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Abstract: We address the problem of testing the dimensionality of «classca and quantum systems in a
&Atilde:& cent;& Acirc;A€& Acirc; A black-box& Atilde:& cent:& Acirc;A€& Acirc;A™ scenario. Imagine two uncharacterized devices. The first one
allows an experimentalist to prepare a physical system in various ways. The second one allows the experimentalist to perform some measurement on
the system. After collecting enough statistics, the experimentalist obtains a &Atilde&cent;&Acirc;A€8 Acirc,A™data
table& Atilde;& cent;& Acirc;A€& Acirc;A™, featuring the probability distribution of the measurement outcomes for each choice of preparation (of
the system) and of measurement. Here, we develop a general formalism to assess the minimal dimensionality of classical and quantum systems
necessary to reproduce a given data table. To illustrate these ideas, we provide simple examples of classica and quantum
& Atilde;& cent;& Acirc;A€& Acirc;A"dimension witnesses& Atilde;& cent;& Acirc;A€E& Acirc;A™. In general quantum systems are more economical
than classical ones in terms of dimensionality, in the sense that there exist data tables obtainable from quantum systems of dimension d which can
only be generated from classical systems of dimension strictly greater than d. By drawing connections to communication complexity one can find
data tables for which this classical/quantum separation is dramatic. Finally, these ideas can also be used to demonstrate security of one-way QKD in
a semi-device-independent scenario, in which devices are uncharacterized, but only assumed to produce quantum systems of a given dimension.
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Setup

State preparator . .
Measuring device
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Setup

State preparator - -
Measuring device

> P(bix.y)

"'Cah we make a device-independent (DI) statement about the dimensionaffty'of px?



Data Table

m1 m2
+1 = +1 =

P1 | P(+111.1) P(-111.1) :P(+1§‘!,2) P(-111.2)

P2 | PE121) P121) | PE1122) PE112.2)

Given a data table, can we find useful bounds
on the classical and quantum dimensions?

Separation between classical and quantum systems for a given dimension

Is this quantum advantage interesting/useful?
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Here. ..

» Present simple formalism to handle data tables
Methaod for DI tests of classical and quantum dimension

- Foundational interest. e g. ontological models (cf talk of Jon Barrett)

« Application in QKD
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Testing classical systems

A, is a classical state of dimension d, ie a probability distribution over dits

Experiment = sel of comelaton £, = P(b=+1lzx.y) — P(b= —1|z.vy)
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Testing classical systems

y=1---1

—_—

N\, 1s a classical state of dimension d, ie a probability distribution over dits

—

Experiment=s¢ [/ ofcomelatorE,, = P(b= +1|z.y) — P(b = —1|z.vy)

Dimensionwitness 1" - £ — E MW e < g

| Vi
sl w L)

(~Bell inequality for data tables)
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Geometry

Each exp E ment can be viewed as vectorin RM™

Simple observation: if N<=d then all experiments can be reproduced classically

| = N > d (more preparations than tested
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Testing classical systems

y=1---m

—

N\, is a classical state of dimension d. ie a probability distribution over dits

—_

Experiment=s¢; ofcomelatorE,., = P(b=+1|z.y) — P(b = —1|z.vy)

Dimensionwitness ||" - £ — E el Gy

(~Bell inequality for data tables)
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Geometry

Each exp E ment can be viewed as vector in RN

Simple observation: if N<=d then all experiments can be reproduced classically

| > N > d (more preparations than tested
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Geometry

Each expE-:nent can be viewed as vector in RN

Simple observation: if N<=d then all experiments can be reproduced classically

N > d (more preparations than tested

Deterministic
experiment
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Testing classical systems

y=1---1

|

N\, 1s a classical state of dimension d, ie a probability distribution over dits

—_—

Experiment=s¢ ; ofcomelatorE,., = P(b=+1lz.y) — P(b= —1|z.vy)

Dimensionwitness || - £ = E M B Ea

(~Bell inequality for data tables)
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Geometry

Each emfnent can be viewed as vectorin RN™

Simple observation: if N<=d then all experiments can be reproduced classically

e N > d (more preparations than tested

Tight classical
2-dim witness

2-dim witness

Deterministic
experiment
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Example
Simplest case: 3 preparations and 2 measurements

