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Abstract: This talk presents sufficient conditions for equilibration and thermalization of subsystems within closed many body quantum systems.
That is, we identify when the local properties of the equilibrium state resemble those of a thermal state. With this aim, the recent progress in this
field is reviewed and we introduce a novel perturbation technique for a realistic weak coupling between the subsystem and its environment. Unlike
the standard perturbation theory, our technique is robust in the thermodynamic limit. Based on our thermalization results, we construct a simple and
fully general quantum algorithm for preparing Gibbs states with a certified runtime and error bonds.
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Context and motivation
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Sefup

_‘ . , T2\ — a—1HE L (0))
ne whole system follows a unifary evolution [U(E)) = e 7 [w(0))

p° (t) = Trp [U(t) {2 (2)]
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Definifion of The problem

=iven the infial staie and the Hamilionian

w(0)) =Y enl|En H =Y E.E\E,

T
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Definifion of The problem

Siven the iniiial stalte and the Hamilionian:

%(0)) = _ enl|En H=Y E.|EXE,

(1) Under what condifions the system equilibrates”

=,

,05 (L) —> &
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Definifion of the problem
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=iven the inttial staie and the Hamilionian:
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(1) Under what conditions the system equilibrates”
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Condifions for equiilibration
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Most of inifial states equiilibrate

f The system equilibrates, it equilibrates Tow

W™ = ;_}S[f,i; = W

ards iTs fime average

nnnnnnnnn
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Most of inifial states equilibrate

-

ystem equilibrates, it equilibrates fowards iis fime average:

. 1 FF =
w = {7 ([E))e = b / p~ (t)dt
2 J0

"'\-|.

i
{'l }

Assumpiion 1. The Hamilfonian has no degeneracies.
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Most of inifial states equilibrate

f the system equiilibrates, it equilibrates towards ifs fime average:

> (t)dt
% T iea T/ )c

no degeneracies

S S

o

S——

Assumption 1. The Hamilfonian has |

nen

S j : 2 \
...-:'.-‘_r _— ‘fn_ TI‘B !_E'n;"';_EHI

[1]. s shown that most of inifial states of the Hilbert space
equiliorate.
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Moaost of inifial states equiilibrate

\\

What do we undersiand by “equilibration”?

Nhen tThe average disiance between the siate of the sysfem and the
equilibrium sfate is small, The sysi

~ s~ 1zl T~ T 1 el £ 1 Sl
—_— 1 | i —
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—_— il S — | { S } by Il
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equilibration fD( pS (1). G ) :_'_“> z small

.
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Moaost of inifial states equilibrate

\

What do we undersiand by “equilibration”?

Nhen The average distance befween The siate of the sysiem and The

e-qumbrium state is small, The system must spend maost of ifs fime at the
equilibrium state.

equilibration = D(p” (t) r” ) = small
n[1].ifis proven that

1 / d?
/ S S\ [ =8
\D{p [ZL) — )f}’f g Ev deﬁ'
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Conditions for tThermalization
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Conditions for the thermal state

nder what condifions is The equilibrium state thermai?

S S E 2 —:-lr =
p.d {i_l —— ,.-.'..1u — |£_.J'?_ a Il‘B _En _E:r]_ t\._ S HH
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Conditions for the thermal state
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s The equilibrium state thermail”
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Our claim: if the dephased sfate of the fofal system is a rectangular
siate, it looks locally tThermal
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How this problem was addressed so far?

H=Hs+Hp+V [ Ho|EY) = E{V|E)

=

B {D v 5 cs B}
H=Hyg+V | |EY)) =|EE) ® |E])
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How this problem was addressed so far?

-

H=Hs+Hg+V [ Ho|E?) = EOE®)
H=Ho+V | |EQ) = |ED) ® |EZ)

Vilee < gaps(H)

 Hei e e e e, A R E Ty | !"1OI
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How this problem was addressed so far?

H=Hs+Hp+V [ B EL) = EP|ED)
H=Ho+V | |EY) =|E¢) ® |E])

Ve < gaps(H)
~ e TN T T Vo~ 1-01 \
a SO 1ar Ul :E}-z y == ‘_E-n |

) T (0)\/ (0)] __
TIB I_E?'E!.-'rt_En — TIB _En _.r"'-._E-r-I = |E}"— _E‘IL |

—

3ut fypically The gaps decrease exponentially with tThe size of the system

Example: chain of m non-inferacting spins.

