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Abstract: A serious shortcoming of spinfoam loop gravity is the absence of matter.
| present aminimal and surprisingly simple coupling of achiral fermion field in the framework of spinfoam quantum gravity.
This result resonates with similar onesin early canonical loop theory: the naive fermion hamiltonian was found to be just the extension of the ssmple
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'lan of the talk

= LQG and SF in a2 nutshell

= Fermions on a 2-compiex

» Coupling fermions to SF Quantum Gravity
= Fermions states

= Yang-Mills fields

s Conclusions and outlocks
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QG in a nutshell: kinematics

Pirsa: 11070005

KINEMATICS: spin-networks a

An abstract graph is defined by a set of L oriented links [, and a set of N nodes n.
The Hilbert space H on which the theory is defined decomposes into the direct sum of
Hilbert spaces associated to abstract graphs

H == Hyr does not depend on 3 lattice, ‘'sums’ over all of them

Hr = L2(SU(2)#™%s /SU(2)#™°9=%} looks like quantum lattice YM

Elements of Hr are gauge-invariant wave-functions of the A.B. holonomy along the
links of the graph

v(h;) = ¢(§s(s}ﬁiyt?;1})
An orthonormal basis which diagonalizes the geometric operators (area, volume) is
given by spin-networks: they are labeled by spins 7, and invariant tensors v,
intertwiners, associated to the links and nodes of the graph [T, j;, vn).

ji area quantum numbers A; ¥; , = vW/H 0 + 1) %50
vn volume quantum numbers

I -
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QG in a nutshell: dynamics

DYNAMICS: spin-foams (2-complex, t-evolution of spin-network with branching
points)

&

% =
= o

e

i =
e

vertices v, edges e, faces [ (e bounded by s{e)/t(e))
Transition amplitude for the boundary spin-network:
W(jeat.vezt) = ) _ | [ FGO [ EG.9) [[VG.®)
¥ e v

3.z

Sort of Feynman rules for the vertices and propagators of the 2-complex, or
Misner-Hawking path-integral over virtual geometries interpolating jezt. UVert
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pinfoams

action

= 1
S=[(¢Ae} ﬁF(ﬁI}*{*;/’(EAE)f\Fﬁd)

SF models are obtain
= starting from BF theory S = [ B A F(w) first order formalism
= imposing simplicity constraints on B: B=(eAe)" + Z(eAe)
= discretizing on a 2-compiex (trianguiation)

R
w—+g=Pe:pjw — Gev
[ ]

e / B=B.s
= =
Simplicity constraints: 1 =
B :jf:ﬁe_f
3 LEY
e =% :
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ermions on a 2-complex

 Dirac action | Sp=ifd*z ¥, Pp + cc

For a chiral spinor ¥ € €2 with two complex components v*.a = 0.1.
S=i/d‘:;olanﬁ+c.c. of =(1.0)

= Fix a coordinate system = = (z') and discretize spacetime (union of 4-cells v)
= Consider the dual complex (v vertices e edges)

= Approximate the field ¥(z) by its values ¥, = ¥(z.) at each vertex

= Discretize the derivative on each edge as

U, — Vs, ~(zf, —z; )01¢

s The action can be discretized asasumover 4-celis S — 3" S,

4V _— lpte — Up— | cancels with
S, v waujgf Ve—e Ve c.c

;t?i e€w : le i

V. volume 4-cell, [.= izfc — Iig |, wi= (::;EE — zﬁs)ﬁﬁ unit vector parallel to e,
vl : # of edges bounded by v.




Consider 3-cell 7. dual to e. The 4—cell v can be partitioned intc the union of |v|
pyramids with base 7. and height A, = [./2.
Pyramid 4-volume= iheue (ve 3-volume of 7).

Vertex — edge varnables

S ~ zl: ﬁ Z ngﬂeﬂeﬁ:’c

ee’'cv I
Sy

s Follows intuitively from the previous standard discretization in the regular case
(but can be generalized)

s 0. =clu,.; oc—matrix in the direction of the edge e

s Y. =¥(zx.) =z. intersection between e and 7.

® Yo~ 3(¥s. +¥:.) If the 2nd derivative of the field can be negletted

o
|



luantum fermion field on a 2-complex %

Partition function (Berezin integral) Z = j D¥.eS, Dy.= ch_"‘;c*t

This measure realize the scalar product at each edge seen as 2 bounding between two
4-cells . ¥, are anticommuting variables. v. needed for dimensional reasons (in the

classical theory (wiv’) = [ “3"’\@‘5(1}1"(#)]
Recall: Berezin non vanishing integral: [ dudu* v 5" = eocebd = 50ged_godgie
Expand the vertex action in Taylor series

St =1 2 2 Z ggvcﬂeﬁe + Z (Eei 'ﬂﬂﬂzﬁﬂ)(gg:;":;a'e.ﬂg’u) +

ee’ €1 €2€3€4

The series stops because there can be at most 4 fermions (2 ¥ and 2 ¥) per edge. On
each edge can live 0,2,4 fermions. The volume factor cancels with vertex action.

Z:ZHAC, Ac=(—1)9Trio., ...0c,]
{c} < |
Pirsé[ﬁ(}ooh a collection of oriented CYEIE C=€1-..-€n, Iq # of (_) 5‘*“5 Pade 10/60 -




lJuantum fermion field on a 2-complex

Partition function (Berezin integral) Z = j D¥.eS, Dvw.= Wec—vei,w

This measure realize the scalar product at each edge seen ks 2 bounding between two
4-cells . ¢¥. are anticommuting variables. v. needed for dimensional reasons (in the

classical theory (¥l¢’) = [ &z, /gv(z)¥'(z))

Recall: Berezin non vanishing integral: [ dudipy % v 5" = eocebd = 52254 _gudghe
Expand the vertex action in Taylor series

St =1 ¥ Z Eﬂ'ﬂﬂ'ﬂ¢£ -+ Z (;gl'ﬂﬂﬂz%)(ge37c4ﬂc4 Yey) + ...
ee’

€1€2€3¢€4

The series stops because there can be at most 4 fermions (2 ¥ and 2 ¥) per edge. On
each edge can live 0,2,4 fermions. The volume factor cancels with vertex action.




juantum fermion field on a 2-complex

T,
3

Partition function (Berezin integral) Z=jp¢¢¢53, Dv. = %MEE—M;.,%

This measure realize the scalar product at each edge seen as 2 bounding between two
4-cells . ¥ are anticommuting variables. v. needed for dimensional reasons (in the

classical theory (¥i¥’) = [ &z, /g¥(z)v'(z))
Recall: Berezin non vanishing integral: fdﬁd;qb“?ﬁ“';d = % — §85ed_gadghe
Expand the vertex action in Taylor series

St =1 +Z EQ‘EEE#’E + Z (;gl'ﬂﬂﬁz%z)(ggaveiﬂc.gwn) -+

€1€2€3¢Cs

The series stops because there can be at most 4 fermions (2 ¥ and 2 ¥) per edge. On
each edge can live 0,2,4 fermions. The volume factor cancels with vertex action.

z:%ﬂ,ﬁc, A, =(—1)“Trio., ...00,]

risd Gaods @ collection of oriented cyclesc = e1...ey, |c] # of {—) signs o E812/60




sl

Consider 3-cell 7. dual to e. The 4—cell v can be partitioned into the union of |v|
pyramids with base 7. and height A, = [ /2.
Pyramid 4-volume= %hgug (ve 3-volume of 7).