Tigiht classical

[z = |E11 + Eio + Eoy — Eoo — E?.ll < 3 2dmwitness

2-dim witness

M1 M2
P1 + + g 3 (bit)
P2 + -
P3| - < 5
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Example
Simplest case: 3 preparations and 2 measurements

Tigint ciassicai

I3 = |En1 + E12 + E21 — Ezz — E31| < 3. 2dmwiness

2-dim witness

MT M2
P1 + + S 3 (bit)
P2 ; - -
P3| - < 5

Withqubits: I3 < 1 + 2v/2 =~ 3.8284
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Importance of 3© preparation: CHSH is not a witness (Leggeti-Garg not DI)




Quantum advantage

What can we do with this quantum advantage?

» Exponential separation (communication complexity)

» Security proof for 1-way QKD
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Exponential separation

Family of data tables leading to exponential separation
|.e. feasible with quantum systems of dim d
Unfeasible (even with small errors) with classical systems of dim less than 2°d

Communication complexity (e .g. Klartag & Regev 2010)

No-go theorem for ontological models (cf talk of Jon Barrett)
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Alice Bob
a=0.N—1 Eve y—==0u..m—1

e !) — 7l CE Il
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QKD

Alice Bob
a=0.N—1 Eve y=0.m—1

OO Irird ) — 1l Il
| f[ —

' e o> ;

) .D o (Ifm ;

\L

Semi-Discenario Non-characterized devices. but systems of bound

Security proof against individual attacks
Based on the violation of a dimension wiiness

Not based on entanglement or noniocality
(First proof that applies to the one-way case)
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BB84

4 qubit preparations ((+z>, |-z>, (+x>, |-¢>) and 2 measurements (Z,X)

M1 M2 Ejfl
P1 | +1 0O
P2 | 0 -1 o 4 P3 M2
P3 } G +i /
| 1 0 o

Does not violate any 2-dim classical withess!

Can be reproduced by sending a classical bit

1 > No security in a semi-Discenario
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BB84

4 qubit preparations ((+z>, |-z>, (+x>, |-X>) and 2 measurements (Z.X)
asis outcome

al af | T G

oo Fr | = (@

1 1 P3| 0 +1 | | |
| ==

g 1 P4 | -1 0 P4

Does not violate any 2-dim classical withess!

Can be reproduced by sending a classical bit

1 > No security in a semi-Dilscenario

Strategy A=0: Alice sends m=al+a1. Bob ouiputs b=m+y
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Dimension withess and random access codes

irsa: 11050045

M1 M2
Pt | + +
=t
ey -+

P4

<=4 (for classical bits)
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Dimension withess and random access codes

M1 M2

a0 a1 |
= PEF 35— &

-
T P3| - +
. =

<=4 (for classical bits)

This witness corresponds exactly to a 1-out-of-2 random access code (RAC)

e > P_guess=(1+8)/16

| <=4 correspondsto P guess <=7
(classical limit for RAC)
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Dimension withess and random access codes

M1 M2

al a1
& Pyt 5 &

=r el = -
te P3| - +
e =

<=4 (for classical bits)

This withess corresponds exactly to a 1-out-of-2 random access code (RAC)

> P_guess = (+8)/16 -
- B M1 - . M2
| <=4 correspondsio P guess <=7 A\
(classical limit for RAC) | \ y 4
P2 [ + P3
For qubits, P_guess <= cos(pi/8) ~0881 \  / \_ /) 10
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Security proof

Individual attacks: Csiszar& Komer (197/(A : B) > I(A : E)

Pp > Pg —> Positive key rate

Proof based on a resuit by R. Kénig (PhD thesis)

F. n . set of balanced boolean functions on n-bit strings

Alice receives a (uniformly chosen) n-bit string; Bob receives a function in F,
Alice sends s qubits to Bob. Bob's probability of guessing is bounded by

e [25 —1
e i

.
Page 27/41
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Security proof

Wehave n=2,s=1 Ppg(ag) + Ppl(ai1)+ Prlag & a1) < -

N | G
Lg——
ek
o}
1‘“

Assume Bob and Eve collaborate

Ppe(ao) + Pee(a1) + Pe(ao € a1) > 2Pg(ag) + 2Pe(a;) — 1

Pge(ag.ay) Ppgla;) > Ppla;)
Ppg(ap) + Pgela1) — 1 |

|V

PpEg(ag © ay)

