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Abstract: Sage is a collection of mature open source software for mathematics, and new code, all unified into one powerful and easy-to-use package.

The mission statement of the Sage project is. &quot;Creating a viable free open source alternative to Magma, Maple, Mathematica and
Matlab.& quot;

More information is available at www.sagemath.org. | will use the Sage notebook (a web interface) to demonstrate the use of Sage for a variety of
mathematical problems and comment on its design and future direction.
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Perimeter Institute for Theoretical Physics
Waterloo, Canada

I What is Sage?

P Sage: Open source sofiware for mathematics

P A computer algebra system

P A “distribution” of software for mathematics

P A digital blackboard

P Mission: “Creating a viable free open source alternative to Magma, Maple, Mathematica and Mailab.”

2 Who am I?

p “Pure” mathematician - algebra, discrete mathematics

P Teacher at an undergraduate liberal aris college
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1 What is Sage?

P Sage: Open source sofiware for mathematics

P A computer algebra system

P A “disiribution” of sofiware for mathematics

P A digital blackboard

P Mission: “Creating a viable free open source alternative to Magma, Maple, Mathematica and Matlab.”
EZ Who am I?

p “Pure” mathematician - algebra, discrete mathematics

P Teacher at an undergraduate liberal aris college

P Active Sage developer - linear algebra, group theory, graph theory

p Inieresied in integrating Sage into the classroom (NSF education grant)

a: 11050014

F ge Lecturer, African Institute of Mathematical Sciences, Fall 2010
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» Interested in integrating Sage into the classroom (NSF education grant)

L
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P Sage Lecturer, African Instituie of Mathematical Sciences, Fall 2010
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3 Componenis

r Pynac for symbolic expressions

var{“t") = —— =

f(t) = t*tan(t"3)

T » ——— - = e = =

.var(‘s',\ =—— ——

T(s) ~ = =——— —— =——— -
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3 Componenis
P Pynac for symbolic expressions

var{*t')
fit) = t*tan{t"™3)
.f

var('s")
T(s)

P Maxima for derivatives, antiderivatives

p matplotlib for 2-D graphics

igrime.plﬂt[}
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3 Componenis

P Pynac for symbolic expressions

var("t")

f(t) = t*tan(t"3)
.1:

var('s")

T(s)

F Maxima for derivatives, antiderivatives

fprime(t) = T.derivative()

fprime

p matploilib for 2-D graphics
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3 Componentis
P Pynac for symbolic expressions

var("t")

f(t) = t™tan(1t"3)|

f
evaluaie

.1_;

var('s")

T(s)
P Maxima for derivatives, antiderivatives

fprime(t) = f.derivative()

fprime
p maiploilib for 2-D graphics
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3 Componentis

P Pynac for symbolic expressions

var("t")
f{t) = t*tan(t"3)
.f:

t |--> t*tan(1t"3)

| Home - Perimeter Institute ... ){ ) Adding Spice to Your Reses... X
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var{‘s")
T(s)

evaluate

kP Maxima for derivatives, antiderivatives

fprime(t) = f.derivative()
fprime

p matplotlib for 2-D graphics

Tpicammsombot ()
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F Maxima for derivatives, antiderivatives

7

P maiploilib for 2-D graphics

fprime.plot()
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P Maxima for derivatives, antiderivatives

fprime(t) = f.derivative()

fprime

t |--> 3*(tan(t~3)"~2 + 1)*t"3 + tan(t"3)

p maiplotlib for 2-D graphics L

evahlaie
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matplotlib for 2-D graphics =
fprime.plot()
P GAP (Groups, Algorithms, Programming) for group theory N
6 = DihedralGroup(16)
| G.center()
evaluaie
p BLAS, ATLAS, LAPACK, NumPy, SciPy for linear algebra
A = matrix(QQ.[[ 3, 2, 6, 1],
[ 2, 1, %, 8],
[ 1r _Ir 5: '3Ir
[-Z. -3 5. -457)
A.echelon_form()
K = A.kernel()
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P GAP (Groups, Algorithms, Programming) for group theory

G = DihedralGroup(16)
G. center{]
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P GAP (Groups, Algorithms, Programming) for group theory

G = DihedralGroup(16)
G.center()

levalnaie

P BLAS, ATLAS, LAPACK, NumPy, SciPy for linear algebra

A = matrix(QQ.[[ 3. 2, 6, 1],
i 2, 1. k. 63,
{ lr _]-r Er _3]:
[-Z. -3. 5, -4]1)
A.echelon form()

K = A.kernel()
K

I(.ciimens:ig_n ()
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P GAP (Groups, Algorithms, Programming) for group theory

G = DihedralGroup(186)

e e e Sl

G.center()

Permutation Group with generators [(1,6)(2,7)(3,8)(4,9)(5,10)]

b BLAS, ATLAS, LAPACK, NumPy, SciPy for linear algebra

A = matrix(Q0Q.[[ 3. 2, 6, 1],
E2S T . O
[ 1r _Ir Sr '3]1
[ 2: _3r 5r '4]]]

A.echelon form()

levalnate

K = A.kernel()

K

K.dimension()
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P GAP (Groups, Algorithms, Programming) for group theory

G = DihedralGroup(18)
G.center()

Permutation Group with generators [(1,6)(2,7)(3,8)(4,9)(5,10)] ﬁ-

b BLAS, ATLAS, LAPACK, NumPy, SciPy for linear algebra

B = matrix(QQ,[[ 3, 2, 8, 1],
{2, 1. 1. 6],
{ 1r _Ir 5! _3]:
=£ -4, 5, -85
A.echelon form()

lexvahiaie

K = A.kernel()
K

K.dimension()
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p BLAS, ATIAS, LAPACK, NumPy, SciPy for linear algebra

A =matrix(0Q.[[ 3. 2, @, 11,

[z, 1,1, 61,

[ 1: _1r 5! _3]:

{_2: _3r Sr _4]]] 1
A.echelon form()

levalnate

K = A_kernel()
K

K.dimension()

A.eigenvalues()

B = A.change ring(RDF)
B.eigenvalues()
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P BLAS, ATLAS, LAPACK, NumPy, SciPy for linear algebra

R = matrix(QQ,[[ 3, 2, e, 1],

[2, 1,1, 6],

[ 1: _]-r Sr _311

-Z. -3, 5. -8)) I
A.echelon form()

levalnate

K = A_kernel()
K

K.dimension()

A.eigenvalues()

B = A.change ring(RDF)
B.eigenvalues()
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P BLAS, ATLAS, LAPACK, NumPy, SciPy for linear algebra
A = matrix(QQ.[[ 3, 2, 8, 1],
(2, 1,1, 6],
[ lr '1r 5- '311 3
2. -3, 5, -&1])
A.echelon form()
P L & 2 -1
[e 1-3 2] b
[e 6 8 6]
PG & & 8
K = A.kernel()
K
evaluate
K.dimension()
A.eigenvalues()
B = A.change ring(RDF)
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p BLAS, ATIAS, LAPACK, NumPy, SciPy for linear algebra

A = matrix(QQ,[[ 3, 2, 6, 1],

EE LK. E W

[ 1| _1I Sr _311

4. -3, 5. ~4%%)
A.echelaon form()
EL & I -1}
L ¥ -3 3
[e 8 & @a]
16 6 &6 @)

K = A.kernel()
K

Vector space of degree 4 and dimension 2 over Rational Field
Basis matrix:

E F e -1 1]
[ @ 1 -4/5 3/5] B

K.dimension()

levalnaie

A.eigenvalues()
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b BLAS, ATLAS, LAPACK, NumPy, SciPy for linear algebra

