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Abstract: Quantum theory can be thought of a noncommutative generalization of classical probability and, from this perspective, it is puzzling that
no quantum generalization of conditional probability isin widespread use. In thistalk, | discuss one such generalization and show how it can unify
the description of ensemble preparations of quantum states, POV M measurements and the description of correlations between quantum systems. The
conditional states formalism alows for a description of prepare-and-measure experiments that is neutral with respect to the direction of inference,
such that both the retrodictive formalism and the more usual predictive formalism are consequences of a more fundamental description in terms of a
conditionally independent tripartite state, and the two formalisms are related by a quantum generalization of Bayes rule. As an application, | give a
generalized argument for the pooling rule proposed by Spekkens and Wiseman that is adirect analog of aresult in classical supra-Bayesian pooling.
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+ The Church of the Larger Hilbert Space (Smolin)

- Quantum theory is “about” a pure state vector of the
universe that evolves unitarily.

- Schradinger, Evereit, Zurek, Bennett, . . .

> The Church of the Smaller Hilbert Space

- Quantum theory is a noncommutative generalization of
classical probability theory.

- Heisenberg, von Neumann, . ..
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The Church of the Larger Hilbert Space = Jom

The Church of The Smaller Hilbert Space =
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- Classical probability theory does not care about causality

 P(X.Y.Z,..)
- Conventional quantum formalism does. ..

-igure: “Spacelike” correlations
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e: “Timelike” correlations

pe = Ega(pa)
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- Conventional Formalism: Hilbert spaces are attached to
systems that persist in time.

- States are a catalogue of probabilities for potential future
measurement outcomes.

- Conditional States Formalism: Hilbert spaces are attached

to systems at a specific time, or more generally to
spacetime regions.

States are a catalogue of probabilities for any classical
variables correlated with the region.

- Always use a distinct label to distinguish input and output
systems of a channel.

Always combine regions via the tensor product.
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+ Classical probability theory does not care about causality
- P(X.Y.Z,..)
- Conventional quantum formalism does. ..
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-igure: “Spacelike” correlations -igure: “Timelike” correlations
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PAB pe = Egia(pa)
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systems that persist in time.
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Jure: “Spacelike” correlations

PAB

- Classical probability theory does not care about causality
. P(X,Y.Z,...)
- Conventional quantum formalism does. ..
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- Conventional Formalism: Hilbert spaces are attached to
systems that persist in time.

- States are a catalogue of probabilities for potential future
measurement outcomes.

- Conditional States Formalism: Hilbert spaces are attached

to systems at a specific time, or more generally to
spacetime regions.

- States are a catalogue of probabilities for any classical
variables correlated with the region.

- Always use a distinct label to distinguish input and output
systems of a channel.

- Always combine regions via the tensor product.
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‘able: Basic definitions

Classical Probability Quantum Theory
- Sample space Hilbert space
Qx={1,2,..., dx} Ha = C%
=spanf{l1). 12}, ..., da))
Probability distribution Quantum state
P(X=x)>0 pa € £7 (Ha)

> vca, P(X = x) =1 Talps) =1

Pirsa: 11050023 Page 13/79




irsa:

lable: Composite systems

| Classical Probability

Quantum Theory

Cartesian product
Qxy = Qx x Qy

Joint distribution
P(X.Y)

Marginal distribution
P(Y) = 2 .xea, P(X = Xx. Y)

Conditional distribution

P(Y|X) = 5557

Tensor product
Hag = Ha® Hp

Bipartite state
PAB

Reduced state
pg = Ira(paB)

Conditional state

oA ="

UUUUUU
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A gquantum conditional state of B given A is a positive operator
PB|A on %AB — HA X rHB that satisfies

Trg (pBa) = Ia.

c.f. P(Y|X) is a positive function on Qxy = Qx x Qy that
satisfies

> PFiy=piy—1

Y€y
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(pa; pBIA) —  paB = (\/Pa® Ig) pga(\/Pa® IB)

