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Abstract: The gauge/gravity duality may give a nonperturbative formulation of superstring/M theory, and hence, if one can study
nonperturbative dynamics of the gauge theory, it would be useful to understand the nonperturbative aspects of superstring theory. Al
researches in this direction were not successful for long time because of the notorious difficulties in lattice SUSY, however, recent progress
possible; nonperturbative formulations free from the parameter fine-tuning were proposed, some of them are confirmed to work numerical
nontrivial evidence for the validity of the gauge/gravity duality has been obtained. In these talks | review the state of the art in this field. | stal
reviewing basics of the Monte-Carlo. Then | explain how to put supersymmetric theories on computer and show actual numerical results. 1
basics of Monte-Carlo simulation. 2nd talk : 1d SYM (matrix quantum mechanics). 3rd talk : how to put 2d, 3d and 4d SYM on computer. |
talks | concentrate on basic ideas and omit technical details (e.g. algorithms to accelerate simulations). They will be explained after the
people are interested in. References: 1st talk : standard textbooks e.g. Heinz J. Rothe, &quot;Lattice Gauge Theories: An Introduction&quot
Edition, World Scientific. 2nd talk : 0706.1647 [hep-lat], 0707.4454 [hep-th], 0811.2081 [hep-th], 0811.3102 [hep-th], 0911.1623 [hef
1012.2913 [hep-th]. 3rd talk : hep-lat/0302017, hep-lat/0311021, 1010.2948 [hep-lat] (2d SYM); hep-th/0211139 (3d SYM); 1004.5513 [hej
1009.0901 [hep-lat] (4d SYM)
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Putting
(supersymmetric)
Yang-M1ills
on computer




Keywords

® Exact symmetry
® Radiative correction

® Parameter fine tuning
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(1) Bosonic pure Yang-Mills o ram up
(Wilson’s lattice gauge theory)

(2) QCD and Chiral symmetry
Wilson fermion — need for the fine tuning
Ginsparg-Wilson fermion — no finetuning

(3) super Yang-Mills & some numerical results

-- how can we avoid the fine tuning?
00000000 Today : Id

-T-_ ™ ™IS 4.4



warm-up example :

PURE YANG-MILLS
(BOSONIC)

Pirsa: 11060008



Wilson’s lattice gauge theory

= —BNZ: 2: Ir (Up,va,f+ﬁUl,E+ﬂUz,E)

I pFv
Unitary link variable
Up, 2= ez'aAp (x) v

: — 4—

Q :lattice spacing . 74 T A Uvi+i
1 >
B =1/(g¥m(a) - N) | * T r
T
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‘Exact’ symmetries

® Gauge symmetry

U,z = Qz)U, 20z + )]
® 90 degree rotation
® discrete translation

® Charge conjugation, parity
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Wilson’s lattice gauge theory

S=—fN X ZTT (Up,va,f+ﬁU ;t,ﬂ-an,f)

I upuFv
Unitary link variable
Up,,:f — 6HIA” (x) Ut .,

‘ +

A :lattice spacing % i t A Uzt

+

>

B = 1/(9%’1\4‘(&) - N) .! X U, 2 T

B
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‘Exact’ symmetries

® Gauge symmetry

U,z = Uzx)U, 2z + )]
® 90 degree rotation
® discrete translation

® Charge conjugation, parity
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Wilson’s lattice gauge theory

S=—38N 2: 2: Ir (Up,va,i"-l'ﬁU ;]:,E-{-:'}U lf)

T pFv
Unitary link variable
Up, = = emA,u (x) Ut ..,
? * |
A :lattice spacing " 4 { A Uz
1 >
B = 1/(9}2’M(a) - N) ' X U, =
T
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‘Exact’ symmetries

® Gauge symmetry

U,z = Uz)U, 2z + )]
® 90 degree rotation
® discrete translation

® Charge conjugation, parity
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Continuum limit a — 0 respects exact
symmetries at discretized level.

Thanks to these exact symmetries, the continuum
limit is gauge invariant, translational invariant,
rotationally invariant, etc.

What happens if the gauge symmetry is
explicitly (not spontaneously) broken,
e.g. in the sharp momentum cutoff prescription’
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® We are interested in low-energy, long-distance
physics (compared to the lattice spacing @ ).

® So let us integrate out high frequency modes.