IV

3
|:> Pg(ag) + Pe(a:) < l:> PiHg < \/—

+ v3
> P > Pr when PBZ>:} _\/_EO.EHIE}
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Security proof

| G

1
Wehave n=2,s=1 Ppg(ag) + Pgpl(a;)+ Pgl(ag S a1) < - (1 . 3 ﬁ)

Assume Bob and Eve collaborate

Ppe(ag) + Pee(a1) + Pe(ao € a1) > 2Pg(ag) + 2Pg(a;) — 1

Ppg(ag,ay) | Pge(a;) > Pg(a;)

IV

Ppg(ao © ay)

> Ppge(ao) + Ppela1) — 1 |
| =~ 5+ v3
) Ps(ao) + Pe(e) < EEMp Pp+Ps< —
=
> Py > Pr  when PB>j » ~ 0.8415 i

Qubits can reach Py = cos” (7/8)) =~ 0.8536




Dimension withess and random access codes

M1 M2
a0 a1

o6 PFl + &
a1 P2l + -
1o /3| - =+
11134%_- -

<=4 (for classical bits)

This withess corresponds exactly to a 1-out-of-2 random access code (RAC)

> P_guess = (+8)/16 -
M1 _— T~ M2
| <=4 correspondsto P _guess <=7 Y a
(classical limit for RAC) -' //
P2 | ~ P3
For qubits, P_guess <= cos?(pi/8) ~ 08891 \ / \ + 10
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Security proof

Wehave n=2,s=1 Ppg(a¢) + Pgp(a1) + Pplao € a1) <

h | QO

(20

Ppe(ao) + Pe(a1) + Pe(ao © a1) > 2Pg(ag) + 2Pg(a;) — 1

Assume Bob and Eve collaborate

‘ﬁ \
Ppg(ag © a1) > Ppg(ag,a;) | Pap(a:) > Pufa;)
> Ppg(ag) + Pgelay) —1 | =

S+ V< . 5+ V3
Pa(ao) + Pe(a;) < Pa+ Pg <
) Ps(co) +Pe(e) <—— EEEp Pp+Pe<—

e 0 8 Segurity




Is this semi-DI approach relevant?

Alice is Semi-Dl (preparations are of given dimension but non-characterized)
Bob is fully DI
Relaxation compared to usual security proofs

Works for 1-way configuration

Security only against a specific type of attacks (what about more general ones?)
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Conclusion

= Data tables
= Dl tests of classical and quantum dimension
= Ontological models; exponential separation

= Semi-DI security of 1-way QKD
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Conclusion

= Data tables
= DI tests of classical and quantum dimension

= Ontological models; exponential separation

= Semi-DI security of 1-way QKD

Open Questions

« Connection to contextuality (preparation contextuality)
» Generalized models

= Connection to nonlocality (RAC, Information Causality)
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Conclusion

= Data tables
« DI tests of classical and quantum dimension

= Ontological models; exponential separation

= Semi-DI security of 1-way QKD
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Dimension withess and random access codes

M1 M2

a0 al ;
8P + &

1 P -
te P3| - <
e e

<=4 (for classical bits)

This withess corresponds exactly to a 1-out-of-2 random access code (RAC)

e > P_guess = (1+8)/16 %10

M1 - . M2
| <=4 correspondsto P guess <=% 7o !
(classical limit for RAC)
PZ L.
For qubits, P_guess <= cos%pi/8) ~ 0891
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Conclusion

» Data tables
= DI tests of classical and quantum dimension
» Ontological models; exponential separation

= Semi-DI security of 1-way QKD

Open Questions

= Connection to contextuality (preparation contextuality)
» Generalized models

= Connection to noniocality (RAC, Information Causality)
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BB84

4 qubit preparations ((+z>. |-z>. [+X>, |-X>) and 2 measurements (Z.X)

M1 M2 M1 P1
.tmm
P1 +f @
P3| 0 +1 | 7
P4 | -1 0 P4

Does not violate any 2-dim classical withess!

Can be reproduced by sending a classical bit
1:,> No security in a semi-Dlscenario
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n : Quantum dimension
S Qd witness