PAB — pa = Irg(pas)

jo—F i —F
o BIA — \ I, A had IE OAB \‘ e, A & IB

irsa: 11050023 Page 17/79




(Pa PBIA) —  paB = (\/Pa® Ig) peia(\/Pa D IB)

PAB = pa = Trg(paB)

o= =St
PBIA = (\ P & /5> PAB (\/ Pp & fB)

Note: ppg 4 defined from pag is a QCS on supp(pa) @ Hs-
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[able: Comparison of relations between joints, conditionals and

marginals
Classical Probability Quantum Theory
P(X.Y) = P(Y|X)P(X) pag = (/PA® Is) peia (/Pa R IB)

PB|A _—
P( Y‘X) = Pé)({x‘;)f) (V.pﬂ‘l X IB) DAB (\;‘{)A-! ) IB)
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Drop implied identity operators, e.g.

Ian @ MgcNag & Ic = MgcNag

Ms 2 Ig = Nap = My = Nag

Define non-associative “product”
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able: Comparison of relations between joints, conditionals and

marginals
Classical Probability Quantum Theory
 P(X.Y) = P(Y|X)P(X) pas = (\/Pa® Ig) peia (\/PA® IB)

R

P(YIX) = BV (v’ 2 ©le ) oas (\ ot @ ;B)
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Drop implied identity operators, e.g.

ls @ MgcNag @ Ic e MpgcNag

- Ma @ Ig = Ngag =3 Mas = Nag

Define non-associative “product”

MxN =+vVNMVN
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lable: Comparison of relations between joints, conditionals and

marginals
Classical Probability . Quantum Theory
| P(X.Y) =P(Y[|X)P(X) pas = (\/PAa® Ig) peia (\/PA R IB)

PBIA =

_

P(Y|X) = PI&TX};] (\/'[JA1 2 /5> PAB (\Jpﬁ R 15)
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'able: Comparison of relations between joints, conditionals and

marginals
Classical Probability ~ Quantum Theory |
P(X.Y) = P(Y|X)P(X) Yo e b
Saida = Pé’f)'f‘i)/) PBIA = PAB * P3
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Example (classical conditional probabilities)

Given a classical variable X, define a Hilbert space Hx with a

preferred basis {|1)y.|2)y,--.,|dx)y} |abeled by elements of
Qx. Then,
px — Z P(X = x) |x) (X|x
XEQX

Similarly,

PXy = Z P(X=x.Y=y)xy) (XV|xy

XEQ yelly
PYIX — Z P(Y:J/\X:X)?Xy} {XinY

xeQx,yelly
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‘e Classical correlations -igure: Quantum correlations
P(X. ¥) = P(Y|X)P(X) dil e
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Vi -"/\\"w
3 = =
Y b \//

A Ly
o
£\ -'/ 3
¥ ar A *I
f.l_f: X \\\‘ \_//

e: Classical stochastic map -igure: Quantum CPT map
P(Y) =Ty x (P(X)) pa = Epa(pa)
=Y P(Y|X)P(X) =Tra (pBla * pa) ?
X
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>: Classical stochastic map -igure: Quantum CPT map

P(Y) =Tyx (P(X)) pa =Epal(pa)

- _
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A £~ N
/ ¥\ . A
S
Lﬁ'.t ff-._
{-./x’f' X \__\\ .x/ X\\
jure: Classical preparation -igure: Quantum preparation
P(Y) =Y P(Y|X)P(X) — Z P(X = x)pi’
X

PA = Trx (Pax * px) ?
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» Composite of a quantum system and a classical random
variable.

+ Classical r.v. X has Hilbert space H x with preferred basis

U1 »-- - dx) x }-

* Quantum system A has Hilbert space Ha.

- Hybrid system has Hilbert space Hxs = Hx @ Ha
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- Composite of a quantum system and a classical random
variable.