Then...

gauge symmetry breaking radiative corrections appear.

To kill them, one has to add counterterms to lattice
action, whose coefficients must be fine-tuned!

‘fine tuning problem’

This is the reason why we must
preserve svmmetries evactlv
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Chiral symmetry

SU(N¢)y xU(1)pB x@x

. anomalous
forbid the quark mass term
via a radiative correction.
but difficult to realize on lattice.
* Wilson fermion : chiral symetry is broken.
Vs D — () otherwise the chiral

anomaly is absent..

* Ginsparg-Wilson fermion :‘modified’ chiral symmetry
o ")/5D - D"}’5 — (ZLD"“{{,D



Wilson fermion

Sp= sz —rY_ bz {(1 - WWzu¥zra+ (1 + UL ;02 ]
2

T.u

1
8 + 2amyg

K

bare mass

Chiral symmetry is explicitly broken
even when the bare mass is zero.
== The radiative correction gives O(l/a) mass.
One has to fine tune K so that the renormalized
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® [n order to study the chiral symmetry
breakdown, the Wilson fermion is not
appropriate.

® [attice simulation with Ginsparg-Wilson
fermion was done and spontaneous chiral
symmetry breakdown was confirmed.

(Fukaya et al, 2007)
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Wilson fermion

SF=)Y Ysbz—K)Y ¥ {(1 — YW)Uzu¥za+ (1 + 'Tp)(»"?;_ﬁﬁ@f—ﬁ}
z

T, u

1
=3 + 2amyg

K

bare mass

Chiral symmetry is explicitly broken
even when the bare mass is zero.
== The radiative correction gives O(l/a) mass.
One has to fine tune K so that the renormalized
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® |n order to study the chiral symmetry
breakdown, the Wilson fermion is not
appropriate.

® [attice simulation with Ginsparg-Wilson
fermion was done and spontaneous chiral
symmetry breakdown was confirmed.

(Fukaya et al, 2007)
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® [n order to study the chiral symmetry
breakdown, the Wilson fermion is not
appropriate.

® [attice simulation with Ginsparg-Wilson
fermion was done and spontaneous chiral
symmetry breakdown was confirmed.

(Fukaya et al, 2007)
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‘No-Go’ for lattice SUSY

SUSY algebra contains infinitesimal translation.

{Q.Q}~0

Infinitesimal translation is broken on lattice by
construction.

So it is impossible to keep all supercharges
exactly on lattice.

Still it is possible to preserve a part of
supercharges. (subalgebra which does not

contain 0)



Strategy

Use other exact symmetries and/or a few exact
SUSY to forbid SUSY breaking radiative correction.

® |d:no problem thanks to UV finiteness. Lattice
is not needed; momentum cutoff method is

much more powerful.
(M.H.-Nishimura-Takeuchi 2007)

® 2d :lattice with a few exact SUSY

* no fine tuning at perturbative level (Cohen-Kaplan-
Katz-Unsal 2003, Sugino 2003, Catterall 2003, D’Adda et al 2005, ...)

rFaw i = S S5 S S B a 'l P e T . T T T



® 3d : perturbatively OK with 16 SUSY
(Kaplan-Unsal 2005 + unpublished work by Unsal)

® 4d N=1 pure SYM : Chiral symmetry assures
SUSY (Kaplan)

® 4d N=4: “Hybrid” formulation:
Lattice + fuzzy sphere

(M.H.-Matsuura-Sugino 2010, M.H. 2010)

*Large-N Eguchi-Kawai reduction : Ishii-Ishiki-Shimasaki-Tsuchiya, 2008
*Another Matrix model approach: Heckmann-Verlinde, 201 |
*recent analysis of 4d lattice : Catterall-Dzienkowski-Giedt-Joseph-Wells, 201 |

''''' == (Fine tuning is needed, but only for bare lattice cnuplmgsi = =



SUSY matrix quantum
mechanics

® DO0-brane quantum mechanics

® Matrix model of M-theory




— 1 A Lpo oo
= T/dt TT{§(DtX3) — 4[X1?XJ]

1 - 1-
+59D — S X, v}

* Dimensional reduction of 4d N=4 (or 10d N=1)
* DO-brane effective action

* Matrix model of M-theory

e gauge/gravity duality —dual to black 0-brane

Simple but perhaps more interesting than
AdSs/CFT4 from string theory point of view!
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® Matrix quantum mechanics is UV finite.