Vertex — edge variables

1 =

S ~ oy ngveﬂeﬁ}c

TR
"‘P)
Sz
s Follows intuitively from the previous standard discretization in the regular case
(but can be generalized)
s 0. =clu,; o—matrixin the direction of the edge ¢

s v =v(x.) =z. intersection between € and 7.
® Yo~ L(¥. +v¢:) If the 2nd derivative of the field can be negietted




)Juantum fermion field on a 2-complex

Partition function (Berezin integral) Z = / Dy.eS, Dy.= %%ﬁee—l’:;gﬁc

This measure realize the scalar product at each edge seen as a2 bounding between two
4-cells . ¥, are anticommuting variables. v. needed for dimensional reasons (in the

classical theory (¢i¢’) = [ &z /go(z)¥’ (z))
Recall: Berezin non vanishing integral: f dodoe o oo = b — §absed_gadghe
Expand the vertex action in Taylor series

St =1 ¥ Z;g‘lsﬂcﬁe + Z (Eel ":zﬂﬂ'zi’ﬂ)(ggavniﬂ'e;#’m) +—

ee’ €1€2€3€4

The series stops because there can be at most 4 fermions (2 ¥ and 2 ¥’) per edge. On
each edge can live 0,2,4 fermions. The volume factor cancels with vertex action.

zzgn-‘ch A.=(-1) CfTr[gel "-UEN]

risaGidods @ collection of oriented cyclesc —=e:1...exn, lc] # of (—) signs e e
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ermions + Gravity

Technical fact:
w Assume all edges timelike
= Consider g. € SL(2, ) that rotates u’ = (1,0,0,0): usAJ, = us
= Property: ﬁ;_,a“’ =g'olg

s Obs. ulo; = glo%g. = glg.

s =>8,=1 Ze,e’ Ve Eaglh&tcﬁe-

Geometrical interpretation:
In the discretized theory, a Lorentz frame is determined at each 3-cell by the 4-normal
to the 3-cell, (the direction along which the derivative is computed).

g- parallel-transport the fermion from the fixed reference frame at the center of the
4-cell to a frame at the center of a 3-cell (boundary of the 4-cell} where the normal to
the 3-cell is oriented in the time-direction (1.0.0,0).

The scalar product that defines the action is taken in that frame.

The construction is Lorentz invariant, since the preferred frame of the scalar product is
determined by the normals along which the variation of the fermion is computed.

Page 15/60
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Juantum fermion field on a 2-complex

Partition function (Berezin integral) Z = j D¥.eS, Dy.= 'L:d%gec—rﬁgm

This measure realize the scalar product at each edge seen as 2 bounding between two
4-cells . ¥, are anticommuting variables. v. needed for dimensional reasons (in the

classical theory (¥¥) = [ &°z,/g¥(z)¢'(z))
Recall: Berezin non. vanishing integrak f R L
Expand the vertex action in Taylor series

EiSE =1+ Z Egveﬂl:#-’e 5 2 2 (Eel 'ﬂﬂﬂkﬁﬂ)(gga Ve 0y tﬂ&;) =

ee’ €1 e2€e3ey

The series stops because there can be at most 4 fermions (2 ¥ and 2 ¥) per edge. On
each edge can live 0,2,4 fermions. The volume factor cancels with vertex action.

Z=§HA1:: Ac:(_l)'ciTr{ael'”ﬂcN]

risd Gaods @ collection of oriented cyclesc =€ ...ey, |cl # of {—) signs o E1c/60




ermions + Gravity

Technical fact:
= Assume 3all edges timelike
s Consider g. € SL(2, C) that rotates u’ = (1,0,0,0): u_m; = u.g
= Property: A] ;07 =g'o’g
s Obs. ulo; = glo®g. =glg.
= =5, =£EE?EF 71:;;'5;&&&*:*
Geometrical interpretation:
In the discretized theory, a Lorentz frame is determined at each 3-cell by the 4-normal
to the 3-ceil, (the direction along which the derivative is computed).

g. parallel-transport the fermion from the fixed reference frame at the center of the
4-cell to a frame at the center of a 3-cell (boundary of the 4-cell) where the normal to
the 3-cell is oriented in the time-direction (1.0.0.0).

The scalar product that defines the action is taken in that frame.

The construction is Lorentz invariant, since the preferred frame of the scalar product is
determined by the normals along which the variation of the fermion is computed.
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lJuantum fermion field on a 2-complex

Partition function (Berezin integral) Z = jwtcls‘ Dv. = Wge—iﬂzgﬁﬁa

This measure realize the scalar product at each edge seen as 2 bounding between two
4-cells . ¥, are anticommuting variables. v. needed for dimensional reasons (in the

classical theory (¥|¥’) = [ &z /g¥(z)v'(z))
Recall: Berezin non vanishing integral: f Mﬁ“?ﬁ‘? =l _ gebged peilese
Expand the vertex action in Taylor series

St =1 g = Z ;g'eﬂcﬁ’c + E (Egl 'ﬂ:ﬂﬁzﬁﬂz)(;esve.iﬂe.gﬁu) 4=

€1€2€3 €4

Thesaiesstnpsbecaus:ﬂmcanbeatm4fermiuﬁ(2ﬁ}and26)perm On
each edge can live 0,2,4 fermions. The volume factor cancels with vertex action.