- Classical r.v. X has Hilbert space H x with preferred basis

1 e [Z -~ dx) x}-

* Quantum system A has Hilbert space Hax.
- Hybrid system has Hilbert space Hxas = Hx @ Ha

- Operators on H x4 restricted to be of the form

Mya = Y |X) (X|x ® Mx—x 4

xel)
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- A QCS of Agiven X is of the form

pax = Y _ |1X) (XIx ® pax—x

KEQ;{'

—

pax is a QCS of A given X iff each pa x—x IS @ normalized state
on Hp

- Ensemble decomposition: p4 =, P(X = X)pf:)
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- A QCS of A given X is of the form

== Yo oyl N
PAIX = E |1 X) (X] ¥ ® paix—x
xSy

pax Is a QCS of A given X iff each pa x—x IS @ normalized state
on Ha

- Ensemble decomposition: pg4 = Trx (pax * £x)
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A QCS of A given X is of the form

_— \ /vl T
PAIX — E ‘XX' ‘ﬂXEX X PAI X=x
) (=957

pax is a QCS of A given X iff each pa x—x is @ normalized state
on Ha

- Ensembile decomp{JSitiﬂﬂf PA = TI'X (_p,q_:x * O X )

~ Hybrid joint state: pxa = > ,cq, P(X = X) |X) (X|x @ pajx=x
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/ Y\ A
N
A |
/ KX\ / /X\\
e: Classical preparation “igure: Quantum preparation
P(Y) = 3 P(YIX)P(X) pa =3 PX =x)pf
= X

pa = Trx (paix > px)
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,// v “\\ # /}\/ N\

\
A ]
/ \ ( A
=: Noisy measurement jure: POVM measurement
P(Y) =3 P(YIX)P(X) P(Y =y) =Tra (ESpa)
= _

Py = Tr___-; | PYIA* PA ] ?
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+ A QCS of Y given Ais of the form

PYIA = Z y) ¥ly @ py=yia
yely

pyiaisa QCS of Y given A fff[)y:yg,q is a POVM on Ha

- Generalized Bornrule: P(Y = y) = Tra (Ej’ty) ’OA)
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- A QCS of Y given Ais of the form

PYIA = Z ¥) Yy @ py=ya
yelly

pyaisa QCSof Y given A iff py_y 4 is a POVM on Ha

- Generalized Born rule: py = Tra (pya * pa)
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+ A QCS of Y given A is of the form

PYIA= Z Y) Yy ® py—ya
yEy

pyialsa QCSofY given A I'ffpy:y;A is a POVM on Ha

- Generalized Born rule: py = Tra (pya * pa)

- Hybrid joint state: pys = Zy{ﬂy y) (¥ly & vﬂp’i’:yiﬁaﬁa
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Dynamics Epla

(CPT Map) pe = Egal(pa)

Preparation { pqu) }
(Set of states) | pa =) _, P(X = X)p,4

PAIX

pa = Trx (pax * px)

Measurement {E;J”)}
. (POVM) P(Y =y)=Tra (EY)p,)

PXIA
px = Tra (pxia ~ pa)
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- A QCS of Y given A is of the form

PYIA = Z ¥) Yy @ py=ya
yEQy

—

pyialsa QCSofY ngQﬂA iﬁﬂY:yfﬂt isa POVMon Ha

- Generalized Born rule: py = Try (ﬂY:A *ﬂ”ﬂ)

: HYbrld jOint state: PYA = Z}’Eﬂy yf, <y|Y R 'w’fﬁ’—AﬁY:yiA\.-’iﬁ—A
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Dynamics Eaia

Ta
PBIA

T

Preparation { ?}qu ) }
(Setof states) | pa=>_, P(X = X)pf,f)

PAIX

pAa=Trx (pax * px)

Measurement {Eﬁly )}
(POVM) P(Y:y):TrA (E(Hp)q)

PX|A
px = Tra (pxia * pa)
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- Two expressions for joint probabilities:

