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Abstract: This is a geometric tutorial about straight and twisted vectors and forms (ie, de Rham currents) leading to some wild thoughts about the
EM field asa*thing*, ie with properties similar to a piece of matter; and to some even wilder thoughts about a metric-free GR.
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Affine spaces

- Parzllelism
- No absolute length
- No angles

- - Relative length, but only along the same diraction
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Directions and complement spaces

mD direction = mD subspace (without a definite position)
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(n-m)D complement space = space of parallel mD directions
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Ordinary vectors

|
‘ 1D direction magnitude orientation
Generzalize:
L 3
nD direction magnitude: orientation:
| - on direction - on direction

- or on complement - or on complement
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if magnitude is on:
- direction = vector
- complement = form (covector)

L

| dimension of magnitude:
1-vector, 2-vector (bivector), etc. 1-form, 2-form, etc.

If orientation is on:
| - direction = straight (even)
| - complement = twisted (odd)
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if magnitude is on:
- direction = vector
- complement = form (covector)

Jullls

dimension of magnitude:
1-vector, 2-vector (bivector), etc. 1-form, 2-form, etc.

If orientation is on:
- direction = straight (even)
- complement = twisted (odd)
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If magnitude is on:
- direction = vector
- complement = form (covector)

il

dimension of magnitude:
-~ 1-vector, 2-vector (bivector), etc. 1-form, 2-form, etc.

. If orientation is on:
| - direction = straight (even)
- complement = twisted (odd)
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forms and vectors of same dimension and orientation
act on each other to give sczalars
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Vector fields and differential forms

On a differential manifold we can associate a vector or form
to each tangent space: vector field or differential-form field

= ++
r 1w X
Y ~ 7 %

these fields may be tangent to a submanifold (integral manifold)
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Integration

- Choose an m-form field, choose an m-submanifold
- at each point, apply the m-form to the tangent m-vector
- sum up the scalars

- that's the integra! of the form on the submanifold
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Vector fields and differential forms

On a differential manifold we can associate a vector or form
to each tangent space: vector field or differential-form field

by +
= A x
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' these fields may be tangent to a submanifold (integral manifold)
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Integration

- Choose an m-form field, choose an m-submanifold
- at each point, apply the m-form to the tangent m-vector
- sum up the scalars

R that's the integrza! of the form on the submanifold
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Integration

- Choose an m-form field, choose an m-submanifold
- at each point, apply the m-form to the tangent m-vector
- -sum up the scalars

- that's the integrza! of the form on the submanifold
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Note: none of these concepts and operations
iInvolves a metric!

Only topology

Ll
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Algebraically:
Vectors: J a*d ,; PR Bk:z\\a,ir
forwms: L%, L de'ndo
tuisled Torms, e dx

: | “r
~_ fu;s{f..z per slor e b, Burke () M byt 1713)

NN

| Pirsa: 11050024 Page 31/84

—
o



Ale Edit View [nsest Adions Toels Help

P MENEEEET 5 EEEEEY /]

V-S= " gakd 7

Differential forms and physical intuition
Qur representation of matter: something that

- Is associated to a (small) bounded 3D region of space,
eg a ball a

- can be marked and followed around j

- doesn't disappear .

- We can count how many 'balls’ are there inside a 3D region

NN

- we can count how many ‘balls’ cross some 2D surface
(in 2 given time)

'The ball that was then here, is now there...'
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Matter/mass (and charge) is a2 twisted 3-form in spacetime

3D fpam‘hq:

3-form in spacetime = 'hypertubes’
A 3D observer sees them

as 'balls' moving around in 3D space
(and changing shape)

balls initially in 3D region
+ balls entering 2D surface
- balls exiting 2D surface
- balls finally in 3D region
=

Lid
o
Hﬁ"
0
L
g
»
B
lalllel

This property =
the twisted 3-form is closad
(i1ts tubes never end)
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Matter/mass (and charge) is a2 twisted 3-form in spacetime
3D s AT

aual;: - : _ 3-form in spacetime = 'hypertubes’
A 3D observer sees them

as 'balls' moving around in 3D space
(and changing shape)

balls initially in 3D region
+ balls entering 2D surface
- balls exiting 2D surface