No fine tuning!

(4d N=4 is also UV finite, but that relies
on cancellations of the divergences...)

® Don’t have to use lattice. Just fix the gauge

& introduce momentum cutoff!
(M.H.-Nishimura-Takeuchi, 2007)
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® Take the static diagonal gauge

€1,-~~ 0N € (__r

® Add Faddeev-Popov term

Srp = —ZIOE

a#=b

a — Op
3

. &
Sin

® |ntroduce momentum cutoff A

A
Xi(t) = Z Xi(n)efzﬂnt/ﬁ

n=—A



Gravity side
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Gauge/gravity duality conjecture
(Maldacena 1997; ltzhaki-Maldacena-Sonnenschein-Yankielowicz |1998)

r “(p+1)-d maximally supersymmetric U(N)YM ﬁ
and type |l superstring on black p-brane
background are equivalent”

p=3 :AdSs/CFT4
pP<3 :nonAdS/nonCFT

large-N, strong coupling = SUGRA

finite coupling = &’ correction
s s finite N = g correction



Gravity side
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® Take the static diagonal gauge

Ao(t) = diag(ar,--- ,an)/B

ai,- - ,an € (

® |ntroduce momentum cutoff A

A
Xi®)= 3 X(m)erml?
n=—A



Gravity side
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® Take the static diagonal gauge

Ag(t) = diag(ay,--- ,an)/B

O ON €E{\—%; %]

® Add Faddeev-Popov term

Spp = —Zlog

a=b

. Qg
Sin

® |ntroduce momentum cutoff A

A
Xty = ¥ Xi(n)e™"*
Pirsa: 11060008 n=—A



Gravity side
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® TJake the static diagonal gauge

® |ntroduce momentum cutoff A

A
Xt = ¥ Xm)e™"
n=—A



Gravity side
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Gauge/gravity duality conjecture
(Maldacena |1997; ltzhaki-Maldacena-Sonnenschein-Yankielowicz |998)

r “(p+1)-d maximally supersymmetric U(N) YM ﬁ
and type |l superstring on black p-brane
background are equivalent”

p=3 :AdSs/CFT4
pP<3 :nonAdS/nonCFT

large-N, strong coupling = SUGRA

finite coupling = &’ correction
. s finite N = gs correction



black p-brane solution

(Horowitz-Strominger 1991)

) dt> -t—Zdy,

-
_

SUGRA is valid at
/\1/3N_4/21 < U < A1/3 (p — O)
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Difference from AdS/CFT

® When p<3,‘t Hooft coupling A is dimensionful.
It sets the length scale of the theory.

® ‘t Hooft coupling can be set A=I, by rescaling
fields and coordinate.

—
=~ ] [

Hawking Tro = /
temperature 47/ dg A

‘strong coupling’ —1/3
= low temperature A I < 1.
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black p-brane solution

(Horowitz-Strominger 1991)

| v ad PR
ds* = o - |— 11— — dt* + dy'f
gy m+/dpN Rie=H ;

SUGRA is valid at
A1/3N—4/21 < U< A1/3 (p = 0)
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Difference from AdS/CFT

® When p<3,‘t Hooft coupling A is dimensionful.
It sets the length scale of the theory.

® ‘t Hooft coupling can be set A=I, by rescaling
fields and coordinate.

Hawking Tro = U%
temperature dm/do\ °

‘strong coupling’ —1/3
= low temperature A I'<1.
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black p-brane solution

(Horowitz-Strominger 1991)

3 gy M v/ dp-\- r _
o U,
U™z (l — F'—;
s [RubNy "’ .
Y M ( }CTE{LI:D dp
<< |
£ )
SUGRA is valid at

AMBN—Y2 « U< N3 (p=0)
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Difference from AdS/CFT

® When p<3,‘t Hooft coupling A is dimensionful.
It sets the length scale of the theory.

® ‘t Hooft coupling can be set A=I, by rescaling
fields and coordinate.

V] [

Hawking Tro = /

U
temperature d7c\/do\ °

‘strong coupling’ —1/3
= low temperature A I < 1.
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The dictionary

~ Gravity
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“moduli” problem

There is a flat direction even at quantum level.
[ Xi, X5] =0

In Id (and 2d), it is not a “moduli space”’; value
of the configuration should be determined
dynamically.