A = matrix(QQ.[[ 3, 2, 8, 1],
(2, 1,1, 6],
{ 11 _1r Sr _311
[-2, -3. 5. -4]1)
A.echelon form()

i1 & 2 -1]
I -3 2
8 e 8]
e

[ 6
[ 6
[ © 8 @]

K = A.kernel()

Vector space of degree 4 and dimension 2 over Rational Field
Basis matrix:

[ 1 e -1 1]
f @ 1 -4/5 3/5]

K.dimension()

IF=

2

A.eigenvalues()
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[1 &6 2 -1} -

[e 1 -3 2]

6 & 8 0]

[ 8 8 6]

K = A_kernel{)
K

Vector space of degree 4 and dimension 2 over Rational Field
Basis matrix:

[ 1 a -1 1]
[ e 1 -4/5 3/53]

K.dimension()
2

A.eigenvalues()

evahiaie

B = A.change ring(RDF)
B.eigenvalues()

p JMOL for 3D graphics
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[1 6 2 -1] ~

[6 I -3 2}

[ 6 6 o]

[ & & a]

K = A_kernel()
K

Vector space of degree 4 and dimension 2 over Rational Field
Basis matrix:

[ 1 g -1 1]

[ e 1 -4/5 3/5]

K.dimension()
2

A.eigenvalues()

(6, 6, 8.268712152522686087, 4.7912878474779287]

B = A.change ring(RDF) =
B.eigenvalues()

levaluais

P JMOL for 3D graphics
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Vector space of degree 4 and dimension 2 over Rational Field
Basis matrix:

1 1 e . 1]
[ e 1 -4f5 3/5]

K.dimension()

2

A.eigenvalues()

[6, 8, 6.288712152522686887,

4.7912878474779287]
B = A.change ring(RDF)

B.eigenvalues()
levalnaie

p JMOL for 3D graphics

var("x y"')

Plﬂt3dixhz+3*?A2- {Kr '2, 2]‘. ':Y: '2, 2]:'
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Basis matrix:
[ 1 e -1 1]
[ g 1 -4/5 3/5]

K.dimension()

2

A.eigenvalues()

[6, 6, 6.288712152522086687, 4.79128784747792687]

' B = A.change ring(RDF)
' B.eigenvalues()

levaluate

p JMOL for 3D graphics

var("x y")
plot3d(x"2+:3*y"2. (x. -2, 2). (y. -2. 2})
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Basis matrix: -

[ 1 g -1 1]
[ @& 1 -4/5 3/5]

K.diﬁensiun{]

2

A.eigenvalues()

[é, e, 8.20871215252268687, 4.7912878474779287]

B = A.change ring(RDF)
B.eigenvalues()

[4.79128784748, E.ZEBTIZiSZEEB, -1.53876545589%e-15, -4.183434408413e-15]

&
p JMOL for 3D graphics
var("x y')
plnt3d{x“2+3*y“2! {x ¥ _21 2] ] {yl _2: 2} }
|levaluate
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A.eigenvalues()

[8, 8, ©.28871215252268867, 4.79128784747792087]

B.eigenvalues/()
[4.79128784748, 06.268712152522, -1.5387654558%9e-15, -4.18343440413e-15]

p JMOL for 3D graphics

a7

Mar('x y")
plot3d(x"~2+3*y"2, (x, -2, 2), (y. -2. 2))

levaluate
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A.eigenvalues()

[6, @, 8.28871215252268867, 4.7912878474779287]

B = A.change ring(RDF)
B.eigenvalues()

[4.79128784748, ©.268712152522, -1.5387654558%e-15, -4.183434408413e-15]

P JMOL for 3D graphics

var({'x y')
Plﬁt3d{xhz"3*?‘n2- {xr —2, 2]- {yJ _Zr 2]]
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B.eigenvalues()

[4.79128784748, ©.208712152522, -1.5387654558%e-15, -4.183434408413e-15]

P JMOL for 3D graphics

var{'x y*)
plot3d(x~2+3*y"2, (x, -2, 2). (y. -2. 2))

ey
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grap

var{'x y')
plut3d{xﬂz+3*yhzr {xl '2, 2]r {5": '2, 2]]
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p JMOL for 3D graphics
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var{'x y')
plntad{xﬁz+3ty"2r {xr —2, 2]r tyl _21 2]]
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.var['x y') _ — -
plot3d(x~2+3*y"2, (x, -2, 2), (y. -2, 2))
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.var{'x ¥*)
plot3d(x~2+3*y"2, (x, -2, 2), (y. -2, 2))
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var{"x y")
plot3d(x*2s3*y"2, (x, -2, 2). (y. -2, 2))
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:-E{

'l.r_ar_'i & o
plot3d(x~2+3*y~2, (x, -2, 2), (y. -2, 2))
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var('x y')
plot3d(x"2+3*y"2, (x, -2, 2), (y. -2, 2))
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plot3d(x"2+3*y"2, (x. -2. 2). {y. -2, 2))
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var(‘'x y z')
T = RDF(golden ratio)

p=2 - (cos{x + T*y) + cos{x - T*y) + cos(y + T*z) + cos(y - T*z) + cos{z - T*x) + cos(z +
T™*x))

r=4~&.77
implicit plot3d(p, (x, -r, r}, (y. -r, r), (z, -r, r), plot points=48).show()
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var('x y z')
T = RDF(golden ratio)
p=2 - (cos{x + T*y) + cos(x - T*y) + cos{(y + T*z) + cos(y - T*z) + cos{(z - T*x) + cos{(z +

T*x))

g =A_F]

implicit plot3d(p, (x, -r, r), (y, -r, r), (z, -r, r), plot points=40).show()
|levaluaie h‘
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var{('x y z")
T = RDF(golden ratio)

p=2 - (cos{x + T*y) + cos(x - T*y) + cos(y + T*z) + cos(y - T*z) + cos{z - T*x) + cos(z +
T*x))
o =A_F]

implltlt_plﬂtB.d[p, {xr ‘rr r]r {_‘fr 'rr r]r

(z, -r, r), plot points=48).show()

a
(K]

Pirsa: 11050014

Page 44/394
shlarh

»

-



$ Applications Places System @ @ LUAIIEG S 4 B 2 do ] TeMaylo edsam [Job &) FBE
Edit View History Bookmarks Tools Heip

v - # |2 ntpyiocaihost:8000/homefadmin/2388/ v| [5g~ : A

j Home - Perimeter Instituie .. 3 | & Adding Spice to YourResea... { =+ v
T = RUE(golaen raclio) R
p=2 - (cos(x + T*y) + cos(x - T®*y) + cos(y + T*z) + cos{y - T*z) + cos(z - T*x) + cos(z +
T*x}))

r=4.77

implicit plot3d(p, (x, -r, r),. (y, -r, r}, (z, -r, r), plot points=48).show()
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T = RUF(goLlaen ratlo)

Pp=2 - (cos{x + T®*y) + cos(x - T®*y) + cos(y + T*z) + cos(y - T*z) + cos(z - T*x) + cos(z +
x))

r=4.77
implicit plot3d(p, (x, -r, r), (y, -r, r}, (z, -r, r), plot points=48).show()
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Ip = 2 - (cos{x + T®*y) + cos{x - T®*y) + cos(y + T*z) + cos(y - T*z) + cos(z - T*x) + cos(z +
T*x))
r=4.77
implicit plot3d(p, (x, -r, r), (y., -r, r), (z, -r, r), plot points=48).show()
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[T = RUF(goLaen ratio)
e -

°

(cos{x + T*y) + cos(x - T*y
F*x))

) + cos(y + T*z) + cos(y - T*z) + cos(z - T*x) + cos(z +
= 4.77
implicit plot3d(p.