P(X.Y) = P(Y|X)P(X)
= P(X|Y)P(Y)

* Bayes' rule:

P(X1Y)P(Y)
P(X)

P(Y|X) =

- Laplacian form of Bayes' rule:

Py —  PEIVIPLY]

2.y P(XTY)P(Y)
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- Two expressions for bipartite states:

PAB — PBIA ™ PA

— PAIB* PB

Bayes rule:

= s
PBIA = PAIB * (!J,q ,UB)

- Laplacian form of Bayes' rule

1
PBIA = PAB * (T"B (PaiB* PB)

® pB )
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A hybrid joint state can be written two ways:

PXA = PAIX * PX = PX|A* PA
- The two representations are connected via Bayes’ rule:

- —1
PXIA — PAX* (Px R Iry (PA|X x px) )

Pes e
PAIX = PX|A* (TYA (Pxia* pa) @ PA)

= B P(X = X)ﬁA|X:x = = Vmﬁ)(:x A\/‘b_’q
X=xA — - mN=—
" EJ{!EQX P(X — XI)#’A@X:X" = Ira ('UX:X APA )
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+ A hybrid joint state can be written two ways:

PXA = PAIX * PX = PX|A* PA
- The two representations are connected via Bayes' rule:

= - —
PX|IA = PAX * (Px 2 Irx (pax * px) )

—1
PAIX — ;UX|A * (TI'A (;OXEA x pA) < pA)

: . P(X = xX)pax=x 3 _ VPAPX=x|AV/PA
X=x|A = e
X Exfeﬂx P(X = Xf)ﬁA;X:X" | = Tl',q (,UX:X AIOA)
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- Quantum Chain Rule:

PABC — PCIAB* (F’B'A * ,UA)
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- Quantum Chain Rule:

pPABC = PciAB * (PBlA * PA)

o~ -

If pci1aB = pcg then C is conditionally independent of A given B.
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- Quantum Chain Rule:

PABC — PCIAB * (FJB'A x ﬂA)

If pciaB = pcig then C is conditionally independent of A given B.

. —

il

The following conditions are equivalent:
PC|AB = PC|B
" PAIBC — PA|B
> {A: ClB)=0.
Further, conditional independence implies that

PAC|B — PAIBPC|B-
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- Quantum Chain Rule:

PABC — PC|AB * (_;C'EA * KJA)

il —r

If pcia8 = pc)p then C is conditionally independent of A given B.

pasc = pciB * (pBla*pa) Iff pasc = pas * (pBic * pc)

- The two decompositions are related by Bayes' rule.

Pirsa: 11050023 Page 54/79




Pirsa: 11050023 Page 55/79




- Classically, upon learning X = x:

P(Y) — P(Y|X = x)

: Ouantumly: PA — pAIX:X?
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 Projection Postulate | Bayesian Conditioning

| o4 VPX=x|APA\/PX=x|A =3 PAPX=x|Av/ PA
TrA(P’X;x AﬁA) | TrA(ﬁ’X_-x AF}A)
//f_hh“\
s - ;’r“'m
y wﬂ’f? A

|
|
[
|
|
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Px /X\

direction
of
inference

e: Prep. & meas.

experiment

irsa: 11050023

- Tripartite Cl state:

PXAY — PY|A* (£?A|x * Px)

- Joint probabilities:

pxy = ra(pxay)

» Marginal for Y:

py = Tra(pyja* pa)

- Conditional probabilities:

pyix = Ta (pya*Pax)

- Bayesian update:

PA — PAX=x
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A - Due to symmetry of CI:
Py e
£ KX pxay = pxia* (payy * py)
. |
® = - Marginal for X:
|
/7~ 7\ | |direction px = Tra (pxia * pA)
Pax{ A ) || of
\__ | |inference . Conditional probabilities:
A pxiy = Tra (pxia* pay)
o) - Bayesian update:
pX IX/X\\\ y p
: PA —7 PAlY=y
-igure: Prep. & meas.
experiment - c.f. Barnett, Pegg & Jeffers, J.
Mod. Opt. 47:1779 (2000).




