravityv.

V(0) = 1Ko* — bo*

+

K< 0O case

E*=K%/{16¢)

Higher level E>0, with E=E, E,=E+p
Similar behavior ta K=0 case.

Lower level E*<E <0,
with E.=E, E,=E+p
All solutions are geodesically incomplete in
the Einstein gauge. There isno way to
avoid antigravity. e



Geodesically complete solutions
in the Einstein gauge, without antigravity

= } \ :s y ’f_ 2 o : Conditions an 6 parameter space:
-= 7 m/{"" w ® (1) Synchronized initial values
NN ; rF3 r ;
e NN AN ¥0)=s (0)=0
/ N (2) Relative guantization of periads
Examplen=5 -2 5nodesin picture |:lq):n|:lE
" o = ep &
-“ 1
| S f o
57 A R '3 o -39 -1 m 0 S
- = crench : — cronch
' o
-8 -
\ /
e /
., e SR - Pl - =
e -9 T
- ~
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Universe expands to infinite size, turnaround at infinite size



Geodesically complete solutions
in the Einstein gauge, without antigravity

- ‘: \ 5 y e Do e = Conditions on 6 parameter space:
| _ g/z;"' ¥ 0 (1) Synchronized initial values
) , rF3 "
s U/ N7 NN = i N
/ \ (2) Relative guantization of periads
Examplen=5 -2 5nodesin picture P¢:ﬂP5
¢ >+ B
— Y |
I S
: S crznch [ oy cremch
[ a
~Ig
N /
s /
" . \‘1! o~
b>0 — TE— , 7 - g1
y, Y
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Universe expands to infinite size, turnaround at infinite size R



0.0<

i - a a
& " acc= =
n=3 : s
a@ a
0.02
H
<bang - ———_ turnaround o Crunch =2
- 10 ~_ 15
o = acc
-0.02 _
Hubble parameter has some peniods of nearly constant behavior
e accelaration 1s posifive m those time neghborhoods. scmewha

ve of the corrent acceleration pencd of the universe.

FIG. 12: Temporaryv inflation periods.
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Anisotropy

(7) (—d7 + dbé) If K#0, ds;=BianchiIX (Misner)

_ 62&1[_ +2v3as(7) d‘

9 21 (71— 3 - 9 o 2
72 1 g201(7)—2V3aa(s )dy“ 4 g dexlr) g
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Anisotropy

ds? =a® (7) (—dm* + dsg‘) If K#0, ds;=BianchilX (Misner)
K0 (dqz) _ 2ot TH2V3aa(7) 4.2 | [200(7)2V3aa(r) g, 2 | Her(r) 4.2
~3) Kasner ~ ' s -

In Friedmann equations, 2 more fields @1 (7) . o (7). just like the o (7)

Friedman Eqs: kinetic terms for a,, a, just like ¢, plus anisotropy potential if Kz0

i K 2 o 7. ;
Viap.as) = :-1 (E_Sm + 4€“* sinh” ('2\/3&2) — 4e**1 cosh (Qﬁag) = 3)

K=a~
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Anisotropy

ds? =a® (7) (—dm® +ds3) IfK#0, dsy=BianchilX (Misner)

2" 2a1(7)+2v3a2(7) 3. .2 2a1(7)—2v3az(7) 7, 2 —4ai(7) 7.2
K=0 (([53) i a1(T) v daa| Jd.l‘ el atl7)—2v/3asl }dy o davq ( ;d:

A asner

In Friedmann equations, 2 more fields @1 (7) . @2 (7). just like the o (7)

Friedman Eqgs: kinetic terms for a,, a, just like g, plus anisotropy potential if Kz0

K i ol )
- . (e_”‘” + 4e“? sinh” (2\/3&3) — 47" cosh (2\/50.2) = 3)

I'fﬂl.ﬁg}: P
[/

Free scalars it K=0, then canonical conjugate momenta p,,p, are constants of motion.
Near singularity, kinetic terms dominate, so zll potentials, including V(o) negligible.

Then amomentum qis also conserved near the singularity.
For a range of q,p,,p, mixmaster universe is avoided when g is present (agree with BKL, etc))
p1={ag)*9,a, etc.