SUGRA (N=00) suggests the black zero-brae is
sable. ¥, ~ Xo~...~ Xg~0

I/N correction (gs correction) should give an
instability : Hawking radiation.

Instability should disappear at large-N and/or at



Gauge/gravity duality conjecture
(Maldacena |1997; ltzhaki-Maldacena-Sonnenschein-Yankielowicz 1998)

-~

“(p+1)-d maximally supersymmetric U(N) YM :
and type |l superstring on black p-brane
background are equivalent”

p=3 :AdSs/CFT4
pP<3 :nonAdS/nonCFT

large-N, strong coupling = SUGRA

finite coupling = &’ correction
prs: 110000 finite N = g; correction



N/d T'r{ (D: X;)? — [XZ,X]

+20D — Sy (X, 6]

* Dimensional reduction of 4d N=4 (or 10d N=1)
* DO-brane effective action

* Matrix model of M-theory

e gauge/gravity duality —dual to black O-brane

Simple but perhaps more interesting than
AdS<s/CFT4 from string theory point of view!
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black p-brane solution
(Horowitz-Strominger 1991)
= B e HFI (‘+-_EE l' {1 {E—p\ T2 Tp" J_.'_}-I

® ‘t Hooft coupling can be set A=|, by rescaling
fields and coordinate.

V] [

Hawking o _ 7 [7
temperature = 47/ do A .

‘strong coupling’ =
= low temperature A I'< 1.
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“moduli” problem

There is a flat direction even at quantum level.
XX =4

In Id (and 2d), it is not a2 “moduli space”’; value
of the configuration should be determined
dynamically.

SUGRA (N=00) suggests the black zero-brae is
sable. X ~ Xp~...~ Xg~0

I/N correction (gs correction) should give an
instability : Hawking radiation.

Instability should disappear at large-N and/or at



Numerical observation

® Because we are interested in the black hole,
we take the initial configuration to be

Xi=Xo=--=Xg=0

® The bound state of eigenvalues is (meta-)
stable at large enough N and high enough T.

® The bound state appears again at low-
temperature (1<0.25 for SU(2)).

+— attraction due to fermion zero-mode.

(Aok-iso-Kawar-Kitazawa- [ada 1998)

Pirsa: 11060008

More stable with pbc.



ADM mass vs energy density

— 9 N 27 77

EDO — 21171'1‘2_31"(%),\2 N UO
L Epe ~ 7.4 T28 (=1
N2 DO = ===

at large-N & low temperature (strong coupling)

Pirsa: 11060008



Numerical observation

® Because we are interested in the black hole,
we take the initial configuration to be

Xi=Xo=---=Xg=0

® The bound state of eigenvalues is (meta-)
stable at large enough N and high enough T.

® The bound state appears again at low-
temperature (1<0.25 for SU(2)).

+— attraction due to fermion zero-mode.

(Acki-iso-Kawar-Kiiazawa- [ada 1998)
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More stable with pbc.



ADM mass vs energy density

1
N2

L 7

Epe~T4T*® (A=1)

at large-N & low temperature (strong coupling)
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X’ correction

e deviation from the strong coupling (low

temperature) corresponds to the a’
correction (classical stringy effect).

e The a' correction to SUGRA starts from
(a')? order

e (Correction to the BH mass :
(G'/RZ)B ~ T1.B

e E/N?=7.41T2%8 - 5.58T4°

‘prediction’ by SYM simulation

Pirsa: 11060008



3.0
25 |

20 }

E/N?

15 |
1.0 |

05 ;

0.0 o
00 01 02 03 04 05 06 07 08 09

T

Pis: 11060008 Anagnostopoulos-M.H.-Nishimura-Takeuchi 2007, Page s34

M u _umbl Ihl’.ﬂ_hlifh;mi EH_TﬂLﬂ.llrh; ﬁmn



Numerical observation

® Because we are interested in the black hole,
we take the initial configuration to be

Xi=Xp=---=Xg=0

® [he bound state of eigenvalues is (meta-)
stable at large enough N and high enough T.

® The bound state appears again at low-
temperature (1<0.25 for SU(2)).

+— attraction due to fermion zero-mode.

(Aok-iso-KawarKiazawa- 1ada 1998)

Pirsa: 11060008

More stable with pbc.