S

. -F. ). V.. . ¥). 5. -E. 1),

plot points=48).show()
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p = x - (cos(x + T*y) + cos{x - T*y) + cos{y + T*z) + cos(y - T*z) + cos(z - T*x) + cos(z +

r=28
implicit plot3d(p. (x, -r, r), (y. -r, r}), (z, -r, r), plot points=48).show()
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b R and GSL for probability and statistics

sage: data = [1.2, 3.6, 9.8, 5.4, 7.6]
sage: R data = r.c([1.2, 3.6, 9.8, 5.4, 7.6])
sage: R data.parent()

levaluste

sage: R data.summary()

sage: python data = R data.sage()
sage: python data

sage: sigma = 2
sage: T = RealDistribution(’'gaussian’, sigma)

A P

sage: T.get random element()

sage: T.cum distribution function(1)

sage: T.cum distribution function inv(.95) EMath] | |~

— = =5 F>
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b R and GSL for probability and statistics

sage: data = [1.2, 3.6, 9.8, 5.4, 7.6]
sage: R data = r.c([1.2, 3.6, 9.8, 5.4, 7.6])
sage: R data.parent()

|levaluats

sage: R data.summary()

sage: python data = R data.sage({)
sage: python data

sage: sigma = 2
sage: T = RealDistribution('gaussian’, sigma)

sage: T.get random element()

sage: T.cum distribution function(l)

Di 110 Y
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sage: ?.cum_distrihutiun_functinn_inu(.95}
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P R and GSL. for probability and statistics
sage: data = [1.2, 3.6, 9.8, 5.4,17.6]
sage: R data = r.c([1.2, 3.6, 9.8, 5.4, 7.6])
sage: R data.parent() 3
|lexzluate
sage: R data.summary()
sage: python data = R data.sage()
sage: python data
sage: sigma = 2
sage: T = RealDistribution(’'gaussian’, sigma)
sage: T.get random element()
58§ P ¢um distribution function(1) el
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p R and GSL for probability and statistics
sage: data = [1.2, 3.6, 9.8, 5.4, 7.6] i
sage: R data = r.c([1.2, 3.6, 9.8, 5.4, 7.6])
sage: R data.parent()
evaluaic
sage: R data.summary()
sage: python data = R data.sage()
sage: python data
sage: sigma = 2
sage: T = RealDistribution(’gaussian’, sigma)
sage1000get random element() Page 53/394
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var{('x y z') —
T = RDF{golden ratio)
p=2 - (cos{x + T®Y) + cos(x - T*y) + cos{y + T*z) + cos(y - T*z) + cos{z - T*x) + cos(z +
T*x)) I
r=2=8
implicit plet3d(p, (x, -r, r), (y, -r, r), (z, -r, r), plot points=48).show()
Pirsa: 11050014 s - - Page 54/394
jsMath

-



Apmcmms Piaces System.; S I BSs 40 & do (] ueMay1o, 646aM [rob () }:—;}@
Ad‘:lmg‘SplcEmYuur!lesear:ﬁ‘mﬂt Sage -- Sage - Moziila Firefox (==l
Efit View History Bookmarks Tools Heip

v - #& |2 napulocalhost:8000/home/admin/2388/ v 5~ : 2
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Get Image

p R and GSL for probability and statistics

[t
tr

reset(|

bvaliate

sage: data = [1.2, 3.6, 9.8, 5.4, 7.6]
sage: R data = r.c([1.2, 3.6, 9.8, 5.4, 7.6])
sage: R data.parent()

sage: R data.summary()

sage: python data = R data.sage()
sage: python data

sage- sigma = 2
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§ Home - Perimeter Institute ... ¥ | 7 Adding Spice to Your Resea... X =

Get Image

p R and GSL for probability and statistics

reset("'r')

kage: data = [1.2, 3.6, 9.8, 5.4, 7.6]
sage: R data = r.c([1.2, 3.6, 9.8, 5.4, 7.6]) I
sage: R data.parent()

levaluate

sage: R data.summary()

sage: python data = R data.sage()
sage: python data

sage: sigma = 2
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Get Image

P R and GSL for probability and statistics

reset{'r")

sage: data = [1.2, 3.6, 9.8, 5.4, 7.6]
sage: R data = r.c([1.2, 3.6, 9.8, 5.4, 7.6]) I
sage: R data.parent()

R Interpreter

kage: R data.summary()

levaluats

sage: python data = R data.sage()
sage: python data

SERE i0Re@ma = 2 Page 57/394
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Get Image

P R and GSL for probabiliiy and statistics

reset('r*)

sage: data = [1.2, 3.6, 9.8, 5.4, 7.6]
sage: R data = r.c([1.2, 3.6, 9.8, 5.4, 7.6})
sage: R data.parent()

R Interpreter
I e e e T T e e e e 1]
sage: R data.Summary() .

levalnaie

sage: python data = R data.sage()
sage: python data

sage: sigma = 2
sage: T = RealDistribution('gaussian’, sigma)
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P R and GSL for probabiliiy and statistics

reset("'r*)

sage: data = [1.2, 3.6, 9.8, 5.4, 7.6]
sage: R data = r.c([1.2, 3.6, 9.8, 5.4, 7.6])
sage: R data.parent()

R Interpreter

sage: R data.summary() I

Min. 1st Qu. Median Mean 3rd Qu. Max.
1.28 3.08 5.48 5.52 7 .68 9.88

hage: python data = R data.sage()
sage: python data

levahiate

sage: sigma = 2
sage: T = RealDistribution("’ g;u551an , Ssigma)

B
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reset("r*)

sage: data = [1.2, 3.6, 9.8, 5.4, 7.6]
sage: R data = r.c([1.2, 3.6, 9.8, 5.4, 7.6])
sage: R data.parent{)

R Interpreter

sage: R data.summary()

Min. Ist Qu. Median Mean 3rd Qu. Max.
1.28 3.60 5.46 2 7 7.60 g9.86

hage: python data = R data.sage()
sage: python data

levaluate

sage: sigma = 2
sage: T = RealDistribution('gaussian’, sigma)

sage: T.get random element()

S8E8 i 0decum distribution function(1l)
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sage: data = [1.2, 3.6, 9.8, 5.4, 7.6]
sage: R data = r.c([1.2, 3.6, 9.8, 5.4, 7.6])
sage: R data.parent()

R Interpreter

sage: R data.summary()

Min. Ist Qu. Median Mean 3rd Qu. Max.
1.26 3.60 5.48 5.52 7.608 3.808

sage: python data = R data.sage()
sage: python data

levahiate

sage: sigma = 2
sage: T = RealDis

_ﬂx.zxf

ribution('gaussian’, sigma)

 sage: T.get random_element()

sage: T.cum distribution functiom(1)

sage 1090 gum distribution functiom inv(.95)
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sage: data = [1.2, 3.6, 9.8, 5.4, 7.6]
sage: R data = r.c([1.2, 3.6, 9.8, 5.4, 7.6}])
sage: R data.parent()

R Interpreter

sage: R data.summary()

Min. 1st Qu. Median Mean 3rd Qu. Max.
1.26 3.66 5.40 5.52 7.608 9.80

sage: python data = R data.sage()
sage: python data

1.2, 3.c666666600606061, 9.8000666066666667, 5.4066066606060604,
7 .5999999999999996 ]

sage: sigma = 2
sage: T = RealDistribution( ' 'gaussian’, sigma)

levalnats

sage: T.get random element()

sage: T.cum distribution function(l)
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sage: R data.summary()