- balls finally in 3D region
= d = 0

ﬂuh‘r‘ﬂflluu
3k h}, _;:urwh a

L

This property =
the twisted 3-form is closad
(its tubes never end)
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EM-field (Faraday tensor) Is a straight 2-form in spacetime

=¥/ / 2-form in spacetime = "hypersurfaces’
| '// A 3D observer sees them

LU L N Y as 'tubes’ moving around in 3D space

// Navid / (and changing shape)

hfp-u‘{‘-c dadloguf

tubes initially intersect 2D surface
+ tubes crossing into 1D edge
"/ \ - tubes crossing out of 1D edge

- tubse finally intersect 3D surface
= (
This property = E
£ I . w wwes-eneninl the straight 2-form is closed
S}F‘i - 2D curface (its hypersurfaces never end)
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Matter/mass (and charge) is a twisted 3-form in spacetime

3D f_pac&“u-g

3-form in spacetime = 'hypertubes’
A 3D observer sees them

as 'balls' moving around in 3D space
(and changing shape)

balls initially in 3D region
+ balls entering 2D surface
- balls exiting 2D surface
balls finally in 3D region
0

i
-
wr
]
s
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This property =
the twisted 3-form is closad
(i1ts tubes never end)

AG.J =g
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EM-field (Faraday tensor) Is a straight 2-form in spacetime
h—*’Fﬂ{‘-—t thL“uL

2-form in spacetime = 'hypersurfaces’
A 3D observer sees them
as 'tubes’ moving around in 3D space

-+ I\ | | (and changing shape)

tubes initially intersect 2D surface
+ tubes crossing into 1D edge
- tubes crossing out of 1D edge

A% - tubse finally intersect 3D surface
iy, - 0
al / This = 3
] property = 3
) T . S the straight 2-form is closed
i?‘j: =D curFace (its hypersurfaces never end)
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= - :'araday tensor) is a straight 2-form in spacetime

:-h.ffa-ﬂ.{]--g o — et
LJ =51/ // 2-form in spacetime = 'hypersurfaces’
A \l/ ] @ A 3D observer sees them
/LA / f _, as 'tubes’ moving around in 3D space
b 7 | / / / / (and changing shape)
f -I 'I;I_'I | \ :.' [

/ tubes initially intersect 2D surface
L2 A BN + tubes crossing into 1D edge

| / WA '/ \ - ‘tubes crossing out of 1D edge

{, Y\’ ' - tubse finally intersect 3D surface

/8 / | —

L / This property =

: T ,, et the straight 2-form is closed
i;‘i: 2D corface (its hypersurfaces never end)
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EM-field (Faraday tensor) Is a straight 2-form in spacetime

-b-f -ﬂ-'g”-c dmslegug
: Lﬂ // 2-form in spacetime = 'hypersurfaces’
A 3D observer sees them
,. as 'tubes’ moving around in 3D space
/ (and changing shape)

tubes initially intersect 2D surface
+ tubes crossing into 1D edge
"/ \ - ‘tubes crossing out of 1D edge

¢ - tubse finally intersect 3D surface
A/ / | This property = 3
¢ T . 1 mwer-crenind the straight 2-form is closed
S}FEL - 2D curface (its hypersurfaces never end)
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Differential forms and physical intuition

Qur representation of matter: something that

- Is associated to a (small) bounded 3D region of space,
eg a ball AP,

- can be marked and followed around j

- doesn't disappear

- We can count how many 'balls’ are there inside a 3D region

- we can count how many ‘balls’ cross some 2D surface
(in a given time)

'The ball that was then here, is now there...'
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Matter/mass (and charge) is a twisted 3-form in spacetime

3-form in spacetime = 'hypertubes’
A 3D observer sees them

as 'balls' moving around in 3D space
(and changing shape)

balls initially in 3D region
+ balls entering 2D surface
- balls exiting 2D surface
- balls finally in 3D region
=

AT

This property =
the twisted 3-form is closad
(i1ts tubes never end)

JGJ =0
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EM-field (Faraday tensor) Is a straight 2-form in spacetime

L/ // 2-form in spacetime = 'hypersurfaces’
&/ /] A 3D observer sees them

7/l as 'tubes’ moving around in 3D space
(and changing shape)

L.‘Ffm{'-t Sl loguf

tubes initially intersect 2D surface
+ tubes crossing into 1D edge

"/\_ - tubes crossing out of 1D edge
/ ¥ ‘ - tubse finally intersect 3D surface
/ i
This property = E
s i e the straight 2-form is closed
Sz;jh =D curFace (its hypersurfaces never end)
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- We can count how many ‘tubes’ intersect a 2D surface
- we can count how many ‘tubes’ cross a 1D egde
The EM field can be thought of as something that
- Is associated to a (thin) tubular region of space
- can be marked and followed around

- doesn't disappear

'‘The tube that was then here, is now there...'

e

- The whole tube can be identified, but not parts of it!
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OK, fine, this may have some pedagogical use
and may help visualization...

