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Abstract: Motivated by the consistency of black hole complementarity, Sekino and Susskind have conjectured that no physical system can
& quot;scramble& quot; its internal degrees of freedom in time faster than (1/T) log S, where T is temperature and S the system's entropy. By
considering a number of toy examples and general Lieb-Robinson-type causality bounds, I'll explore the range of validity of the conjecture. Some of
these examples suggest that nonlocal Hamiltonians can delocalize information at rates exceeding the fast scrambling bound, but the physical
relevance of these examplesis unclear. Joint work with Nima Lashkari and Douglas Stanford.
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Decoupling and information

R Pr—— ’ B’ Sending arbitrary states from M to R

is equivalent to establishing
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Decoupling and information

R IR B Sending arbitrary states from M to R

is equivalent to establishing
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N and R is equivalent to eliminating
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Big picture versus toy examples

String theory descriptions of black holes couple degrees of freedom nonlocally.

e.g. BFSS Matrix theory: L = Z tr M M*® — Z tr[M®*, M b]z
a ab
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Big picture versus toy examples

String theory descriptions of black holes couple degrees of freedom nonlocally.

e.g. BFSS Matrix theory: L = Z tr M®M® — Z tr[ﬂ[ﬂ'. ﬂ'[b]z
(@ ab '

T —

Every pair of matrix entries appears together in at least one term

Would like to show by direct analysis of the system that it is a fast scrambler

irsa: 11060051 Page 9/87




Big picture versus toy examples

String theory descriptions of black holes couple degrees of freedom nonlocally.

e.g. BFSS Matrix theory: L = Z tr M M*® — Z tr[M*, ﬂ-[b]g

ab }

L —

Every pair of matrix entries appears together in at least one term

Would like to show by direct analgﬁy system that it is a fast scrambler

Goal of this talk is more modest:

1) Find examples of toy systems that scramble quickly
2) Prove general lower bounds on scrambling times

irsa: 11060051 Page 10/87




Big picture versus toy examples
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String theory descriptions of black holes couple degrees of freedom nonlocally.

e.g. BFSS Matrixtheory: L = Z tr M®M® — Z tr[ﬂfu- fub]z
a ab/,\-}

Every pair of matrix entries appears together in at least one term

Would like to show by direct analys” ; system that it is a fast scrambler

Goal of this talk is more modest:

1) Find examples of toy systems that scramble quickly
2) Prove general lower bounds on scrambling times

Test: 1) That fast scrambling is even possible T
2) Whether scrambling faster than the conjecture might be possible




Outline

* Brownian quantum circuits
* Ising interaction on random graphs
* Feynman’s circuit simulator

* Lieb-Robinson bounds for nonlocal
interactions®
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Brownian circuits
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Brownian circuits
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Dankert et al.: Construction of
circuit scrambling in time O(log n)
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Brownian circuits
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Brownian circuits

G; random pairwise interaction
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Brownian circuits

G; random pairwise interaction

—e o—o —e 'O
1Gy
n M‘ 7 \-L
F - ¥ ¥ oo etnumn
Timet el h——-—.EEGS <Jk> aj,on
H H = EEG}
1Gy

n qubits

irsa: 11060051 Page 18/87




Brownian circuits

G; random pairwise interaction
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Brownian circuits

| G, random pairwise interaction
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Brownian circuits

G, random pairwise interaction
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Entanglement production

State W(t). Density operator for S subset of {1,2,...,n}: W(t) = tr;,,s W(t).

Interested in purity h(t) = tr y(t)?
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Entanglement production

State W(t). Density operator for S subset of {1,2,....n}: W(t) = tr;;,s W(t).

Interested in purity h¢(t) = tr y(t)?
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Entanglement production

State W(t). Density operator for S subset of {1,2,...,.n}: W(t) = tr;,s W(t).

Interested in purity h(t) = tr y(t)?

Pure state Smooth out fluctuations by
averaging over trajectories: <h(t)>
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Entanglement production

State W(t). Density operator for S subset uf {1 2. .nk Lus(t) tr[nm P(t).