Difference from AdS/CFT

® When p<3,‘t Hooft coupling A is dimensionful.
It sets the length scale of the theory.

® ‘t Hooft coupling can be set A=|, by rescaling
fields and coordinate.

Hawking Tro = /
temperature 4/ do A

o
=

‘strong coupling’ —1/3/p
= low temperature A I'< 1.
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Difference from AdS/CFT

® When p<3,‘t Hooft coupling A is dimensionful.
It sets the length scale of the theory.

® ‘t Hooft coupling can be set A=I, by rescaling
fields and coordinate.

Hawking Too— ’ [/ 3

| 0
temperature 47t/ do A

‘strong coupling’ —1/37
= low temperature A I' <1
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The dictionary

Gravity




black p-brane solution

(Horowitz-Strominger 1991)
ri—p
0
iise

2 ‘ L 2 N2
ds”~ = o - — 11— dt=+ )y dy;
{movam | (- 085) Lo

- d, N = :
MV~ a2 46 O3S
g {1 [—J__E) =
L >> I

U=

ﬁ
o

SUGRA is valid at
A1/3N—4/21 < U <« A1/3 (p = 0)
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Difference from AdS/CFT

® When p<3,‘t Hooft coupling A is dimensionful.
It sets the length scale of the theory.

® ‘t Hooft coupling can be set A=I, by rescaling
fields and coordinate.

Hawking j / U%
temperature 4t/ do A 2

‘strong coupling’ —1/37
= low temperature A I < 1.
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ADM mass vs energy density

= WT F( ) A2

1
N

. 7

—FEpo~T74T*® (A=1)

at large-N & low temperature (strong coupling)
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X’ correction

e deviation from the strong coupling (low

temperature) corresponds to the a’
correction (classical stringy effect).

e The a' correction to SUGRA starts from
(a')? order

e Correction to the BH mass :
(G'IRZ)B - T‘I.B

e E/N?=7.41T2%8 - 5.58T4°

‘prediction’ by SYM simulation
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E/N?
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Polyakov loop with scalar
(Rey-Yee 1998; Maldacena 1998)

W =TrPexp (/(i:l + X)dt)

[ log(W) ~ (log W) ~ area of minimal surfa.ce]

: e boundary=Polyakov loop
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30 e %
- e  SHCRA
=1 741728 |
— TL 7.41T2°558T%% — ,= = * SUGRA+Q
~ * « i =

e The a' correction to SUGRA starts from
(a')? order

e (Correction to the BH mass :
(G'IRZ)B ~ T‘!.B

o E/N?=7.41T2%8 - 5.58T4°

‘prediction’ by SYM simulation
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X’ correction

® deviation from the strong coupling (low

temperature) corresponds to the a’
correction (classical stringy effect).

e The a' correction to SUGRA starts from
(a')? order

e (Correction to the BH mass :
(GIIRZ)B ~ T1.B

e E/N?=7.41T2%8 - 5.58T4°

‘prediction’ by SYM simulation
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E/N?

30

| N=17, A=6 = /
25 | N=17,A=8 o SUGRA

: 741758 ——

r 7.41T%8%.558T4% —— /
20 ¢ .
1.5 F j
10 } .
05 F 3
0.0 !

"00 01 02 03 04 05 06 07 08 09

T

M.H.-Hyakutake-Nishimura-Takeuchi 2008

Page 71/134



Correlation functions
(GKPWV relation)

® AdS/CFT (D3-brane) - GKPW relation

(Gubser-Klebanov-Polyakov 1998, Witten 1998)

e Similar relation in DO-brane theory :

“generalized” conformal dimension

W= (Sekino-Yoneya 1999)
& mass of field excitations

Pirsa: 11060008
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Polyakov loop with scalar
(Rey-Yee 1998; Maldacena 1998)

W =TrPexp (/(i*—l + X)dt)

[ log(W) ~ (log W) ~ area of minimal surface]

‘ — boundary=Polyakov loop
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E/N’
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25 |

2.0

1.5

1.0

0.5

0.0 ! T
00 01 02 03 04 05 06 07 08 09

T?.B
74172055874 —— /

T

M.H.-Hyakutake-Nishimura-Takeuchi 2008

Page 74/134



X’ correction

e deviation from the strong coupling (low

temperature) corresponds to the a’
correction (classical stringy effect).