Pra /\
8
2N | direction
Pax( A ) || of

""'.. f | S -
.~ | | inference

Px /X\

-igure: Prep. & meas.
experiment
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- Tripartite Cl state:

PXAY — PY|A* (!J’AIX - pX)

- Joint probabilities:

pxy = ra(pxay)

- Marginal for Y:

py = Tra(pyja* pa)

- Conditional probabilities:

pyix = a(pya*pax)

- Bayesian update:

PA — PAX=x
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- - Due to symmetry of Cl:
P yia AT
£ EX PXAY = PX|A* (PA|Y * Pv)
A - Marginal for X:
7 G direction px = Tra (pxia* pa)
Pax( A ) of
\__ | |inference . Conditional probabilities:
A pxiy = Tta (pxia* pay)
/\ o - Bayesian update:
Px /XN |
” PA — PA| Y=y
-igure: Prep. & meas.
experiment - c.f. Barnett, Pegg & Jefters, J.
Mod. Opt. 47:1779 (2000).




>: Bipartite experiment

» Joint probability: pxy = Trag ((px1a ® pyi8) * PAB)

- B can be factored out: pxy = Tra (fﬁﬂy AKX (pA|X * ﬁx))

- where pyja = Trg (py|PBi4)
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'able: Which states update via Bayesian conditioning?

Updating on: | Predictive state | Retrodictive state

Preparation v | X
variable

Direct
measurement X v
outcome

Remote
measurement Vv
outcome

It's complicated

NN~
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S Os
CEEE
A (s) 1
n ‘x__#// ! \
Alice Bob

>: Initial State Assignments
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Os
t S | 1o
AliceBob

>: Final State Assignments

AB A B
crg E— f(CF(S )._{T(S ))
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J \\ "f_‘\'
Alice Bob Debbie

e: Initial State Assignments
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Debbie

‘e: Final State Assignment

D) A) B D)
o5 =f(og .05 .ps )
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o

AliceBob Debbie

-igure: Supra-Bayesian Pooling
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Q4 (S)
i /N . B

0p(S)  Pp(S)

Aﬁce Bob Debbie

>: Initial State Assignments
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=k 0,(S)
/55 73?
Debbie

>- Final State Assignment

Qp(S) = f(Qa(S). Qs(S), Po(S))
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o, 0 0,

=: Pooling Incompatible Assignments

Linear pooil:

Qo(S) = waQa(S) + weQs(S) + wpPp(S)
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Eﬂl uil

p

2: Pooling Independent Evidence

Multiplicative (log-linear) pool:

Qa(S)QB(S)
Pp(S)

Qp(S) x
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- Bayesian inference says that:

Qp(S) = Pp(S|Ra = Qa(S). Rs = QB(S))
__ Pp(Ra = Qa(S), Rg = Qp(S)|S)Pp(S)
> s Po(Ra= Qa(S), Rg = Qg(S)|S)Pp(S)

- Similarly:

(D) _ (D)

= P Sl A=0® Rg=o®

(D) D) o o [ (O (D)
— . : LA r e "
=l Aa=aPs ('OS — (pﬁ:fﬁ"ﬁs:vf"s = D
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e: The Case of Shared Priors

If X and Y are conditionally independent given S then

(D) : —1_
P . B — X PS|X=xPg PS|Y=y
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If the minimal sufficient statistics for X and Y with respectto S
are conditionally independent given S then

(D) - =

PS|Ra=psix—x-Ra=psiy—y, - PSIX=xPg PS|Y=y
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e e & e L = ¥ T e M - ' = s Tt

Dynamics (CPT maps, instruments)

» Temporal joint states
- Quantum state compatibility

== -

et - - I ¥ = el
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. 3 - ’ ’ . _1 s -
pB — pga=paB*~ ('8 (paB*pB) @ pB
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