Interested in purity h(t) = tr y(t)?
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Entanglement production
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Entanglement production

State W(t). Density operator for S subset of {1,2,....n}: W(t) = tr;,s W(t).

Interested in purity h¢(t) = tr y(t)?
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Entanglement production

State W(t). Density operator for S subset of {1,2,...,n}: W(t) = tr;s W(t).

Interested in purity h¢(t) = tr y(t)?
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mixed state Gives <hg(t)> = <h g (t)> = <h,(t)>

Small miracle: system of linear ODE closes and is (almaost) solvable

d<§:> = k(n — )| 2(he—1) — 5(hx) + (k1)
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Analysis of ODE
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Analysis of ODE

B(0)> = | b, > |, Purity hy(t) = tr g, (1)

e
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dt L '
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Analysis of ODE

|W(0)>= [¥>|dy>.. [ 0,>

d h )
dt
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Analysis of ODE

900> = [, 10,>

d{hg)
dt

Let t,_be time at which <h,(t)> =(1+6)2*

= k(n — k)| 2(he—1) — 5(he) + E{Zh-,ﬁ-+lﬂ 1]
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Analysis of ODE

|W(0)> = [b> | > | > | Purity h,(t) = tr ‘l-';s[:k(t)l

d{hg) [ , e . :
'{” - =k(n —k)|2(hg_1) — 5(hg) + 2{__1'{1‘-;1-_._1;1]

(1+8)2°*
Let t,_be time at which <h,(t)> =(1+6)2* (1+8)2-++1

For >t , ' :
d{hg) —EEEe \
— ~< kn -2 i 5(hg) —2{,-‘1.#_,+l)}
r 1+4 5
< k|25 —3<hk;}

Page 37/87

irsa: 11060051



Analysis of ODE

|W(0)> = [b> | > | > Purity h,(t) = tr lb;s[:;;(t)l
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- Exponential decay with rate proportional to k.
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Analysis of ODE
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Analysis of ODE

|W(0)> = [g>| Y. |, > Purity h(t) = tr §,,_,(t)2
d{h) = | . | |

.;:. = k(n —k)|2(hg—1) — 5{he) + 2’5&}1#4}] 1

(41 L

(1+8)2°*
Let t_be time at which <h,(t)> =(1+6)2° (1+5)2-1
For >t
t
d(hz) o |
Hdt ~<  kn _2 = 5(he) + 2{}1'#.7+l;':|
1+06
< kn 22;‘__1 — 3@&:}}

Exponential decay with rate proportional to k. |

k
. Sot, -t.,<0(1/k) Z1
irsa: 110600'3‘Itk tk 1 t.k! ~ E ~ lﬂg (k) _ Page 40/87
=




Analysis of ODE
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Analysis of ODE

|P(0)>= | b > | b | > Purity h,(t) = tr ‘l—';sl:j;(t)l
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Brownian circuits: take-home

* Scramble very effectively: subsystems of size
smaller than half become almost maximally

entangled
* Scramble quickly: t*/t, = O(log n)




Brownian circuits: take-home

* Scramble very effectively: subsystems of size
smaller than half become almost maximally

entangled
* Scramble quickly: t*/t, = O(log n)
* But

— Time-dependent

— Not very physical
— Lots of randomness




= 4 _ Ising model: surprisingly
= instructive

G=(V.E)




Ising model: surprisingly
Instructive

1 1 = g
H= Y (I+eP)@(+e¥)

(2,7)€E




Ising model: surprisingly
Instructive

. 1 ; ;
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Doesn’t scramble! Eigenstates are products of spin up/down.
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Ising model: surprisingly
Instructive

G=(V,) H= Y 7I+0®)a(+e?)
(i,7)€E

Doesn’t scramble! Eigenstates are products of spin up/down.

Consider scrambling of information wrt conjugate basis
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Doesn’t scramble! Eigenstates are products of spin up/down.

Consider scrambling of information wrt conjugate basis

nEnhd(v)
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Ising model: surprisingly
= =
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_ Vv |
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Doesn’t scramble! Eigenstates are products of spin up/down.