e The a' correction to SUGRA starts from
(a')® order

e (Correction to the BH mass :
(a'/R2)3 ~ T1_8

® E/N?=7.41T%8 - 5.58T4°

‘prediction’ by SYM simulation

Pirsa: 11060008



Pirsa: 11060008

E/N?
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ADM mass vs energy density

= 9 N2777
EDO = 211}1—%1_‘(%))@ N UO
1 2.8
ﬁEDO = 7.4 T (A — ].)

at large-N & low temperature (strong coupling)

Pirsa: 11060008



X’ correction

e deviation from the strong coupling (low

temperature) corresponds to the a’
correction (classical stringy effect).

e The a' correction to SUGRA starts from
(a')® order

e Correction to the BH mass :
(G'IR2)3 s T1 8

o E/N?=7.41T2%8 - 5.58T4°

‘prediction’ by SYM simulation
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N W a

In (7.41T* 8- E/IN?)
o

-1.0 0.5 0.0 05
inT
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Polyakov loop with scalar
(Rey-Yee 1998; Maldacena 1998)

W =TrPexp (/(i:l + X)dt)

[ log(W) ~ (log W) ~ area of minimal surface]

: — boundary=Polyakov loop
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X’ correction

e deviation from the strong coupling (low

temperature) corresponds to the a’
correction (classical stringy effect).

e The a' correction to SUGRA starts from
(a')? order

e Correction to the BH mass :
(G'IRZ)B ~ T1 8

e E/N?=7.41T72%8 - 5.58T4°

‘prediction’ by SYM simulation
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Polyakov loop with scalar
(Rey-Yee 1998; Maldacena 1998)

W =TrPexp (/(i:l + X)dt)

[ log(W) ~ (log W) ~ area of minimal surface]

“ — boundary=Polyakov loop
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Polyakov loop with scalar
(Rey-Yee 1998; Maldacena 1998)

W =TrPexp (/(1':1 + X)dt)

[ log(W) ~ {log W) ~ area of minimal surface]

' —— boundary=Polyakov loop

Pirsa: 11060008



Pirsa: 11060008 Page 87/134



Pirsa: 11060008 Page 88/134



Pirsa: 11060008 Page 89/134



Pirsa: 11060008 Page 90/134



Pirsa: 11060008 Page 91/134



Pirsa: 11060008 Page 92/134



Pirsa: 11060008 Page 93/134



Pirsa: 11060008 Page 94/134



Pirsa: 11060008 Page 95/134



Pirsa: 11060008 Page 96/134



Pirsa: 11060008 Page 97/134



Pirsa: 11060008 Page 98/134



Pirsa: 11060008 Page 99/134



Pirsa: 11060008 Page 100/134



Pirsa: 11060008 Page 101/134



Pirsa: 11060008 Page 102/134



Pirsa: 11060008 Page 103/134



Pirsa: 11060008 Page 104/134



Pirsa: 11060008 Page 105/134



Pirsa: 11060008 Page 106/134



Pirsa: 11060008 Page 107/134



Pirsa: 11060008 Page 108/134



Pirsa: 11060008 Page 109/134



Pirsa: 11060008 Page 110/134



Pirsa: 11060008 Page 111/134



Pirsa: 11060008 Page 112/134



Pirsa: 11060008 Page 113/134



Pirsa: 11060008 Page 114/134



Pirsa: 11060008 Page 115/134



Pirsa: 11060008 Page 116/134



Pirsa: 11060008 Page 117/134



Pirsa: 11060008 Page 118/134



Pirsa: 11060008 Page 119/134



Pirsa: 11060008 Page 120/134



Pirsa: 11060008 Page 121/134



Pirsa: 11060008 Page 122/134



Pirsa: 11060008 Page 123/134



Pirsa: 11060008 Page 124/134



Pirsa: 11060008 Page 125/134



Pirsa: 11060008 Page 126/134



Pirsa: 11060008 Page 127/134



Pirsa: 11060008 Page 128/134



Pirsa: 11060008 Page 129/134



Pirsa: 11060008 Page 130/134



Pirsa: 11060008 Page 131/134



Pirsa: 11060008 Page 132/134



Pirsa: 11060008 Page 133/134



Pirsa: 11060008 Page 134/134