Min. Ist Qu. Median Mean 3rd Qu. Max.
1.26 3.60 5.48 5.52 7.60 9.86

sage: python data = R data.sage()
sage: python data

7 .599999999999999¢6 ]

[1.2, 3.666606606060000081, 9.88606060060606687, 5.4006060060000004,

sage: sigma = 2
sage: T = RealDistribution(’'gaussian’, sigma)

levaliate

sage: T.get random element()

sage: T.cum distribution function(l)
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v £ 4 |2 ntpslocalhost:8000/home/admin/2388/ v | v - 3,
[m—mwsﬁiiﬂ:mu ""’ﬁddmgﬁpmetn\hun‘-hsea. K = v
1.26 3.608 5.48 5. 527 7.68 g_86 =

sage: python data = R data.sage()
sage: python data

(1.2, 3.606c0cccee00e601, 9.80006600060666067, 5.4000060060000004, b
7.5999999999999996 ]

sage: sigma = 2
sage: T = RealDistribution(‘gaussian’, sigma)

levalnate

sage: T.get random element()

sage: T.cum distribution functiomn(1)

sage: T.cum distribution function inv(.95)

3.1 Other Packages

P Singular - commutative and non-commutative algebra, algebraic geomeiry, and singularity theory
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IHume-FEnﬂnhalnhhlEm_}(! ¥2 Adding Spice to Your Resea... x_i=%
sage: pythun - data

(1.2, 3.68800066000000001, 9.86060000000606687, 5.4000060600000004,
7 .5999999999999996 ]

sage: sigma = 2| -
sage: T = RealDistribution('gaussian’', sigma)

e

levahiais

sage: T.get random element()

sage: T.cum distribution function(l)

sage: T.cum distribution functiom inv(.95)

3.1 Other Packages
p Singular - commutative and non-commutiative algebra, algebraic geomeitry, and singularity theory

P Symmeirica - represeniation theory
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sage: pythun - data

[1.2, 3.c6866066600000001, 9.80006000606666687, 5.4066060600000004,
7 .5999999999999996 ]

sage: sigma = 2
sage: T = RealDistribution('gaussian’', sigma)

sage: T.get random element()

levalnate

sage: T.cum distribution functiom(1l)

sage: T.cum distribution functiom inv(.95)

3.1 Other Packages
p Singular - commutative and non-commuiative algebra, algebraic geomeiry, and singularity theory

P Symmeirica - representation theory

p SEPV.09timization, numerical integration, Fourier transforms, signal processing, ODE solvers
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sage: pythun - data

[1.2, 3.6860660600006061, 9.8666606000060667, 5.48606060600000004,
7 .5999999999999996 ]

sage: sigma = 2

sage: T = RealDistribution(’'gaussian’, sigma)
sage: T.get random element() I

-8.6311163416892

sage: T.cum distribution function(1)

levalnaie

sage: T.cum distribution function inv(.95)

3.1 Other Packages
p Singular - commutative and non-commuiative algebra, algebraic geomeiry, and singularity theory
P Symmeirica - represeniation theory

Pirsa: 11050014 Page 67/394
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sage: pythun data

[1.2, 3.c8806680000066061, 9.806060606006866687, 5.4066060600000004,
7 .5999999999999996 ]

sage: sigma = 2
sage: T = RealDistribution(’gaussian’, sigma)

sage: T.get random element()

-8.631116341892

sage: T.cum distribution function(l)

d.691462461274

sage: T.cum distribution function inv(.95)

levahiats

3.1 Other Packages
p Singular - commutative and non-commutative algebra, algebraic geometry, and singularity theory
P Symmeirica - represeniation theory

Pirsa: 11050014 Page 68/394
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sage: T.cum dlstrlhutlun _ function inv(.95)

3.2897672539

3.1 Other Packages

p Singular - commutative and non-commuiative algebra, algebraic geomeiry, and singulariiy theory

P Symmeirica - represeniation theory

P SciPy - optimization, numerical integration, Fourier iransforms, signal processing, ODE solvers

P 80 others.. number theory, finite fields, number fields, cryptography

3.2 The Glue B
p Python is the development language

p Python is the user language

p There is no such thing as a kernel

P Any Python package may be simply isgert’ed

fimport scipy
SEARY, Y5 51on. version Page 69/394
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sage: T.get random element()

-8.631116341692

sage: T.cum distribution function(1)

68.691462461274 E}

sage: T.cum distribution function inv(.935)

3.2897672539

3.1 Other Packages

p Singular - commuiative and non-commutative algebra, algebraic geomeiry, and sinqularity theory
P Symmeirica - represeniation theory

P SciPy - optimization, numerical integration, Fourier iransforms, signal processing, ODE solvers

P 80 others...number theory, finite fields, number fields, cryptography

3.2 The Glue

p Python is the development lanquage

Pirsa: 11050014 Page 70/394
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3.1 Other Packages

P Singular - commuiative and non-commutative algebra, algebraic geomeiry, and singularity theory

P Symmeirica - represeniation theory

P SciPy - optimization, numerical integration, Fourier iransforms, signal%rucessmg, ODE solvers

P 80 others...number theory, finite fields, number fields, cryptography

3.2 The Glue

p Python is the development lanquage

p Python is the user language

p There is no such thing as a kernel

P Any Python package may be simply isport’ed

import scipy
scipy.version.version

|evaluate
Pirsa: 11050014 Page 71/394
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P 80 others.. number theory, finite fields, number fields, cryptography
3.2 The Glue

p Python is the development language

p Python is the user language
p There is no such thing as a kernel

P Any Python package may be simply isport’ed

fimpart scipy

levaluaie

e e e

1 History and Development

p Started in 2005 by William Siein (U of Washington), as reaction to proprietary systems

jsMarh -
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3.2 The Glue

p Python is the development language

p Python is the user language
p There is no such thing as a kernel

P Any Python package may be simply ispert’ed

import scipy
scipy.version.version I

|levahiaie

scipy.finfo('floatl28").tiny

4 History and Development
p Started in 2005 by William Stein (U of Washington), as reaction to proprietary systems
P 95 packages; 500,000 lines of new code
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3.2 The Glue

p Python is the development language
p Python is the user language

p There is no such thing as a kernel

P Any Python package may be simply ispert'ed

i 0y | L LDV
scipy.version.version

evaliaie

scipy.finfo('floatl28").tiny

4 History and Development
p Started in 2005 by William Stein (U of Washington), as reaction to proprietary systems

P 95 packages; 500,000 lines of new code

P %OHS National Science Foundation, Google, Microsoft, US Department of Defense, ANR, CNRS, ElEﬂdEFg]gjéC74/394
msHEitions, and others e | [+
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p Python is the development language
p Python is the user language

p There is no such thing as a kernel

P Any Python package may be simply ispert’ed

import scipy
scipyIversion.version|

levabiaie

_faj___g;f]_h_ggivi___rl_:fgt ‘floatl28') .tiny

4 History and Development
p Started in 2005 by William Stein (U of Washington), as reaction to proprietary systems

P 95 packages; 500,000 lines of new code

irsa: 11050014
ms&hn:mns, and others

p Funding: US National Science Foundation, Google, Microsoft, US Department of Defense, ANR, CNRS, aﬂa{i&%iecﬁlgw
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3.2 The Glue

p Python is the development language
p Python is the user language
p There is no such thing as a kernel

P Any Python package may be simply isport’'ed

scipy.finfo(’floatl28’).tiny

1 History and Development
p Started in 2005 by William Stein (U of Washington), as reaction to proprieiary systems
P 95 packages; 500,000 lines of new code