...but then?
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- Can we generalize the cbncept of force,
from something applied to points
to something applied to lines?

This idea is not so absurd:

- Ericksen (J. Elasticity, 2007):
‘...the idea that electromagnetic fields can sustain forces'.

- Page (Introduction to Theoretical Physics, 1928, Ch. XII)

Force not as a form-valued 2-form,
but as a form-valued 3-form...

irsa: 11050024 Page 46/84

—
a1



Hle Edit View [nsert Adcions Tools Help

E /  HEEEEEERND ETEEEEEY | /HJ-v-S= 0 d3d

OK, fine, this may have some pedagogical use
| and may help visualization...

...but then?
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OK, fine, this may have some pedagogical use
and may help visualization...

...but then? /

L
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References

- de Rham
- Schouten
- Truesdell & Toupin
- Burke
| - Bossavit
| - Misner, Thorne, Wheeler
- Page
- Ericksen
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- Can we generalize the concept of force,
from something applied to points
to something applied to lines?

This idea is not so absurd:

- Ericksen (J. Elasticity, 2007):
‘...the idea that electromagnetic fields can sustain forces'.

- Page (Introduction to Theoretical Physics, 1928, Ch. XII)

Force not as a form-valued 2-form,
but as a form-valued 3-form...
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- Can we generzalize the concept of force,
from something applied to points
to something applied to lines?

This idea is not so absurd:

- Ericksen (/. Elasticity, 2007):
L'.._the idea that electromagnetic fields can sustain forces'.
h
(#2

jPag&z (Introduction to Theoretical Physics, 1928, Ch. Xll)

Force not as a form-valued 2-form,
but as a form-valued 3-form...

Julial
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References

- de Rham

- Schouten

- Truesdell & Toupin

- Burke

- Bossavit

- Misner, Thorne, Wheeler
- Page

- Ericksen
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- Can we generzalize the concept of force,
from something applied to points
to something applied to lines?

This idea is not so absurd:

- En'cksen (/. Elasticity, 2007):
L the idea that electromagnetic fields can sustain forces'.
(22

jF’at_;je (Introduction to Theoretical Physics, 1928, Ch. XIlI)

Force not as a form-valued 2-form,
but as a form-valued 3-form...

Julls
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- Can we generzalize the concept of force,
from something applied to points
to something applied to lines?

This idea is not so absurd:

- Ericksen (/. Elasticity, 2007):
L the idea that electromagnetic fields can sustain forces'.
@

jP;age: (Introduction to Theoretical Physics, 1928, Ch. Xll)

Force not as a form-valued 2-form,
but as a form-valued 3-form...

lali
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OK, fine, this may have some pedagogical use
and may help vi / lization:.
...but then?

Juli|
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- Can we generzlize the concept of force,
from something applied to points
to something applied to lines?

This idea is not so absurd:

- Ericksen (J. Elasticity, 2007):
‘...the idea that electromagnetic fields can sustain forces'.

Losh

jF‘:age (Introduction to Theoretical Physics, 1928, Ch. XIlI)

Force not as a form-valued 2-form,
but as a form-valued 3-form...

lali
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Mazatter/mass (and charge) is a twisted 3-form in spacetime

3D spaeeh : .
awa e 3-form in spacetime = 'hypertubes’
A 3D observer sees them

as 'balls' moving around in 3D space

(and changing shape)

balls initially in 3D region
+ balls entering 2D surface
- balls exiting 2D surface
- balls finally in 3D region

(_\

suy-ﬂfrzuu = 0 §
3k h;q:!rrwhﬂ
2 This property =
& the twisted 3-form is closed

(its tubes never end)

JW '.-:a
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...but then?
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