Frnax = m TIT 2e=F ‘H|x:n1 T ‘HH:\: — = apaCF T
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Ve < gaps(H)

How this problem was addressed so far?
H=Hs +Hp +V [ Ho|E}Y)

d so far that FsY =~ \E:P] )

Q
N
Q
o
i
L

(D

(0)\/ (0) | 75\ S
Tl’B !-En_ .:"::_En. —_— T:L‘B 'ETI J_,-'*._E}:,_I — |E;€ _E'}f i
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Example: chain of m non-inferacting spins.
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How this problem was addressed so far?
Ho|EY)) =ED|E]
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st condition for tThermalization: a weak (but realistic) inferaction

Nevertheless, a weaker condition is required in order fo be ab
compute the frace of the rectanguiar state:

-
[ ]
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()

it 7= &kl

\ I (0} (0) |
Z ‘Eﬂ_ J_,}'L__En | == Z ‘E;I rfE:I )

B Sl E,E4-A] ED R ELA]

~
heorem. JThe recfangular sftates of fthe inferacfing and non-nferactfing

Hamilfonians are indistinguishable in the following sense

— e 1/2
- S(0) ) ?’\" 2 ]T !IT‘C |
D(ws, ) < Diwn,@)) <= ( A

~vhere an approximately uniform specirum is assumed in the inferval |[E. E + Al

Pirsa: 11050066 Page 25/75

z




st condition for thermalization: a weak (but realistic) inferaction

. a weaker condiiion is required in ord

T 1-!’-11

frace of the rectanguiar state
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"\I
heorem. JThe rectangular states of fthe inferaclfing and non-inferactfing

Hamilfonians are indistinguishable in the following sense

3V2 (V] *°
D, w2 ) < P, wtD) < V2 ('_\] )

~vhere an approximately uniform specirum is assumed in the inferval |E, E+ Al
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st condition for thermalization: a weak (but realistic) inferaction

Neveriheless, a weaker condiiion is required in order o be able 1o
compute the frace of the rectanguiar state:
‘ Jﬂl

Z ‘En ;En | rad Z iE;IO.l [EE:TU}

<
heorem. JThe rectangular sfafes of the inferaciing and non-inferacting

Hamilfonians are indisiinguishable in the following sense

(9 3v2 (V] \
B, i) < P iy < ( ll)

=~ 5 A

~vhere an approximartely uniform specirum is assumed in the inferval |E, E+ Al
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st condition for tThermalization: a weak (but realistic) inferaction

Neveriheless, a weaker condiiion is required in order o be able 10
compufe The frace of the rectangular stafe:

(U}

T .
LES T T2 ki

Z | Ep X Ep| ~ Z ‘E;g-, .'-i{:Ef}

E,c[E.E+A] EXY B E+A]

~
heorem. Jhe rectangular sftates of the inferacting and non-inferacting

Hamiifonians are indistinguishable in the following sense

. 3 2 :IT"! e /2
D(w?2, w,_ 20 By o, T "; (I A] )

~vhere an approximately uniform specirum is assumed in the inferval |[E. E + Al
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econd condifion for thermalization: an exponential density of states

The reduced density matrix of the non-inferacting microcanonical stafe
S5(0) (0) £ ) ) [
e = IrBwr’ X E Irpl |E;0-’ __'.-_E;IU )

EXDecie—E® E EY A]
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econd condition for thermalization: an exponential density of states

he reduced density mairix of the non-inferacting microcanonical siaie
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e
dh\_d
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econd condition for thermalization: an exponential density of states

The reduced density mairix of the non-inferacting microcanonical siate

rey e
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econd condition for thermalization: an exponential density of states

ne reduced density mairix of the non-inferacting microcanonicai stafte
reqds, ds
S(0) (0) Z
k—1 v

an energy inferval [E. E + A]

Under what conditions these probabilities foliow the Gibbs disiribution?
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econd condition for thermalization: an exponential density of staftes

The reduced density mairix of the non-inferacting microcanonical stare

F i L
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econd condifion for thermalization: an exponential density of states

The reduced density mairix of The non-inferacting microcanonical state

racas
reqds, ds

@D — P ol x Yy QF(E - EL)E;L (ES
k=1 — v

Pk
where Q3 (E) is the number of stafes in an energy interval [E. E + A]

Under whait conditions these probabilities follow the Gibbs disiribuiion?

{ QB(E) x °E s pr x e 3Ex }

In practice, The density of staies must be locally well aproximated by an
exponenhal.