4 lmdmgo US National Science Foundation, Google, Microsoft, US Department of Defense, ANR, CNRS, academic
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3.2 The Glue

p Python is the development langquage

p Python is the user language

p There is no such thing as a kernel

P Any Python package may be simply ispert’ed

fimport scipy
F_g;;__i_pi .version.version

evalnaie

scipy.finfo(' float128’).tiny

1 History and Development
P Started in 2005 by William Stein (U of Washington), as reaction to proprietary systems
P 95 packages; 500,000 lines of new code

P m:\d]ms:[) US National Science Foundation, Google, Microsoft, US Depariment of Defense, ANR, CNRS, academic
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3.2 The Glue
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p Python is the development language
p Python is the user language
p There is no such thing as a kernel

P Any Python package may be simply ispert’ed

impart sc;p}g

‘e.8.0°

scipy.finfo( floatl28").tiny
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1 History and Development
P Started in 2005 by William Stein (U of Washingion), as reaction to proprietary systems
P 95 packages; 500,000 lines of new code

P Famngdings1JS National Science Foundation, Google, Microsoft, US Department of Defense, ANR, CNRS, acadesqics/sos
nstitutions, and others =Math|
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3.2 The Glue

p Python is the development language
P Python is the user language

p There is no such thing as a kernel

P Any Python package may be simply ispert’'ed

J Home - Perimeter Instituie ... X = Adding Spice to Your Resea...
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.
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import scipy

'8.8.6°

scipy. BT ( ¥1oat128") . tiny

levaluate

1 History and Development

P 95 packages; 500,000 lines of new code

nstitutions, and others

p Siarted in 2005 by William Stein (U of Washingion), as reaction to proprietary systems

P FamndingolJS National Science Foundation, Google, Microsoft, US Department of Defense, ANR. CNRS, acadesic o/04
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p Python is the development language

p Python is the user language
p There is no such thing as a kernel

P Any Python package may be simply isport’'ed

levalnats

1 History and Development
p Started in 2005 by William Siein (U of Washington), as reaction to proprieiary systems
P 95 packages; 500,000 lines of new code

P Famngding1JS National Science Foundation, Google, Microsoft, US Department of Defense, ANR, CNRS, academjiGosos

Institutions, and others BMat] | [
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3.2 The Glue 2

p Python is the development language
p Python is the user language
p There is no such thing as a kernel

P Any Python package may be simply ispert’ed

import scipy

‘8.8.6°

scipy.finfo("floatl28") .50

na‘rg iju aie

4 History and Development
p Started in 2005 by William Stein (U of Washingion), as reaction to proprietary sysiems

P 95 packages; 500,000 lines of new code

itutions, and others el
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p Python is the development language
p Python is the user language
p There is no such thing as a kernel

P Any Python package may be simply isport’ed

scipy.version.version
‘6.8.08°'

3.3621631431126935863e-4932 :}

1 History and Development
p Started in 2005 by William Siein (U of Washington), as reaction to proprietary systems
P 95 packages; 500,000 lines of new code

p Funding: US National Science Foundation, Google, Microsoft, US Deparimeni of Defense, ANR, CNRS, academic
nstitutions, and others

Pirsa: 11050014
=hiarh -

E 273 developers, about 50 coniribute to anv one release " -
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4 History and Development
p Started in 2005 by William Stein (U of Washington), as reaction to proprieiary systems
P 95 packages; 500,000 lines of new code

p Funding: US National Science Foundation, Google, Microsoft, US Depariment of Defense, ANR, CNRS, academic
nstitutions, and others

P 273 developers, about 50 coniribute to any one release

P Regular releases, very stable intermediate releases

p Every change is peer-reviewed, a single “release manager” N

p Linux, OSX; Windows port in-progress

p Trivial io build from source, minimal prerequisites

P sage-devel, sage-support Google groups: 3000 members, 1500 messages/month
P 31 Sage Days Workshops, 3 Sage Educational Days

P Sage Noiebook, a Digital Blackboard

[ W#Q Mﬁe' Iﬂcal Or remote server Page 83/394
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4 History and Development
p Siarted in 2005 by William Stein (U of Washingion), as reaction to proprietary systems
P 95 packages; 500,000 lines of new code

p Funding: US National Science Foundation, Google, Microsoft, US Depariment of Defense, ANR, CNRS, academic
nstitutions, and others

P 273 developers, about 50 coniribuie to any one release

P Begular releases, very stable intermediate releases

p Every change is peer-reviewed, a single “release manager”

p Linux, OSX; Windows port in-progress

p Trivial to build from source, minimal prerequisites

P sage-devel, sage-support Google groups: 3000 members, 1500 messages/month
P 31 Sage Days Workshops, 3 Sage Educational Days

P Sage Noiebook, a Digital Blackboard

P Webh injerface, local or remote server
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B

Started in 2005 by William Stein (U of Washingion), as reaction to proprietary systems

P 95 packages; 500,000 lines of new code

p Funding: US National Science Foundation, Google, Microsoft, US Department of Defense, ANR, CNRS, academic
nstitutions, and others

P 273 developers, about 50 coniribute to any one release

p Regular releases, very stable intermediate releases

p Evervy change is peer-reviewed, a single “release manager” b
p Linux, OSX; Windows port in-progress

p Trivial to build from source, minimal prerequisites

P sage-devel, sage-support Google groups: 3000 members, 1500 messages/month

P 31 Sage Days Workshops, 3 Sage Educational Days

P Sage Noiebook, a Digital Blackboard

P Web interface, local or remote server

p Every copy of Sage contains a server

lzirsa: 11050014 Page 85/394
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p Funding: US National Science Foundation, Google, Microsofi, US Depariment of Defense, ANR, CNRS, academic
nstitutions, and others

P 273 developers, about 50 coniribute to any one release

P Regular releases, very stable intermediate releases

p Every change is peer-reviewed, a single “release manager”

p Linux, OSX; Windows port in-progress

p Trivial to build from source, minimal prerequisites

P sage-devel, sage-support Google groups: 3000 members, 1500 messages/month
P 31 Sage Days Workshops, 3 Sage Educational Days

P Sage Notebook, a Digital Blackboard

P Web interface, local or remote server

p Every copy of Sage coniains a server

p Worksheet management

P Calingosgoascompletion, help, source Page 86/394
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P 273 developers, about 50 confribuie to any one release

P Regular releases, very stable intermediate releases

p Every change is peer-reviewed, a single “release manager”

p Linux, OSX; Windows port in-progress R
P Trivial to build from source, minimal prerequisites

P sage-devel, sage-support Google groups: 3000 members, 1500 messages/month

P 31 Sage Days Workshops, 3 Sage Educational Days

P Sage Noitebook, a Digital Blackboard

p Web interface, local or remote server
p Every copy of Sage contains a server
P Worksheet management

p Online tab-completion, help, source

»] ¢

2, 11,

A = matrix(0QQ,[[ 3 a,
1. K. 6],

Pirsa: 11050014
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p Regular releases, very stable intermediate releases

p Every change is peer-reviewed, a single “release manager”

p Linux, OSX; Windows port in-progress

p Trivial to build from source, minimal prerequisites

P sage-devel, sage-support Google groups: 3000 members, 1500 messages/month

P 31 Sage Days Workshops, 3 Sage Educational Days

P Sage Noiebook, a Digital Blackboard

P Web interface, local or remote server

p Every copy of Sage coniains a server

p Worksheet management

p Online tab-completion, help, source

B = matrix(QQ,[[ 3, 2, 8, 1],
t2, 1,1, 6],
[ lr _1r 5: _3]r
£_2r _3r Sr
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p Linux, OSX; Windows port in-progress

p Trivial to build from source, minimal prerequisites e
P sage-devel, sage-support Google groups: 3000 members, 1500 messages/month