ZzgnAc- Ac:(_l):EiTr{ael"-ae_.v]

risa Goods @ collection of oriented cyclesc =e1...ex, |cl # of (—) signs e




ermions + Gravity

Technical fact:
= Assume all edges timelike
= Consider g. € SL(2, T) that rotates u’ = (1,0,0,0): usA]); = uc;
s Property: &;JaJ:yter‘[g
= Obs. ulo; = glo®g. =glg.
m >S, =13 Ve Eefﬂgat#ehﬁe—

Geometrical interpretation:
in the discretized theory, a Lorentz frame is determined at each 3-cell by the 4-normal
to the 3-cell, (the direction along which the derivative is computed).

g- parallel-transport the fermion from the fixed reference frame at the center of the
4-cell to a frame at the center of a 3-cell (boundary of the 4-cell) where the normal to
the 3-cell is oriented in the time-direction (1.0.0.0).

The scalar product that defines the action is taken in that frame.

The construction is Lorentz invariant, since the preferred frame of the scalar product is
determined by the normals along which the variation of the fermion is computed.
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Juantum fermion field on a 2-complex

Partition function (Berezin integral) Z — j Dv.&S. Dy — %ﬂgﬁ—naﬁ

This measure realize the scalar product at each edge seen as a2 bounding between two
4-cells . ¥, are anticommuting variables. v. needed for dimensional reasons (in the

classical theory (¥i|¥’) = [ &z /gv(z)v'(z))
Recall: Berezin non vanishing integral: / Mﬁ‘?ﬁ‘? = 36cPd _ gobycd gadbc
Expand the vertex action in Taylor series

eS* =1 'f‘zagvca’e#’e + Z (;gl 'ﬂﬂﬂzﬁﬂ)(aga Ve O0csWes) + -

€1e2€3€y

The series stops because there can be at most 4 fermions (2 ¥ and 2 ¥’) per edge. On
each edge can live 0,2,4 fermions. The volume factor cancels with vertex action.

Z=§HAc, A. = (-1)“Trio., ...0oy]

risd Goods @ collection of oriented cyclesc =e:1...ey, |cl # of {(—) signs o E¥20/60




ermions + Gravity %
Technical fact: 2
= Assume all edges timelike
s Consider g. € SL(2. T} that rotates u = (1,0.0.0): u_;A;I — =
= Property: A;_,o" =g'olg
= Obs. ulo; = glo®g. =glg.
=8, = iZE,E! Ve ngglstgcteﬁe-

Geometrical interpretation:
In the discretized theory, a Lorentz frame is determined at each 3-cell by the 4-normal
to the 3-cell, (the direction along which the derivative is computed).

g- parallel-transport the fermion from the fixed reference frame at the center of the
4-cell to a frame at the center of a 3-cell (boundary of the 4-cell} where the normal to
the 3-cell is coriented in the time-direction (1.0, 0,0).

The scalar product that defines the action is taken in that frame.

The construction is Lorentz invariant, since the preferred frame of the scalar product is
determined by the normals along which the variation of the fermion is computed.
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E

Generalization to curved spacetimes
Holonomy of the spin connection can be # 1 (curvature is confined on 2-celis). If the
parallel transport s. e £i. s e:

§= iE"z?eﬂL,&teﬁm

e’

A= (-l)lcllTrEﬂ'zi - *FEN] —_— A= (_l)iﬂl T"fﬂglqﬂetﬂ-"ﬂl,.u,ﬂﬂ.'t]

where (v1.€1,v2,€2, ..., Un, €n) is the sequence of vertices and oriented edges crossed
by the cycle c. |
defining g~ = (g—l)’l‘ _ _\ngf

Ac = (-1)%‘:{ Tr[g:tqgglu:“-g:.e“&n!:l]

z =3 [Iv'" x3([1(s: et )°=)

ic} € ece

T x%[y] character in the fundamental representation of SL{2,T),
m €. = =1 according to whether the orientations of the edge and the cycle match.

Page 22/60
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oupling to Quantum Gravity
Spinfoam partition function: j

- -/SL{‘Z,'C}@" sv(z) ZHd’ xﬂfaf( I1 (seschersc, )q‘f) [1 x"(her)

ecdf ecdf

gg_,getmbeidurﬁﬁadﬁﬁrtheSL{ZC) matrices in the fermion action

s They have the same geometrical interpretation: parallel transporte - v

= Asymptotics (saddle point): g rotates the arbitrary Lorentz frame at the 3-—cell
where the time direction is aligned with the normal of the 3-cell.
For [p < 1, g takes precisely the value needed to vield the fermion action.

Zocr =) Z/sL{E C) / SU(2) dhes [ [ d;, x™ (H (ges. AefGer, )EH)

{c} 3¢ f ecdf

T x'f(hef)[[( ' x3( [T (Gesesle)=)

ecdf e€cn
{c} woridlines running along the edges of the foam that do not overiap more than once

Pirsa: 11070005 Page 23/60
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ermions states !
Fermicnic Fock space: By Pauli principle only antisymmetric states. There are at most
mmm.hﬂ% (at most two particles with all other quantum numbers

equal).

Two-particle state: singlet (spin 0) of H2 @ HE.

F=CeHiocAlHigH})=CeHiaC

A basis in this state is given by [c) where e = 0.+, —. 2
States in F can be conveniently represented as holomorphic Berezin functions f(v)) of
an anﬁmnmwﬁng&mmmhhleh&'%. Taylor expanding the state gives
f(¥) = cp + ca¥® + 250" 0°
1f12 = lecgl® + Caca +|2f®,  (cg:Carc2) EC*~F

The Berezin integral used before is simply a way to write this Fock space and its scalar
product.

Pirsa: 11070005 Page 24/60
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ermions states and Spinfoam 3
Pure gravity partition function on a 2-complex in the SN basis
2= 3114 [[4G-%) 4G = [ doew AeG.ve0920)
Fre £
As(fi:¥n,gn) = j dky W5, 0. (k) [ [ 7757 (ke 9y 97, )
I

= v. quantum numbers and eingevalues of the basis that diagonalizes the volume.

= [ and n links and nodes determined by the intersection of a small 3-sphere
surrounding v with the faces f and the edges e of the 2-complex.

—— T
z= me]‘[d,,naam,n,m

T v"’w“)_/dgnﬁu(:n Vn, gn) €57 (9n:"n:¥n)

A‘E(jh Vn. wﬂ) — Aﬂ(jh 'n)'i‘Ac% ﬂ})ﬁ?:*—A{‘ (J-It‘rn: (ﬂ., ﬂ)! (m‘l &)}E!ﬁlﬁfu*—"'
! & T ¥
no fermions on the boundary | | single or odd fermions | | v, ¥ on different nodes

Pirsa: 11070005
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The Berezin integration has the only effect of connecting the free indices of the
cell-propagators and to cancel the volume factors.

o Z fdgeu I_[d’.fHAu(J! ‘l’zs_gcw)r[A-C(Hﬂ)

*'ﬂﬁ

which is equivalent to to the previcus expression. | he dependence of the Lorentz
frame of the boundary drops in gluing the individual group elements. A local Lorentz
transformation g,.. — A,.g.. leaves the amplitude invariant.