Consider scrambling of information wrt conjugate basis |

¥(0)) = Ruev (|0} + 1)) |u(t.) = {|¢>‘(Ji” I ™)l

uwEnhd(v)
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" Ising model: surprisingly
= instructive

) Vv |
G=(V.E) l | Z LI +69) @ (I+09)
(a %) EE

Doesn’t scramble! Eigenstates are products of spin up/down.

Consider scrambling of information wrt conjugate basis

¥(0)) = ®uev(10) + 1) [ee)) = {lo)

nEnhd(v)

Doesn’t generate very much entanglement
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Ising model: surprisingly
= =
= instructive

G=(V,E) IW Z I—I—J @ (I + o9
(i:j EE

Doesn’t scramble! Eigenstates are products of spin up/down.

Consider scrambling of information wrt conjugate basis

¥(0)) = ®uev(|0) + 1)) [¥(t) = {h—?) (@@ 11 oMle)=le

wEnhd(v)

Doesn’t generate very much entanglement

| W(t*)> locally unitarily equivalent to [00000>+|11111>
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Ising model: surprisingly

Instructive
G=(V,E) lV’ Z I—l—cr ® (I +09)
(Lj EE

Doesn’t scramble! Eigenstates are products of spin up/down.

Consider scrambling of information wrt conjugate basis

U(D)) = '@'L‘E‘/( U> - - |1>) w(t.)) = {|‘rj>‘(g{:” H J,{I:H}H"F} = |

uEnhd(v)
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Ising model: surprisingly

Instructive
. G=(V,E) | 4 ()
Z I +0N @I +6\)
(a .7) :E
B Doesn’t scramble! Eigenstates are products of spin up/down.

Consider scrambling of information wrt conjugate basis

¥(0)) = Ruev (|0) + 1))  |o(t.)) = {|~#> @ 1] )lo)=lv

nEnhd(v)
* Adjaﬂfmhg)
J.A;d — .i — | ; ,.J- .

J ( Adjp 4 | Adjp g
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Ising

model: surprisingly
Instructive
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| G=(V,E)

[H Z I—I—J "(I-I-D'Lj))
(aj EE

Doesn’t scramble! Eigenstates are products of spin up/down.

Consider scrambling of information wrt conjugate basis

0) +11))

*é&dj AA “Ad‘] A.B

Adjp 4 | Adjp p

B(t)) = {19}

uwEnhd(v)

) S(¥(t.) 4) = rankz, Adj, 5
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Ising

model: surprisingly
Instructive

.qua

V ;
[ [Z (I+6P)® [+ V)
( 5.7) EE
B Doesn’t scramble! Eigenstates are products of spin up/down.

Consider scrambling of information wrt conjugate basis

L‘(0)> = QueV (

0) +11))

aa: _ [ Adiaa | Adjs g
‘Adj = ( ‘Aij.A ‘ Ad.]BB

b)) = {Io)

uweEnhd(v)

) S((t.)a) = rankz, Adj, 5

Maximal entanglement: Adj, 5 full rank
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Ising model: surprisingly

Instructive
A e, gl L e P s o
5 2. gdted)el+e?)
(i,j)€E
B Doesn’t scramble! Eigenstates are products of spin up/down.

Consider scrambling of information wrt conjugate basis

¥(0)) = ®vev (I0) + 1)) ) ={Io)|( I o&)le)=ls

uwEnhd(v)
aqi _ [ Adiaa | Adjs g
= ( Adip 4 | Adip 5

) S((t.)a) = rankz, Adj, 5

Maximal entanglement: Adj,zfullrank = Make G a random graph: Pr( (u,v) is an edge ) = p
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Ising model: surprisingly
Instructive

7 1 : :

B Doesn’t scramble! Eigenstates are products of spin up/down.