P 31 Sage Days Workshops, 3 Sage Educational Days

P Sage Noiebook, a Digital Blackboard

P Web interface, local or remote server
p Every copy of Sage contains a server
P Worksheet management

p Online tab-compietion, help, source

A = matrix(QQ.[[ 3. 2, 8, 11,
{2, 1,1, 6],
EE -1, 5. 3.
[-2. -3. 5, -4}]])
levalhiate
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p Trivial to build from source, minimal prerequisites :
P sage-devel, sage-support Google groups: 3000 members, 1500 messages/month s
P 31 Sage Days Workshops, 3 Sage Educational Days

p Sage Noiebook, a Digital Blackboard

P Web interface, local or remote server

p Every copy of Sage coniains a server

p Worksheet management

P Online tab-completion. help, source

A = matrix(QQ.[[ 3. 2, 6, 1],

P . E.E- W)
I 1 o 1 » 5 B 3] ]
4. % 5. -43])
|levaluate
p Tab-completion for methods
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P Sage Notebook, a Digital Blackboard

F Web interface, local or remote server D
p Every copy of Sage coniains a server

p Worksheet management

p Online tab-completion, help, source

A = matrix(QQ.,[[ 3., 2, 6, 1],
E. 67,
= -3,
3. -411)

evaluaie

P Tab-completion for methods
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File: /sage/abstract/devel/sage/sage/matmy/matnix2 pyx
Type: <type "builtin_function or method >
Definition: A jordan form{base nng=None, sparse—false, subdivide=True, ransformation=False)
Docstring:
Compute the Jordan normal form of this square matrix A. if it exists.

This computation is performed in a naive way using the ranks of powers of A — xI, where X is an eigenvalue of the matrix
A If desired, a transformation matrix P can be retured, which is such that the Jordan canonical form is given by P~ 1AP.

INPUT:
e hase ring - Ring in which to compute the Jordan form.
Page 114/394
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Definition: A jordan form(base nng=None, sparse=Faise, subdivide=True, ransiormation=False)
Docstring:
Compute the Jordan normal form of this sguare mafrix A, if it exists.

This computation is performed in a naive way using the ranks of powers of A — xI, where X is an eigenvalue of the matnix
A i desired, a ransformation matrix P can be retured. which is such that the Jordan canonical form is given by P ~1AP.

INPUT:
= base ring - Ring in which to compute the Jordan form.
e sparse - (defauli False) If sparse=True, refm a sparse mairx.
e subdivide - (default True) If subdivide=True, the subdivisions for the Jordan bilocks in the mainx are shown.
e transformation - (default False) If transformation=True, COMputes also the ransiomMmaiion Mairx.
NOTES:

Currently, the Jordan normal form is not computed over inexact nngs in any but the tnvial cases when the mainx is either
O0x0orl x1l.

in the case of exact nngs, this method does not compute any generalized form of the Jordan normnal form, but is only able
0 compuie the result if the charactensitic polynomial of the mainx spiits over the specific base nng.

EXAMPLES:
sage: 3 —mairix{ZZ7 4. 11, 8, 6. 6, 8. 1. 6. 9. L. \
-¥_ E, & 3. -E. 1. AT" E
Pirsa: 1105091451I g al Page 115/394
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Compute the Jordan normal form of this square maitrix A. if it exists.

This computaiion is performed in a naive way using the ranks of powers of A — xI, where X is an eigenvalue of the matrix
A_ if desired. a transfonmation matrix P can be retumed. which is such that the Jordan canonical formis given by P~ 1AP.

INPUT: N

‘ e base ring - Ring in which to compuie the Jordan form.

e sparse - (default False) If sparse=True, refum a sparse mafnx.
s subdivide - (default True) If subdivide—True, the subdivisions for the Jordan blocks in the matnx are shown.
e transforsation - (defaull False) If transformation—True, COMpules aiso the ransformation matr

NOTES:

Currently, the Jordan normal form is not computed over inexact ings in any but the tiwvial cases when the matnx is either
O0x0orl x1.

In the case of exact rings, this method does not compuie any generalized form of the Jordan normal form, but is only able
0 compute the result if the charactenstic polynomial of the matrnx splits over the specific base nng.

EXAMPLES:

sage- =mairex{ZZ 4.1, 6. 0, 68, 8. 1. 8. 8. E, \

3. I, & ¥, ¥ ¥ A): a

[1 & & al
8 1 & al
1-1 1 al

[1-1 & 27

Pirsa: 11060084 = jordan Tormi) Page 116/394
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Compute the Jordan normal form of this square mairix A. if it exisis.

r This computation is performed in a naive way using the ranks of powers of A — xI, where X is an eigenvalue of the matrix

INPUT: N
® base ring - Ring in which to compuie the Jordan form.
e sparse - (default False) If sparse=True, refum a sparse mainx.
s subdivide - (default True) If subdivide—True, the subdivisions for the Jordan blocks in the mainx are shown.
L]

transforsatzon - (defaull False) If transforsation—True, coOmputes also the ransfiomaiion matrm
NOTES:

Cumrently, the Jordan normal form is not computed over inexact nngs in any but the nwial cases when the mafrnix is either
: O0x0orl x1.

In the case of exact rings, this method does not compute any generalized form of the Jordan normal form, but is only able
0 compute the result if the charactenstic polynomial of the mafrix splits over the specific base nng.

EXAMPLES:

sage: & = matrix{Z7 4. [1. & 6. @ 6. L. & 8, I. \
-¥, L& L -1, 1, 21); &

[ a g al

i 1 a8 a]

-1 I af

-1 1 2]

[ I

il {iiﬂi

A if desired, a ransformation matrix P can be retumed. which is such that the Jordan canonical form is given by P~ 1AP.

Pirsa: 110599:4 z mrﬂran iorm() Page 117/394
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| Compute the Jordan normal form of this square mairix A. if it exists.

This computation is performed in a naive way using the ranks of powers of A — xI, where X is an eigenvaiue of the matrix
A_ ifdesired. a ransformation matrix P can be reumed. which is such that the Jordan canonical form is given by P~ 1AP.

[
' INPUT: N

® base ring - Ring in which to compuie the Jordan form.

e sparse - (default False) If sparse=True, retum a sparse matrix.

s subdivide - (default True) if subdivide—True, the subdivisions for the Jordan blocks in the matnx are shown.
e transformaizon - (defaull False) If transforsation—True, COMputes also the ransformation matm

NOTES:

Currently, the Jordan normal form is not computed over inexact nngs in any but the tivial cases when the mafnx is either
O0x0orl x1.

In the case of exact rings, this method does not compute any generalized form of the Jordan normal form, but is oniy able
0 compute the result if the charactenstic polynomial of the mafrix splits over the specific base ning.

EXAMPLES:

sage: a =mairix(ZZ 4. 11. 0, 6. 6. 6. I. 6. O, I. Y

=¥, L& I, -1, 1. 21);: a

f 4]

al

al :I

E 3

Pirsa: 11cz-39qe4 a.jordan form{) Page 118/394
[2]a ojal jsMath

[

=~ @0

bl el
|u =t et




- - 'Adding Spice to Your Rese:
Efit View Hisiory Bookmarks Tools Help

v #& |2 ntipitocaihost:8000/Mome/admin/2388/ v| [5g~ X
§ Home - Perimeter Institute ... )¢ 7 Adding Spice to Your Reses... X 2 Active Worksheets —-Sage X = -

Compute the Jordan normal form of this sguare mafrix A. if it exists.