The net effect of the fermions is simply to add fermion world-lines over the foam. The
weight of each world-line is a contraction of spin-connection group elements along the
world-line, taken in the fundamental representation. The worldlines than run over the
foamarrya j = % representation, and couple to the intertwiners at the edges. They
overiap at most twice and where they overiap, they run in the 7 = 0 representation.

Pirsa: 11070005 Page 26/60




ang-Mills fields -

Iif fermions live in fundamentai representation of 2 compact group &G = the theory is
invariant under giobal G transformations. To make it invariant under local gauge
transformations introduce U,. € G associated to each wedge (v, €), and consider

S=i Z ;hvjtg'eﬂ'eu tce'#tc

Now spinfoams carry representations of SL(2, C) and intertwiners at the nodes have a
possible extra leg representing fermions in (antisymmetric products of) the
fundamental representation of SL(2.T") x G.

Dynamics The Yang-Mills action can be generated by the one-loop radiative
corrections to the fermion action in the Yang-Mills field, as suggested by Zel'dovich.

2= [ a. [a.[a, [JA-Gs.ve.ve 0
.}rg F 3 v
where the gravity+Yang-Mills+fermion vertex amplitude is

Ap(J1: Vn: Un. Uy) z‘/.dgnAr:(h;Jn G ) e?S(gn . ¥n . ¥n.Us)

Pirsa: 11070005 Page 27/60




ermions states and Spinfoam

Pure gravity partition function on a 2-complex in the SN basis
2= Y114 [IAGw)  AG.v)= [ dsew AelGi, w0 900)
Fve f
Av(1.Vn.gn)= f dk; W5, (R) [ [ 2727 (ke 95,02 )
i
= v. guantum numbers and eingevalues of the basis that diagonalizes the volume.

= [ and n links and nodes determined by the intersection of a small 3-sphere
surrounding v with the faces f and the edges e of the 2-complex.

Gravity + Fermions partition function

z=Y" [ D []d;, [JAstis.ve.v0)

.}": f T
- (J“'"’ﬂ“)'fden Ao(F1. ¥n, gn) €57 (9n:Tn-¥n)

Au(F1. V0, ¥n) = Au(ji:"n)‘{"ﬂv% ﬂ))¢:+A‘EUI17ns (n,a), (m, b)ﬁ:ﬁ::'}""
& T —

1 No
Pirsa: 11070005
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Fermicnic Fock space + kinematics of quantum gravity
= Fermions reside on the ncdes n of a graph, (like LGT) = a copy of F to each node.

= States gravity+fermion live on (8;L2[SU(2)]) @ (8- F)/SU(2)*.

-

States: ¥(h;,¥n). Basis: simple generalization of the pure gravity spin networks
a Choose an intertwiner basis that diagonalizes the volume of n (v,, vol eigenvalue).
171: ¥n)—2131. ¥n. €,). €, labels the basis |c) in the Fock space at the node.
s At each v-valent node n bounded by links with spins 71..... 7»
jl:“‘:jﬂ ifﬁn=l.3

Vn invariant tensor in the tensor product of { = N
I 3 B 2 'Ifcl'l ==x

lﬁnmwﬁsﬂmwtﬂﬁmgmi magnetic indices

® |71, vn) Fock vacuum |;, vn.Cn =ﬂ)

® |j;,Vn,(n.a)) all nodes in the vacuum except for a single node n with a
cne-particie state with spin a

m|J. V. (n;. ) i=1,..., N N particles in the nodes n;, ..., n with spins =,

® j;,¥n. (n.+). (n, —)) two-particle singlets

Pirsa: 11070005 Page 29/60
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ermions states and Spinfoam

1

Pure gravity partition function on a2 2-complex in the SN basis
2= 3114 46w  AG.w)= [ doew AeGovr520)
Fve 1
Av(31.9n,Gn) =/dht ij;.ﬂ..(h) HXTJ-HI (K legt_li)
I

= v. quantum numbers and eingevalues of the basis that diagonalizes the volume.

= [ and n links and nodes determined by the intersection of a small 3-sphere e
surrounding v with the faces f and the edges e of the 2-complex.

Gravity + Fermions partition function
z=Yf Dw. [T, [[A-Gir-ve-vo

g
A (1 vﬂrqbﬂ)_/dgn Av(Ji. ¥n,gn) &5+ (9n.¥n.¥n)

Au(jhvrl:wn) — AEGI!"I’I)'{"At' ; - .ﬂ))ﬁ’:‘*‘At:(jh'n:(nn ﬂ): (m‘lb)};:#"::'{""-
& - ; = =
rmions on the boundary |singteuroddfennmé ¥, ¥ on different nodes
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The Berezin integration has the only effect of connecting the free indices of the
cell-propagators and to cancel the volume factors.

—pl zZ=3 fdge-Hd,,IIAa(:mh)HAc(g“)

.&-'z{d

which is equivalent to to the previous expression. | he dependence of the Lorentz
frame of the boundary drops in gluing the individual group elements. A local Lorentz
transformation g,.. — A,.g.. leaves the amplitude invariant.

The net effect of the fermions is simply to add fermion werld-lines over the feam. The
weight of each world-line is a contraction of spin-connection group elements along the
worid-line, taken in the fundamental representation. The worldlines than run over the
foamcarrya j = % representation, and couple to the intertwiners 3t the edges. They
overiap at most twice and where they overiap, they run in the 7 = 0 representation.

Pirsa: 11070005 Page 31/60

Magas Perr State Urversty



ermions states and Spinfoam

Pure gravity partition function on a3 2-complex in the SN basis
2= 3114 [IAG.w)  AG.v)= [ dsew Auliverge0)
Fve 1
AuCits Vs gm) = [ ke By ) [T 27759 e 90,95,
!
= v. guantum numbers and eingevalues of the basis that diagonalizes the volume.