Nofice that an exponential approximaiion of the density of sfafes is
equivalent To a linear approximation of ifs logarithm.

. _ OS(E
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econd condition for thermalization: an exponential density of states

e reduced density mairix of the non-inferaciing microcanonical s
reqds,

I)

e

ds
S(0) 0)
W' = Trgwy,’ o BlE— EIL)E&,EP

=

P;-:
where QX% (E) is the number of states in an energy inferval [E. E + A]

'\--l"r ot

9]

Under whai conditions these probabilities follow the Gibbs disiribuiion?

: . S
{ QR (E) oc PF = pr o e Ek

In practice, the density of states must be locally well aproximated by an
exponenfial.

Nofice that an exponential approximaiion of the densiiy o
equivalent To a linear gpproximation of ifs logarithm.

. 9S(FE)
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econd condition for thermalizaiion: an exponentiial density of staies

Example: chain of m non-inferacting spins as bath.

- ) -
2 9 E 1 \= t
DB(E] o .)m - e—_]’ﬂ( nm_f.:l 3
LA\ - giV. - | .
IWii -
. [
i 1 Hzl|l o 1
Wi s PGibbs) = 5 | © N [
= F S —
.2 0.4 = 2 .
= = density or staies = et an
exXponeniia
= exponeniial approximaiion of the densit x
= = Nedr approxXimaton or IS :Qﬂfi?ﬁarﬂi
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ity of states

Example: chain of m non-inferacting spins as bath.
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Ups! A flaw in The argument...

\
lheorem. The recfangular sfafes of The Iinferaciing and non-nferaciing
Hamiilfonians are indisfinguishable in the following sense
5 _5(0), \ (0), SV <L ¥ [loa }
D(;.;.,r“.;,g— ) §D(¢r.¢“— ) < 5 ( A )
mhe@pprammafeiy uniform specfmm is assumed @ the inferval | E. E + Al
J

Gy =
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Ups! A flaw in The argument...

~,

-,
Theorem. [he recfangular siafes of fthe inferacfing and non-inferacting

Hamilfonians are indistinguishable in the following sense

s _S(0) | (0) 2 o \1/2
D(wrswr ) < D(wnswr) < 5———3x (BV]le)™
where 3 is the inverse temperature in the interval [E. E + A]
o
/‘ \ .
QB (E) x e’F — P ce Pl |
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Ups! A flaw in The argument...

Tha s of the nioroctinn ond pionei &.—:rr‘fr'*jg-g
s

A physical infuition of when an inferaction is weak

HVHx <L kgl
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Sufficient conditions for thermalization

(0) The inifial stafe is a “"recfangular” stare

P,

E.Cnl_-

s

(1) The inferaction is weak in The following sen

Vilee K kT

(2) The density of stafes (of The bath) can be
exponenfial
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Quanium algorithm for the
thermal state
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Motivation, idea and requirements

Molivaiion. Simulation of physical system at a desired femperaiure.

Idea: Prep

(®)
Q

o

Requirements. The specfrum and the eigenstafes of fThe Hamilfonian of
the system are unknown. The only thing that we can do is o apply the

Hamilfonian on the system as an oracle.
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Algorithm

H »> -
i)

H | . LN,

— F =

H .

1. Initialization.

—_—

:,f'*fr—fl.-*-s.- BRIl Ta i aliIR aal i i L :"‘Tr"v'\-"'i—"tr"'
2. T AAl ["a.rl '%.AL.A‘:IF UL T T 1SS Soll A TOT ).
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Conclusions and outfiook
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Conclusions

1. For most of Hamilfonians and initial pure states, the reduced density mairix of a
subsystem reaches equilibrium.

p°(t) — w® =) |en|* Tra |EnXEn|

re

2. We have presented a set of sufficient conditions for themalization.

pS(f) — s w” xe PHs

() Initial state > Rectangular siaie.
(i) Weak inferaction.
(iif) The density of siafes of the bath is approximaied by an exponeniiai.

3. We findlly have presenfed a quanitum algorithm for preparing thermal states
with a ceriified runtime.
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Most of inifial states equilibrate

What do we undersiand by “equilibration”? h
Nhen tThe average disiance between the siate of the sysfem and the
equilibrium stafe is small, The system must spend maost of ifs fime af The

.\,.,,_,.L,.rﬁ... % FYREL A
i 11 i e | —
e et ARLNRSE A L —

equilibration = 'D(_ps(f) HL:S}:}? < small
n[1].iTis proven that
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