This computation is performed in a naive way using the ranks of powers of A — xI, where X is an eigenvalue of the matrix
A if desired, a ransformation matrix P can be retumed. which is such that the Jordan canonical form is given by P~ 1AP .

INPUT: N

base ring - Ring in which to compuie the Jordan form.

sparse - (default False) If sparse=True, refum a sparse matrx.

subdivide - (default True) If subdivide=True, the subdivisions for the Jordan blocks in the mafrix are shown.
transformation - (default False) f transforsation—True, cOmMputes also the ransiormMmation malm

NOTES:

Currently, the Jordan nommal form is not computed over inexact rings in any but the tnvial cases when the mafnx is either
O0x0orl x1.

In the case of exact nings, this method does not compute any generalized form of the Jordan normal form, but is only able
0 compute the resuit if the charactensitic polynomial of the matrx splits over the specific base nng.

EXAMPLES:
sage- #=mairix{ZZ 4. [1. 6. 8, 6. 6, 1. 8. 6. I.\
I, L. & 1, -1 1. 21);: a
1 & a al
I8 1 &8 8]
[1-1 1 o]
1 - 1 3
Pirsa: 11060084 = jardan Torm() Page 119/394
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Compute the Jordan normal form of this sguare mairix A, if it exists.

This computation is performed in a naive way using the ranks of powers of A — xI, where X is an eigenvalue of the matrix
A i desired. a transfonmation matrix P can be reumed. which is such that the Jordan canonical formis given by P~ 1AP.

INPUT: E}
e base ring - Ring in which to compute the Jordan form.
e sparse - (default False) If sparse=True, retum a sparse matrnx.

s subdivide - (defauit True) If subdivide—True, the subdivisions for the Jordan bilocks in the mainx are shown.
e transformatzon - (default False) If transforsation=True, cOMputes aiso the ransformation matrx.

NOTES:

Currently, the Jordan nommal form is not computed over inexact nngs in any but the vial cases when the mainx is either
O0x0orl x1.

In the case of exact nngs, this method does not compute any generalized form of the Jordan normal form, but is only able
0 compute the resuit if the charactensiic polynomial of the maftrx splits over the specific base nng.

EXAMPLES:

=matrix{ZZ_ & 11. 6. 8, 6. 8. I, 6. 6, F. \
T

S T

I

L A e ]

Pirsa: 110500%4 =
f2le ajal

2]

jordan_form{)
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Compute the Jordan normal form of this square matrix A. if it exists.

This computation is performed in a naive way using the ranks of powers of A — xJ, where X is an eigenvalue of the matrix
‘ A ifdesired. a ransformation matrix P can be remmed. which is such that the Jordan canonical formis given by P~ 1AP.

INPUT: B

e base ring - Ring in which to compuie the Jordan form.

® sparse - (default False) If sparse=True, refum a sparse mafnx.

s subdivide - (default True) If subdivide—True, the subdivisions for the Jordan blocks in the matnx are shown.
e transforsation - (default False) If trensforsation—True, COMpuies aiso the Tansiomation matme

NOTES:

Curmrently, the Jordan normal form is not computed over inexact rings in any but the tivial cases when the mainx is either
O0x0orl x1.

In the case of exact nngs, this method does not compuie any generalized form of the Jordan normal form, but is oniy able
0 compute the result if the charactenstic polynomial of the matrnx splits over the specific base nng.

EXAMPLES:

sage- =—matrix{ZZ 4.f1. 8, 6, 6. 8, I, 8, 8. I, \
e

,
[

[ ]

iZle ajel

Pirsa: 11060084 = jordan Torm() Page 121/394
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Compute the Jordan normal form of this square mairix A. if it exists.

I This computation is performed in a naive way using the ranks of powers of A — xI, where X is an eigenvalue of the matrix

INPUT:

l base ring - Ring in which o compuie the Jordan form.

sparse - (defauit False) If sparse=True, refum a sparse mafrx.

subdivide - (defaull True) If subdivide—True, the subdivisions for the Jordan blocks in the matrx are shown.
transforsstion - (default False) If transforsation=True, COMputes also the ransformation Matrix.

I

NOTES:

Currently, the Jordan nommal form is not computed over inexact nngs in any but the mwnal cases when the matnx is either
O0x0orl x1.

In the case of exact nngs, this method does not compute any generalized form of the Jordan normal form, but is only able
0 compute the resulit if the charactenstic polynomiail of the mafrx splits over the specific base nng.

EXAMPLES:

sage: 2 —matrix(ZZ 4.1, 6. @, 6, €, I, 6. 8, I, \
-3, I, 8. I, -XI. X 2]): a

I1 & & 4l

ie I 8 6]

[1-1 1 6]

1 - T 3

Pirsa: 11050084 a.jordan form()
izla ajal

A if desired, a ransformation matrix P can be retumed. which is such that the Jordan canonical form is given by P~ 1AP.
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Compute the Jordan normal form of this sguare matrix A. if it exists.

This computation is performed in a naive way using the ranks of powers of A — xI, where X is an eigenvalue of the matrix
A_ if desired. a ransformation matrix P can be remed. which is such that the Jordan canonical formis given by P~ 1AP.

INPUT:

[

base ring - Ring in which to compuie the Jordan form.

sparse - (default False) If sparse=True, refum a sparse mafrix.

subdivide - (default True) If subdivide—True, the subdivisions for the Jordan blocks in the matnx are shown.
transforsation - (defauli False) if transforsation=True, cOMpuies also ihe ransiomMmaiion mairm.

NOTES:

Currently, the Jordan normal form is not computed over inexact ings in any but the vial cases when the mainx is either
O0x0orl x1.

In the case of exact nngs, this method does not compute any generalized form of the Jordan normal form, but is oniy able
0 compute the result if the charactenstic polynomial of the matrx splits over the specific base nng.

EXAMPLES:

sage: & = matrix(Z7.4.[1. @, @, 6, @, 1. 6, 6, L. \
3, E 6 X -1 .1, 7]); a

| o]
al
al

2]

[

..
d el (T e
el B -~ |

- e

[z]0 ajel
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Compute the Jordan normal form of this square matrix A. if it exists.

This computation is performed in a naive way using the ranks of powers of A — xI, where X is an eigenvalue of the matrix
A if desired, a ransformation matrix P can be retumed. which is such that the Jordan canonical form is given by P~ 1AP.
INPUT: N

e base ring - Ring in which o compuie the Jordan form.

e sparse - (default False) If sparse=True, retum a sparse matrix.

e subdivide - (default True) If subdivide=True, the subdivisions for the Jordan blocks in the matrx are shown.
e transformatzon - (default False) if transformation=True, cCOmputes also the ransformation matrx.

NOTES:

Currently, the Jordan normal form is not computed over mexact nngs in any but the tnvial cases when the mairix is either
O0x0orl x1.

in the case of exact rings, this method does not compute any generalized form of the Jordan normal form, but is oniy able
0 compute the resuit if the charactenstic polynomial of the matrnx splits over the specific base nng.

EXAMPLES:
sage: a = matrix(Z7 4, [1, i I 8, I, \
-3, L, 8. I -X. % 2): a
[1 & & al
[ea 1 a 4]
[1-1 1 a]
1 -1 1 2
Pirsa; 11050 a. jordan form() Page 124/394
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Compute the Jordan normal form of this square mairix A. if it exists.