= [ and n links and nodes determined by the intersection of a small 3-sphere
surrounding v with the faces f and the edges e of the 2-complex

Gravity + Fermions partition function

2= Z/M,Hd,f HAt(jfg"eﬂf’E)

3 g£ oo
A (JI vn,wn)-/dg..ﬁ (JI V. Qn) EISulgn ., S 1-.,‘}

Ay (_JI + V. WTI.) = Ay (Jh Tn)+A_c ﬂ)}ﬁ'n +A. (J{ : Vs (ﬂs ﬂ)'l (m1 b)wn#’m"- S
& =
. ﬂ%{ggnnm on the boundary | smgie or odd famruns 1 w, v on different nuda - A=
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Fermionic Fock space + kinematics of quantum gravity 3
= Fermions reside on the ncdes n of a graph, (like LGT) = a copy of F to each node.
~ States gravity+fermion live on (®;L2[SU(2)]) @ (8. F)/SU(2)V.
= States: W(h;,¥n). Basis: simple generalization of the pure gravity spin networks
a Choose an intertwiner basis that diagonalizes the volume of n (v,, vol eigenvaiue).
|71, ¥n)—2131. Vn. Cn). €, labels the basis |c) in the Fock space at the node.
= At each v-valent node n bounded by links with spins 7:1..... 7+

Vn invariant tensor in the tensor product of J_l;--u.‘fv : ffﬁ:;:-l.ﬂ.
J1;-3Ju.53 Hen==%

. Ej{g"n) Fock vacuum ljh ¥n.Cn = ﬂ)

® j1,Vn,(n,a)) all nodes in the vacuum except for a single node n with a
one-particie state with spin a

m .V (n;, ) i=1,....N N particles in the nodes n;, ..., ny with spins +—,,
® |ji,¥n, (B, +), (n. —)) two-particle singlets
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.oupling to Quantum Gravity
Spinfoam partition function:

Zoc = dg. ZH*’: x“”f*’f( [[ (Geacberazt)¥) [T X (her)

SL(2.T) sU {2} e€df

gl

Ge. . Ge, mmmmmsuzmmmmmm

s They have the same geometrical interpretation: parallel transport e —» v

s Asymptotics (saddle point): g rotates the arbitrary Lorentz frame at the 3-cell
where the time direction is aligned with the normal of the 3-cell.
For [p < 1, g takes precisely the value needed to yield the fermion action.

Proposal for SF dynamics 4+ fermions

ZQGF = §JZ/SL{2 = -[.S'L'{z}dh Hdz xr J:(ng(gcae herg.,. )f;f)
IT x’f(hef)[[( e x3( [T (gesesle.)=<)
ecdf eCcCn

{c} woridlines running along the edges of the foam that do not overiap more than once
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Fermionic Fock space + kinematics of quantum gravity
= Fermions reside on the nodes n of a graph, (like LGT) = 2 copy of F to each node.
= States gravity+fermion live on (8;L2[SU(2)]) @ (8-F)/SU(2)~.
= States: ¥(h;, ¥y ). Basis: simple generalization of the pure gravity spin networks
= Choose an intertwiner basis that diagonalizes the volume of n (v,, vol eigenvalue).
Li[:'n)_"ljhtll:cﬂ): Cn iabels the basis 'C) hﬂ‘mma&m
= At each v-valent node n bounded by links with spins j1..... 7»

v, invariant tensor in the tensor product of ¢~ = 7Y | fen =0,2
Jl!""lh!i ift:ltzj:

!ﬂummmmﬂmﬂum magnetic indices

® |j;,vn) Fock vacuum [j;, vn,cn = @)

® |j;.Vn,(n,a)) all nodes in the vacuum except for a single node n with a
cne-particie state with spin a

® 51, Vn.(n;, 1)) i=1,..., N N particles in the nodes n;, ..., ny with spins +,,

® |ji,¥n, (B, +), (n, —)) two-particle singlets
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ermions states and Spinfoam

Pure gravity partition function on a2 2-complex in the SN basis
2= 3114 4G  AG.v)= [ dtee AuGvergen)
3ve §
Aot Vs gm) = [ @t By ) [T 2775 99,
[
= v. guantum numbers and eingevalues of the basis that diagonalizes the volume.

= [ and n links and nodes determined by the intersection of 2 small 3-sphere
surrounding v with the faces f and the edges e of the 2-complex.

Gravity + Fermions partition function
z=3" [ pe. [T, [TA<Gr-ve-v0

Fve
A (Jh 'ﬂ:ﬁ’ﬂ)—/dguAvbl | gn.) elsg;gn g W)

AUUI! Vn, wﬂ-) - Aﬂ(jf.: 'ﬂ)+AU - . ﬂ))ﬁ’:‘*“i‘-"(jh?ﬂ: (‘ﬂ, ﬂ‘)t (ml b)ﬁ:#’fn’*-'"
§ : +
no fermions on the boundary Jﬁngleuruddfenniuns! 3¢,Emdiﬁamtnnﬂs

Pirsa: 11070005

Page 36/60

tlagiaes Pens Stare Unsversty



The Berezin integration has the only effect of connecting the free indices of the
cell-propagators and to cancel the volume factors.

—)I z=7y fdgﬂHd,,HAa(uw“)HAc(ﬁ.)

*'ﬂﬁ

which is equivalent to to the previous expression. | he dependence of the Lorentz
frame of the boundary drops in gluing the individual group elements. A local Lorentz
transformation g,.. — A,g.. leaves the amplitude invariant.

The net effect of the fermions is simply to add fermion world-lines over the foam. The
weight of each worid-line is 3 contraction of spin-connection group elements along the
world-line, taken in the fundamental representation. The worldlines than run over the
foamcrrya j = % representation, and couple to the intertwiners at the edges. They
overiap at most twice and where they overiap, they run in the 7 = 0 representation.
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ang-Mills fields

If fermions live in fundamental representation of a compact group & = the theory is .al'
invariant under gicbal G transformations. To make it invariant under local gauge
transformations introduce U,. € G associated to each wedge (v, €), and consider

S=iy ¥, Ul voU: ¥

Now spinfoams carry representations of SL(2, C) and intertwiners at the nodes have a
possible extra leg representing fermions in (antisymmetric products of ) the
fundamental representation of SL(2.7") x G.

Dynamics The Yang-Mills action can be generated by the one-loop radiative
corrections to the fermion action in the Yang-Milis field, as suggested by Zei'dovich.

Z - Z/@E fmﬁ def HAﬂ(jf- Ve, g‘;ﬂ: UE}
']', Ve I v
where the gravity+Yang-Mills+fermion vertex amplitude is

Aﬂ(ji? Vs wﬂr Uﬂ) :/.dgnAr(hg_.vn ’gn) EiS(gnJmﬂu )
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The Berezin integration has the only effect of connecting the free indices of the
cell-propagators and to cancel the volume factors.