Consider scrambling of information wrt conjugate basis

¥(0)) = Ruev(10) + 1)) W) ={D)|E® TI o)) =Ip

uweEnhd(v)

: Adjs 4 | Adjap ) bl *
Adj = S(w(t,)a) = rankz Adj.
J ( *Ad‘]B.A l Ad.]B.B ( ( )rj-t) ) JA.B

Maximal entanglement: Adj,fullrank = Make G a random graph: Pr( (u,v) is an edge ) = p
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Ising model: surprisingly

Instructive
e Vv ;
e Sy i Vi Z LT +0®) o ([ +69)
(L ) EE
B Doesn’t scramble! Eigenstates are products of spin up/down.

Consider scrambling of information wrt conjugate basis

¥(0)) = ®uev (0) + 1)) W) ={I0)|( [ o)le)=ls

uwEnhd(v)

. Adjy 4 | Adjs g EOE %Y ‘
Adj— (piad 2dAB ) 5(4(t.)4) = rankz, Adjs 5

Maximal entanglement: Adj,gfull rank = Make G a random graph: Pr( (u,v) is an edge ) = p
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Ising model on a random graph

. -
. ’ ' Z (I +0) @ (I +09)
(a 7) EE
19(0)) = Ruev(]0) + 1)  |U(t,)) = {;;T:HU.{:L‘} T Ji.u)}
- B uenhd(v)

S(¥(t.)a) =ranky, Adj, 5

Maximal Entanglement Adj, g full rank Make Ga randum graph Pr( (u,v) is an edge )=

Sparsest graph for which this istrue:p~logn /n t.— =% log n./2
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Ising
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Instructive
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( 1.7) EE
B Doesn’t scramble! Eigenstates are products of spin up/down.

Consider scrambling of information wrt conjugate basis

Y(0)) = Quev
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‘Adj = ( ‘Aij.A ‘ Ad.]BB

(@@ 11 o) =le
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Maximal entanglement: Adj, g full rank

Make G a random graph: Pr( (u,v) is an edge ) = p
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Ising model on a random graph

—— = |
A G=(V,E) \ | Z LI +69) @ (I+09)
(a J) EE
[(0)) = Ruev(l0) + 1))  |¥(t,)) :{mggﬂ 1l &
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S(¥(te)a) = rankz, Adj, p

Maximal entanglement: Ad}A gfullrank | Make G a random graph: Pr( (u v) is an edge ) =

Sparsest graph for which thisis true: p~logn /n t, =wlogn/2
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Ising model on a random graph

- G=(V,E l” -5 (I +0D) ® (I +09)
(a .7) EE
¥(0)) = Ruev (10) + 1)) [(t.)) = {ng“ I o
E ; : uenhd(v)
E S(w(t,)a) = rank;;.j Adjy g

Maximal entanglement: Adj, ,full rank Make Ga randum graph: Pr( (u,v) is an edge ) =

Sparsest graph for which this istrue:p~logn /n t, = wlog n/2

How long to scramble a single site?
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Ising model on a random graph

1 . .
H=—— —(I+o )Y@ I+

.E. I +o )@ +a2)
(1.7)€E

) = B0+ 1) o)) ={lelle® T o)
B / . uenhd(v)
= S(¥(t.)a) = rankz, Adjy g

Maximal entanglement: Adj,,full rank = Make G a random graph: Pr( (u,v) is an edge ) = p

Sparsest graph for which thisis true: p ~logn / n t, =wlogn/2

How long to scramble a single site?

Sparse random graph locally treelike:
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Ising model on a random graph

G=(V,E)

H

¥

_\E

[(0)) = @vev(]0) +
B S(1(t.) ) = rankz, Adj, g

1 = E
2. jEra)etal?)
(i,7)€E

1) [(t))

{|:;->\Ji”

uenhd(v)

Maximal entanglement: Adj, ;full rank

Make G a random graph: Pr( (u,v) is an edge ) =p

Sparsest graph for which this is true: p ~logn / n

t, =mlogn/2

How long to scramble a single site?