Without potentials can find all solutions analytically

for any (initial) anisotropy momenta p4,pP,; or c momentum q
N including the parameters K,p,
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g=a mamentum
p=anisatropy momentunt.
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Antigravity Loop (K=0 case)

d)-i-S:“f'F. (m + 0 r}

b -s= z
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= Antigravity Loop (K=0 case)

p=anisotrapy momentumn.

: 1'-:.1_ q
2 \ e )
¢+S:ﬁ(\fpz+qz +pr) (T) =
II[,c:):lr:{- p? +q°
1
. (i)E \ -

T kS ¢ -s= 2 "' z
b o [ =

. mﬂﬁ; \
Tﬁj}:iz:}c’cure . | : ifpyor pyisnot0:

S S FOR ALL INITIALCONDITIONS
| | \“\‘%" == both ¢.s >0 at the bigbang
L5 10 ~0.5 crunlf “ L 1.0 1.5 or crunch singularity,

=== [ B FOCUSSING !!
_osk
Z § ALWAYS
Duration of loop : e _ . . perqui of antigravity
PN : a. sandwiched betgggp

I - crunch and bang



——era Antigravity Loop (K=0 case)

p=anisatropy momentum. ;

( T b
K=0: p,,p, are conserved B [ >
throughout mation. ¢+S— * ( e em t)

g changes during the loop
because of V(a). : ;rl- b
if small loop, =no change. ( o ) 2 \ Voie® |

— : o ;’ z
- o (p*ta.h'\fpzat»qz)
/

: anngra‘r:rr_r'_“ s
This picture ; |
.. KEﬂ N o5t ifpyor pyisnotQ:
% O FOR ALL INITIALCONDITIONS
| - é:‘l o both ¢.s =0 at the bigbang
-L.5 ~1.0 —0.5 cronelt N Q- 1.0 1.5 or crunch singularity,
=" i 1 FOCUSSING !!
1 Sy ALWAYS
Duration ofloop : _1oL e = a period of antigravity
LoZra2 /o . S sandwiched bet:gsﬁfl

| = crunch and bang



Antigravity Loop

5

.y = This picture
‘H . L _
' W 1.0 forKz0
\\\ E

g,p.,p; change during each loop (if loop is large) because of the potentials, but
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trajectary always returns to the origin and connects gravity € -2 antigravity regions




——ec Antigravity Loop (K=0 case)

p=amnisotrapy mamentum.
f y — 1=

K=0: p,,p, are conserved o 5 & (?
throughout maotion. ¢+S_ e ( pP+q o 1:)

q changes during the loop
because of V(o). s | T
If small loop, =no change. i U v d |

,‘;L.:l:-—."’ vr [p*r:*-\fpi +q° )zJ

k. \

Thispicture

\ 0.5 ifp; or p,isnotO:
for K=0 \ 1 2
N y FOR ALL INITIALCONDITIONS
= £,¢ & both &.s =0 at the big bang
-1.5 ~1.0 ~0.5 crngl -\ QS 1.0 LS or crunch singularity,
e g E% FOCUSSING !!
Z e ALWAYS
ki i oo ._ a period of antigravity
ApZra2 /o . - ,L sandwiched betgeﬁp

crunch and bang



Antigravity Loop

‘ = = This picture
A ¥ 10f for K0
\ N [ .
“-_\\ antigravity loop
crpnehes
bang: o — é
=2 —1 ex) 2
bangs
-0 | »>
AN STANITY \"\F\; TS
P C N\ ~ Lmavity IDQP
_]. f:] I h Q‘ N "

~ -

g,p:,p; change during each loop (if loop is large) because of the potentials, but
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trajectory always returns to the origin and connects gravity € -2 antigravity regions
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1)

2)

3)

5)

6)

What have we learned?

Have found new techniques to solve cosmological equations
analytically. Found all solutions for several special potentials.

Antigravity is very hard to avoid. Anisotropyreguires it.

Have studied Wheeler-deWitt equation for the same system, can
solve some cases exactly, others semiclassically. Same conclusions
with guantum fuzziness.

Open: Are there observational effects today of a past antigravity
period? Thisis an important future project. Study of small
fluctuations and fitting to current cbservations.

Will this new insight survive the effects of a full quantum theory.
How does it affect the study of string theory ?

These phenaomena are direct predictions of 2T-physics in 4+2

dimensions (although they can be stated in 1T-physics, 1T gavity
does not demand ALL scalars to be conformally coupled, 2T does).
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