# Z= Z: f dgev Hdaf HAc(J,f Fe.Gex) Hﬂc(ym)
:

which is equivalent to to the previcus expression. | he dependence of the Lorentz
frame of the boundary drops in gluing the individual group elements. A local Lorentz
transformation g,. — A,g.. leaves the amplitude invariant.

The net effect of the fermions is simply to add fermion world-lines over the foam. The
weight of each worid-line is 2 contraction of spin-connection group elements along the
worid-line, taken in the fundamental representation. The worldlines than run over the
foamcarrya j = % representation, and couple to the intertwiners at the edges. They
overiap at most twice and where they overiap, they run in the 7 = 0 representation.
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ermions states and Spinfoam

Pure gravity partition function on a3 2-complex in the SN basis
2= 3114 [[4Gw 4G = [ doee Al verge0)
yre f
Au ity s gm) = [ @t By () [T 27759 e 90,9,
L

= v. quantum numbers and eingevalues of the basis that diagonalizes the volume.

= [ and n links and nodes determined by the intersection of 2 small 3-sphere
surrounding v with the faces f and the edges e of the 2-complex.

Gravity + Fermions partition function
z=Y" [ pu. 1‘[4,, [TA-Grove.v0)

37
A7, r,,,w.,)_-/dgnA,,(J; Vi, Gn) €57 (9n:¥n.¥n)

Al'(jh Vn. wﬂ) = Ay (jfr'l'l)'{'-AU - Y E})ﬁ}: +A1:(J-I-_-7n, (ﬂ, ﬂ), (m‘r b))‘;:'&:x'*-'"
1 > {fz = 3
no fermions on the boundary |singlenroddfamimﬁ: Eg’:,amdiﬁ&uitm
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Fermicnic Fock space + kinematics of quantum gravity
= Fermions reside on the nodes n of a graph, (like LGT) = a copy of F to each node.
= States gravity+fermion live on (8;L2[SU(2)]) @ (8~F)/SU(2)*.
= States: ¥(h;, ¥n). Basis: simple generalization of the pure gravity spin networks
a Choose an intertwiner basis that diagonalizes the volume of n (v,, vol eigenvalue).
{31, ¥n)—=1j1. ¥n. €n), €, labels the basis |c) in the Fock space at the node.
s At each v-valent node n bounded by links with spins 71, ..., j»

= o 82
e ————
J1ls s Ju, 2 lfcll ==

= ijr"‘l'l) Fock vacuum Ijh"rhcu =B)

® [7;.Vn.(n.a)) all nodes in the vacuum except for a singie node n with a
one-particie state with spin a

m .V (i, 2))E=1,..., N N particles in the nodes n;, ..., nx with spins +,
® |ji,Vn, (B, +), (n, —)) two-particle singlets
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ermions states and Spinfoam

Pure gravity partition function on a3 2-complex in the SN basis
zZ=3%" Hd? HA"‘-} ve) Au(f.ve) =/dyn Au(Z:Vc:gew)
Fre §
Av(J1:¥n.gn) =féki LML) Hx"j"j‘ (Kt 9’:91:_;1)
I

s v. quantum numbers and eingevalues of the basis that diagonalizes the volume.

= [ and n links and nodes determined by the intersection of a small 3-sphere
surrounding v with the faces [ and the edges e of the 2-complex.

Gravity + Fermions partition function
z= Z:/J':le'[er.%iF [TA-Gr.ver )

=
A (Jf vﬂ:wn _/@“’AVUI Vrn. gn) e‘s (On .n.Un)

Av(31, 0. ¥n) = Ac(d1. 7!1)'{‘14-0% a))¥n+Ac(Ji, ¥n.(n,a), (m, b)};:#"?ﬂ.-l-"“
' -
no fermions on the boundary | | single or odd fermions | | ¥, ¥ on different nodes
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Fermionic Fock space + kinematics of quantum gravity
= Fermions reside on the nodes n of a graph, (like LGT) = a copy of F to each node.
= States gravity-+fermion live on (8;L2[SU(2)]) @ (8. F)/SU(2)~.
= States: ¥(h;,¥n). Basis: simple generalization of the pure gravity spin networks
a Choose an intertwiner basis that diagonalizes the volume of n (v,, vol eigenvalue).
[71:¥n)—{J1. ¥n. €n). €, labels the basis |c) in the Fock space at the node.
= At each v-valent node n bounded by links with spins ji1...., j»

vV invariant tensor in the tensor product of J.h--;.‘l.u ; ff‘:it:lai
J1s-3Ju. 3 Hen==%

® |71, vn) Fock vacuum |, vn,cn = @)

® [ j1.Vn.(n,a)) all nodes in the vacuum except for a single node n with a
cone-particle state with spin a

® |j1,.Vn,(n;, ) i=1,....N N particies in the nodes n;, ..., ny with spins
® |1, ¥n, (7. +). (n, —)) two-particle singiets

Pirsa: 11070005 Page 43/60




ermions states -
3

Fermionic Fock space: By Pauli principle only antisymmetric states. There are at most
Maﬂngmalmk:ﬂ% {at most two particles with all other quantum numbers
equal).

Two-particle state: singlet (spin 0) of % @ 5.

F=CeHicAWHigHi)=CeHiaC

A basis in this state is given by [c) wherec =0.+, —_ 2.
States in F can be conveniently represented as holomorphic Berezin functions f(v) of
an Mmﬁmmﬁﬂehﬂé. Taylor expanding the state gives

F(¥) = cg + cath® + €2 €,59°¥°

1 f12 = |eg|® + Caca + |2f?, (cg,Cas2) EC* > F

The Berezin integral used before is simply a way to write this Fock space and its scalar
product.
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ermions states and Spinfoam %
Pure gravity pastition Snction on: o 2ol ie s Sl Bl
2= 114 [IAGw)  AlG.v)= [ doew AeGover900)
pre
Aoty ¥ns 9m) = [ ke By () [T 2755 (b 99,
i

= v. guantum numbers and eingevaiues of the basis that diagonalizes the volume.

s [ and n links and nodes determined by the intersection of a small 3-sphere
surrounding v with the faces f and the edges e of the 2-complex.