Sparse random graph locally treelike:

irsa: 11060051
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Ising model on a random graph

G=(V,E) |V . (i)Y < (4)
H_‘E Z ;T +0)® (I+07)

(¢,7)€E
[9(0)) = Ruev(10) +11))  |[¥(t.)) ={|=,:>\a£“-‘-' Il -

uenhd(v)

S(¥(t.) a) = ranks, Adj,

Maximal entanglement: Adj,fullrank = Make G a random graph: Pr( (u,v) is an edge

)=p

Sparsest graph for which thisistrue:p~logn/n t, =wlogn/2

How long to scramble a single site?

Sparse random graph locally treelike:

irsa: 11060051

Solve Ising on tree: single site scrambles in time t, ~ (log n)*/2
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Ising model on a random graph

_I¥

A G=(V,E) =
|E

> {0+o) e +o)
(1.7)€E
$(0) = @uer(10)+ 1) (k) = {Iplel T o}

B uweEnhd(v)

S(¥(ts)a) = rankz, Adj, g

Maximal entanglement: Adj,fullrank = Make G a random graph: Pr( (u,v) is an edge ) = p

Sparsest graph for which thisistrue:p~logn/n . =—xlop 'n./2

How long to scramble a single site?

Sparse random graph locally treelike: - Find t./t, ~ (log n)¥%:
Faster than scrambling conjecture?
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Solve Ising on tree: single site scrambles in time t, ~ (log n)/2




Ising model: take-home

* Generates entanglement very quickly:
— Vertex degree normalization of time t* = O(log n)
— Very fast scaling: t*/t, = O( (log n)"?)

* Doesn’t scramble completely
— Relevance to information leakage?
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Decoherence and information

Time
Reference
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Decoherence and information

R [ | B’ Sending classical message from M to R
X . is equivalent to establishing
' classical correlation between N and R

Time
Reference
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Decoherence and information

R \ | B’ Sending classical message from M to R
X ’ is equivalent to establishing
classical correlation between N and R

Establishing classical correlation betweer
N: N and R is equivalent to decohering N B’
Reference

Time
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Decoherence and information

R b B’ Sending classical message from M to R
X ’ is equivalent to establishing
classical correlation between N and R

. O == N o e e g e e
Establishing classical correlation betweer
Time N: N and R is equivalent to decohering N B’
Reference
trRONB'R = ZP;’UJ)(J-J NB’
3 | j
M\
= o) NBrR = Y _ /Pili. i) NBrle;) s
0) -
! = J =
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Decoherence and information

R b B’ Sending classical message from M to R
X . is equivalent to establishing
classical correlation between N and R

Establishing classical correlation betweer
N: N and R is equivalent to decohering N B’
Reference

Time

NB’

trroONB'R = ij‘j-j><j-j
o) NB'R = Z VPill:J)NBrl€j)F
J

|10)
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So decoherence as in Ising implies information transmission, but no cloning issues




Feynman’s simulator

How to make a time-dependent quantum circuit into a time-independent Hamiltonian?

. . . . l . ELGS
I . F'E;G_L
!;G;j
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Feynman’s simulator

How to make a time-dependent quantum circuit into a time-independent Hamiltonian?

Include a clock!

o

c; B=Y [eﬂ* 2 [s){s — 1| + e C* @ |s — 1){

a—l ,\I L )

s e E‘iG‘L “Spin” register “Clock” register

Times | @@ @it e'C3 eHL)0) = ag(t)|e)|0)
1Go .—ﬂ:l(t]f-"GL @) 1)
R e T SRy € S P i
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Feynman’s simulator

How to make a time-dependent quantum circuit into a time-independent Hamiltonian?

Include a clock!

o

i

ic. H=) [ ‘G2 2 |s){s — 1| +e7C* @ |s — 1){

—— —ec = L .
s P ,::;iGé "Spm reglster “Clock” register
Times H h—_u. E'!rG,‘_?, ELHt|~;> |“> = ﬂ{](f_)?:>|[]>
ELG_) T f)fr‘(” "‘ |1H
>—e » —_— D = _}(f)p"’ﬁ Gy ‘r‘>|2> o
iGy

k-body: how big is k?
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Feynman’s simulator

How to make a time-dependent quantum circuit into a time-independent Hamiltonian?