Gravity + Fermions partition function

- Z/Nﬂ H‘t,!f HA‘U(Jf:'E:#’c
3
As(J1: Vn, ﬁbu)—-/dgn Al Vn.gn) &5+ (9n Fn.¥n)

A‘U (jl + Vm, 1i"l"l-) — A'II Ul&vﬂ)+AV ; . ﬂ))w: +Aﬂ{ji V. (n's ﬂ‘): (ms b))‘;:‘if’;'*‘---
' _ = 3
.+, N0 fermions on the boundary { single or odd fermions | | v, v on different nodes
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Fermionic Fock space + kinematics of quantum gravity
= Fermions reside on the nodes n of a graph, (like LGT) = a copy of F to each node.
= States gravity+fermion live on (8;L2[SU(2)]) @ (8. F)/SU(2)~.
= States: ¥(h;,¥n). Basis: simple generalization of the pure gravity spin networks

u Choose an intertwiner basis that diagonalizes the volume of n (v, vol eigenvalue).
|72, ¥n)—2131. ¥n. €n). €, labels the basis |c) in the Fock space at the node.

= At each v-valent node n bounded by links with spins j1..... 7o

v.. invariant tensor in the tensor product of {7~ 7Y i cu =82
J1l: ez Jus 2 'fcn ==

' the intertwiner couples the spinor to the gravitational magnetic indices

® |j;,vn) Fock vacuum |j;, vn.cn = @)

® |71.Vn.(n.a)) all nodes in the vacuum except for a single node n with a
one-particie state with spin a

m 7. V. (n;. ) i=1,..., N N particies in the nodes n;, ..., ny with spins

8 |ji,Vn, (n,+), (n, —)) two-particle singiets
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ermions states and Spinfoam

Pure gravity partition function on 2 2-complex in the SN basis
2= I14 [IaGw)  Alv= [ dtew AeGover920)
Fve f
&&':'ﬂ!gﬁ) =jdh tjﬁ.ﬂn(h) HXTj&jl (h g’lgt_ll)
l

s v. gquantum numbers and eingevalues of the basis that diagonalizes the volume.

= | and n links and nodes determined by the intersection of a3 small 3-sphere
surrounding v with the faces f and the edges e of the 2-compiex.

Gravity + Fermions partition function
z=Y [ pe. ]‘[d,f [TA<Gr.ve.ve)

: A
A (J[ vﬂ:ﬁ’ﬁ)-/% A‘IUI vﬂ gn) EIS {g“ wﬂ)

Av(Gi, ¥ns Un) = Aot ¥n)+Ac(7 .@))¥a+Ac(ii, ¥a, (0, a), (m, ) )dnvim+..
L & , =
no fermions on the boundary |5ingienroddfenniunsé jﬁv,gmdiﬁamttudu
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The Berezin integration has the only effect of connecting the free indices of the
ceil-propagators and to cancel the volume factors.

—)I z=Y [dges HJ:;HAu(J: wesge) [ Aclsee)

.}'!:'ﬁ'

which is equivalent to to the previous expression. | he dependence of the Lorentz
frame of the boundary drops in giuing the individual group elements. A local Lorentz
transformation g,. — A,.g.. leaves the amplitude invariant.

The net effect of the fermions is simply to add fermion world-lines over the fcam. The
weight of each world-line is a2 contraction of spin-connection group elements along the
worid-line, taken m the fundamental representation. The worldlines than run over the
foamcarrya j = 2 representation, and couple to the intertwiners at the edges. They
overiap at most twice and where they overiap, they run in the 7 = O representation.
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ang-Mills fields

If fermions live in fundamental representation of a compact group & = the theory is g
invariant under global G transformations. To make it invariant under local gauge
transformations introduce U,. € G associated to each wedge (v, €), and consider

S=i Z E;,U:,g:"eﬂ'cvtec"’tc

Now spinfoams carry representations of SL{2, T’) and intertwiners at the nodes have a
possibie extra leg representing fermions in (antisymmetric products of ) the
fundamental representation of SL(2. ") x G.

Dynamics The Yang-Mills action can be generated by the one-loop radiative
corrections to the fermion action in the Yang-Mills field, as suggested by Zel'dovich.

z — Z/@’E ‘[w'Edef HA'!?(jf- vﬂsg"'ﬂ'x UE)
.}rg " T
where the gravity+Yang-Mills4+fermion vertex amplitude is

A'(-'(jh LT ﬁ‘n: L‘r"l) :fdgﬂA‘:'(hE n -gn) Eistgn=r“*¢"’ L)
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.onclusions %

= We have defined a tentative quantum theory of gravity, fermions and Yang Mills

i A spinfoam amplitude can be seen as a definition of the gravitational path

B8 we have found a discretization of the fermion action which remains valid on a
curved spacetime and which is expressed in terms of the same variables that
appear in the spinfoam amplitudes

this calculation is not a “derivation” or a “quantization”, but rather as a heuristic
hint, yielding an ansatz for a definition of the coupled gravity-fermion theory.

@ The theory appears to have the correct degrees of freedom and the proper
symmetries (CPT theorem by Han-Rovelli)

= A fermion, is essentially an extra "face”™ of spin %whrch is non-local over the
2-compiex. At fixed time, it can be seen as a2 "non-local” loop that disappears
cutside spacetime, to reappear far away, like 3 Wheeler-Smolin “Kerr-Newman
fermion”
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)utiooks - 2

= To understand the mechanism for the generation of Yang-Mills kinetic term by
the fermionic loops

= The mass term has been included in a variation of this model (Han-Rovelli) but
there are still many issues (is it fundamental or can be obtained in an effective
way?)

= [ he semiclassical analysis is still missing: can we obtain in the semiciassical limit
the classical action of the system gravity + fermions?

= The derivation of the model is very tentative, is there 3 more rigorous derivation?

R
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Thank you!
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ang-Mills fields =

If fermions live in fundamentai representation of a compact group G = the theory is
invariant under gicbal G transformations. To make it invariant under local gauge

transformations introduce U,. € G associated to each wedge (v, ), and consider

S=iy ¥, Ul v.ol: ¥

Now spinfoams carry representations of SL(2, ) and intertwiners at the nodes have a

possible extra leg representing fermions in (antisymmetric products of ) the
fundamental representation of SL(2. ") x G.

Dynamics The Yang-Mills action can be generated by the one-loop radiative
corrections to the fermion action in the Yang-Mills field. as suggested by Zel'dovich.

z=3 [av. [av. T, T1A-Gr- v e
3 ve
where the gravity+Yang-Mills+-fermion vertex ampilitude is

ATJ UI LT ‘f{’n= {"rﬂ) :/dgﬂA‘r: (hi ¥n .-911) EtSEg" T ¥n.Us)
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ermions states and Spinfoam

3

Pure gravity partition function on a3 2-complex in the SN basis
2= 014 [I4G")  Al.w)- [ doew £eGuver900)
Fre f
AL(.‘-H:'E: gl) =f& ijbﬂn(k‘) H X'Tj“"j‘ (h 93;91;_‘1)
1
s v. quantum numbers and eingevalues of the basis that diagonalizes the volume.