Include a clock!

Q

e =¥ [ G @ Is) (s — 1| +e*6* @ |s — 1)

—s —ec = L .
N B giG% Spm register “Clock” register
) | | L _1Gs3 iHt =
Times ) —— e )0y = m](ﬂ|,?:>|[)>
ELG) +C f)n‘?t }
ESgEsas st g)2) +
G

k-body: how big is k?

If each G_only involves a single pair: k =2 + 1 = 3 body.

Page 77/87
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Scrambling and derandomization

Quality of scrambling:
* Size of set of perturbations - “Adversariality”
* Lack of extra randomness

* Distinguishability of scrambled perturbations
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Scrambling and derandomization

Quality of scrambling:
* Size of set of perturbations - “Adversariality”
* Lack of extra randomness
* Distinguishability of scrambled perturbations

Any input
state

None -y » Adversariality

Ridiculous
- - q
guantities |
T

Randomness
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Scrambling and derandomization

Quality of scrambling:
* Size of set of perturbations - “Adversariality”
* Lack of extra randomness

* Distinguishability of scrambled perturbations

Any state in Any input
fixed basis state
None —yr—g@r » Adversariality
Ising
Ridiculous = ' _ '
quantities O Brownian circuits
L
Randomness
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Scrambling and derandomization

Quality of scrambling:

* Size of set of perturbations - “Adversariality”
* Lack of extra randomness

* Distinguishability of scrambled perturbations

Any state in Subspace

Any input
fixed basis of states state
None wp=gp » Adversariality
- Ising
const bits
per qubit _1 ®
Feynman+Dankert
Ridiculous ' ) '
quantities | O Brownian circuits
L

Randomness
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Scrambling and derandomization

Quality of scrambling:
* Size of set of perturbations - “Adversariality”
* Lack of extra randomness

* Distinguishability of scrambled perturbations

Any state in  Subspace Large subspace: Any input
ﬁHEd_ basis of states All minus const  state
None —r—@- @ » Adversariality
. Ising Generic
| -
unitary
const bits
per qubit _1 »
| Feynman+Dankert
Ridiculous = ) _ )
quanﬁﬁES O BFDWHIEH C'”:Ults
v
Randomness

irsa: 11060051 Page 82/87




L essons from Lieb-Robinson

G=(V,E)

- - b s A s e .

T T S T




L essons from Lieb-Robinson

G=(V,E) H — E He Hilbert space for every vertex

VuecV : Z |H (|| < const

EEE veEnhd{u)

Observables X, and Y, localized at u and w

| [Xu(t), Yoll| ~< Ee:{p(comt t)
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L essons from Lieb-Robinson

G=(V,E) H — E H Hilbert space for every vertex
< VueV: Z | H ()| < const
EEE veEnhd({u)

Observables X, and Y, localized at u and w

1
0 < ||[Xu(t), Yol ~< ) exp(const t)

Complete graph: D=n-1. Lower bound for scrambling: t* > (log én)/const
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L essons from Lieb-Robinson

G=(V,E) H — E H Hilbert space for every vertex
e VueV: Z | H ()| < const
EEE venhd({wu)

Observables X, and Y, localized at u and v.

1
0 < ||[[Xu(t), Yol|| ~< D exp(const t)

Complete graph: D=n-1. Lower bound for scrambling: t* > (log én)/const

0 <||[Xu(t), Yol|| ~< exp(vt — dist(u,v))
Consider max possible vertices M(k) at distance <k from a given vertex

M(k) < D*
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Conclusions

DuckbsaPunpE
* Brownian circuits T BN

— Good: full scrambling t*/t, = O(log n) .f_{_:‘fff" .

— Bad: not time independent s Sy
* Ising model on a sparse random graph Wiz -

— Good: time independent, generates lots of entanglement

t* = O(log n)
— Bad: not a full scrambler, t*/t, = O( (log n)"? )
* Feynman’s simulator

— Good: time independent, full scrambling,
t*/t, = O(log n)
— Bad: not really that fast, ad hoc
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