» [ and n links and nodes determined by the intersection of 2 small 3-sphere
surrounding v with the faces f and the edges e of the 2-complex.

Gravity + Fermions partition function
z=%" f Dve l'[d,f HAs(Jh"eﬂf’c

.
A (Jl vﬁrwﬂ)—/@n A“(JI V. g“) EIS (On.Vn.-Un)

Aﬂv(jh Vn. ﬁ"n) — AE(J-I: Tn)‘f‘Ac% ﬂ})#’:‘i'Av (jl:"ni ("-1 ﬂ)-.r (mr b));:#’:l-l-““
L £ r —
fermions on the boundary Esingienroddfermimls; :w,Emdxﬂ’aultm

1 No
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oupling to Quantum Gravity
Spinfoam partition function:

Zoe = dgue an, x””f"f( H (Gescherazl)¥) [T X (her)

SL(2.,C) SU(zj ec8f

)

g,,,g,tmmamﬁﬁﬁmmsuzmmmmmm

s They have the same geometrical interpretation: parallel transport e —» v

= Asymptotics (saddie point): g rotates the arbitrary Lorentz frame at the 3-cell
where the time direction is aligned with the normal of the 3-—cell.
For [p < 1, g takes precisely the value needed to yield the fermion action.

2068 =3 %95 Joy P T35 (T (s Rra)™)

e 5 “OMAL) ecaf

IT ¥t [0 x3( [T (gescsls =)

ecdf eCcy
{c} woridlines running along the edges of the foam that do not overiap more than once
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Fermionic Fock space + kinematics of quantum gravity
= Fermions reside on the nodes n of a graph, (like LGT) = a copy of F to each node.
= States gravity+fermion live on (@;L2[SU(2)]) @ (8~ F)/SU(2)".
= States: ¥(h;,¥n). Basis: simple generalization of the pure gravity spin networks
= Choose an intertwiner basis that diagonalizes the volume of n (v,, vol eigenvalue).
|71, ¥n)—>71. ¥n. €n). €, labels the basis |¢) in the Fock space at the node.
= At each v-valent node n bounded by links with spins j1..... 7»

v.. invariant tensor in the tensor product of {22 lﬁ:.. =0,2
I 5 R 'lfﬂu ==+

--
' the intertwiner couples the spinor to the gravitational magnetic indices

b [

= ljlrv'l't) Fock vacuum tjh"l‘lscﬂ =ﬂ}

® [71.Vn, (n.a)) 2ll nodes in the vacuum except for a single node n with a
one-particie state with spin a

.V (n;. ) i=1,..., N N particles in the nodes n;, .... ny with spins +—,,

= EJE + V. ("’: +)5 ("’1 _)} tmﬂ-partide SEHM
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ermions states and Spinfoam

3

Pure gravity partition function on a2 2-compiex in the SN basis
&= ZHd? HA"(}"E) A"(& "E) [dgc'l AI(} 'ergt‘l)
Fre I
Aoty s gm) = [ Akt By () [T 27755 b 9,9,
I

® v. gquantum numbers and eingevalues of the basis that diagonalizes the volume.

= [ and n links and nodes determined by the intersection of a small 3-sphere
surrounding v with the faces f and the edges e of the 2-compiex.

Gravity + Fermions partition function
Z = Z/Dﬁgnd,r HAt(J_f:YG:ﬁ:’E)

3
Ao, vn,wn)_[dgnaﬂgl Vo, g) €15 (Oms¥mitin)

Av(J1,¥n. Un) = Ae(J1, Tn)‘{"Ac% ﬂ))ﬁ’:'l"&v{jh Vn,(n,a), (m, b))';:'g’:.n'!“-"
4 -
no fermions on the boundary %singlenrmidftrmm' *w,wmdlﬂemtnndu
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Fermionic Fock space + kinematics of quantum gravity
= Fermions reside on the nodes n of a graph, (like LGT) = a copy of F to each node.
= States gravity+fermion five on (8;L2[SU(2)]) ® (8~ F)/SU(2)".
= States: ¥(h;,¥n). Basis: simple generalization of the pure gravity spin networks
s Choose an intertwiner basis that diagonalizes the volume of n (v,, vol eigenvalue).
131: ¥n)—>|J1. ¥n, €n). €, labels the basis |c) in the Fock space at the node.
s At each v-valent node n bounded by links with spins j1. ..., j»

vﬂhwwiantminﬂutﬂmpoductof{.‘llhnq{v - lfc,.zﬂ,z
J1;5Ju, 3 Hea==%

® |7;,vn) Fock vacuum |7;, vn,cn = @)

® !7;.Vn,(n,a)) all nodes in the vacuum except for a single node n with a
one-particie state with spin a

®m J. V. (n;, ) i =1,..., N N particles in the nodes n;, ..., ny with spins +,,

® 1.V, (n.+). (n, —)) two-particle singlets
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ermions states _
k.

Fermionic Fock space: By Pauli principle only antisymmetric states. There are at most
mmth% {at most twe particles with all other quantum numbers
Two-particie state: singlet (spin 0) of H2 @ H1 .

F=CeHicAWHigHI)=CeHiaC

A basis in this state is given by |c) where c = 0.+, —. 2.
&atumFmbemﬁyMasMBumWﬂ#:)of
anantmnmuﬁngGmmwmhiemﬂz. Taylor expanding the state gives

F(¥) = ep + ca¥® + 2 €,59° %"

1 f12 = |cg|? + Caca + |c2i?, (cg:Casc2) EC = F

The Berezin integral used before is simply a way to write this Fock space and its scalar
product.
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oupling to Quantum Gravity
Spinfoam partition function:

= e 1ipj —1ye ;
ZQG S'L{i,f)dg“ SU(z)dhe’f %l;-[d’fx f(eegf(‘q"’hq’y z) !f) II x’f(h#)
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ecadf

Ge. »ge, Can be identified with the SL(2, ©") matrices in the fermion action

s They have the same geometrical interpretation: parallel transport e - v

s Asymptotics (saddle point): g rotates the arbitrary Lorentz frame at the 3—cell
where the time direction is aligned with the normal of the 3-cell.
For [p < 1, g takes precisely the value needed to yield the fermion action.

Proposal for SF dynamics 4+ fermions

Zqcr = %12 /E i [S == dh de x "‘(H(gu._. herg.., )*ff)

e

I1 x’fth&f}[{( —1)e x3( [T (eso0le)=)

ecdf eCcy

{c} woridlines running along the edges of the foam that do not overiap more than once
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