This compuiation is performed in a naive way using the ranks of powers of A — xI, where X is an eigenvalue of the matrix
A if desired, a ransformation matrix P can be retumed. which is such that the Jordan canonical form is given by P~ 1AP.

INPUT:
e base ring - Ring in which to compuie the Jordan form.
e sparse - (default False) If sparse=True, retum a sparse matrnx.
s subdivide - (default True) If subdivide—True, the subdivisions for the Jordan blocks in the matnx are shown.
e transformatizon - (defaul False) if transforwation=True, COMpules also the ransformation Matrx.
R NOTES:

Currently, the Jordan normmal form is not computed over inexact nngs in any but the tivial cases when the matnx is either
O0x0orl x1.

\ In the case of exact nings, this method does not compute any generalized form of the Jordan normal form, but is only able
0 compute the resuit if the charactenstic polynomial of the mafrx splits over the specific base nng.

EXAMPLES:

Rl Nk
@@

]
i [

sage- & =mairiz(Z7 2. f1. 6, 8, 6. 8. I, 6. @I, \

3. L. & 1. X 1. AN): a

[ a al

[ 8l

L al

[ 2]
Pirsa: 11050084 = 3nr1:ian fore() Page 125/394
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Compute the Jordan normal form of this square matrix A, if it exists.

This computation is performed in a naive way using the ranks of powers of A — xI, where X is an eigenvalue of the matrix
* A if desired, a ransformation matix P can be retumed. which is such that the Jordan canonical form is given by P~ 1AP.

INPUT:

e base ring - Ring in which to compuie the Jordan form.

® sparse - (default False) If sparse=True, refum a sparse matrix.

s subdivide - (defauit True) if subdrvide—True, the subdivisions for the Jordan blocks in the mainx are shown.
e transforsation - (default False) if transformation—True, cOmpuies aiso the ransiomation matr

NOTES:

Cunenﬂy.me&udmnnnnalfﬂnnismtcunmd over inexact nngs in any but the rivial cases when the matnx is either
O0x0orl x1.

In the case of exact rings, this method does not compuie any generalized form of the Jordan normal form, but is only able
0 compute the result if the charactensitic polynomial of the mairix splits over the specific base nng.

EXAMPLES:
sage: & = matrix(Z7. 4.f1. 6, 6. 8, 8. 1. 6. 8, I. \
-3, k. 6. 1, -1 1 21): a
[ & 8 &l
[a 1 8 6]
[1 -1 1 @
[1-1 1 2]
Pirsa: 1105004 = Jardan Torm!(] Page 126/394
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‘ This computation is performed in a naive way using the ranks of powers of A — xI, where X is an eigenvalue of the matrix
A If desired, a transformation matrix P can be retumed, which is such that the Jordan canonical form is given by P 1AP.

INPUT:

= base ring - Ring in which to compute the Jordan form.
‘ e sparse - (default Faise) if sparse=True, refum a sparse matrix.
e subdivide - (defauit True) if subdivide=True, the subdivisions for the Jordan blocks in the mairnx are shown.
‘ e transformaiion - (default False) If transformstion=True, COMpuies aiso the ransiormaiion Mairm.

NOTES: N

Currently, the Jordan normail form is not compuied over inexact nngs in any but the nvial cases when the mainx is either
Ox0orl x1.

In the case of exact nngs, this method does not compuie any generalized form of the Jordan normal form, but is onfy able
0 compuie the result if the charactensiic polynomial of the mainx splits over the specific base nng.

EXAMPLES:

sage: a = s=irix(Z7.4.[1. 0. 0. 6. @. 1. 6. G, 1. \
. I. & I, -5 X 3A): a

il e I =+

b
=l = D @
@

:
[
I 1 2]
sage: a.jordan form()
[2]e alo]
[
[al1 1jal
Pirsa: 11050084 1 | 2] Page 127/394
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EXAMPLES:

capge- 3 —matrix(ZZ_ 4. [1. 0. @, @, 6, 1. G, 9, 1
-1, 1.8 I, -, ¥, 2] E
1 & a 4
B 1 8 al
g | i | i | 'l
2 —k i ]
I -T ¥ 7
sage: a.jordan Torsd
=t il
LT GOy
[alL 1]al
[aja 1]eal

|

]

]

:j‘!
57

[eje 6|1
sage: &.jordan Tors{subdzvide-Fals=]
[28aad
[0 61 8]
& & a 1]
cage: b = mairix{ZZ, 3. range{S) o
a1 2]
[3 45]
[6 7 8]
sage: b.jordan form
raCanac BOST et - -3 1

Famiimefrror: Some sigenvalue does not exast in Inieger Ring.
sage: b.jordan forw(RealField(13))
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i {alveError: Jordan morwal form mot implesented over inexaci rings.

| if you need the ransiormation mafrnx as well as the Jordan form of se1f, then pass the oplion transformation=True. |
| Pirsa: 11050014 e 2 =T = =h

i sage: » = satrix([[S.4,2.1].[0,1.-1.-1].[-1.-1.3,0]. [1.1.-1.2]]1); =
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sage: T.rank(]
sage: M. rank

We venfy that the bug from trac ticket #6932 is fixed:

sage: M=Mairix{l.1i.[i])
sage: M. jordan form{transforsstion—Trus

,= sage: A — matrix(QQ. [[15. 37/3. -16. -104/3, -29, -7/3 273, -2\ 141 2.9, -1 5 2
I I 15 /3 16 18473 -2\ 773 a /3 -2Jy3 -1l
; [ 2 g ¥ -8 5 3 : g K. al
! I 24 74/3 -4 -208/3 -S8 -Z2373 8 4/3 -s8/3 -2/
| i & -19 3 7 19 8 g g ]
| Pirsa: 11050014 < 8 3 -6 -3 I 8 3 -2 Il
| 96 -206/3 176 B32/3 232 16173 g -16/3 Z32/3 8731
= -1 - - N BN . e -1 - = = il . TN —

1 . o

! sage- W= Meirix{ae(z).[[1.0.1.8.0.e.3].f.8.6,1. 7 1 6F. 3.7, 8.7 7, 5 7). [5.3.3,8.2. 3.3} [1.5,1.6,0.1.0}.[1,.1.1.08.1
sage: J, T = M_jordan form{transforsatzon=True)
sage: J

!: We now go through three 10 X 10 matrices to exhibit cases where there are muitipie blocks of the same size:

i =
i

T 3 | &

O R et
1
|
|
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| Sage :
|

A = matrix{Q [I15. 3773, -16. -1B4/3. -29 213, -2943. -1 [2. 5. -1 7 . 8. 8. 8. -2
1= EFife = T ) 3 P T3 I 2.3 O T =1 |
5 I3 -16 -I04/3 -25 -3 @ 23 -29/3 -1,3l
F g g | - = B A &l sl
2 = -1 -3 -3 0 B 3 -2 o
2 TAS3 - &1 -JB88/3 -58 -2373 3 &f3 -58/3 -2/31
| = 18 3 TT T& % al = - _'l-
| i 19 3 19 3 g 8 6 3]
| - - - - - - - - -~
2 = = -0 — L8 i 3 —i =1
| -96 -296/3 17/a 8323 ZEF T3 g -16/3 J32/3 g8/3]
| I 1 3 jitiNE a 163 232/3 8/31
| = T o T s e [ i =
I [ -4 -2/3 il 163 4 1473 3 -1/3 43 -25531
| | = =
- SEE == Emes aie = s ST e
[ l 20 b3 -9 -199/3 -2 -3 0 133 -55/3 -2/31
| 18 5 -2 -t -3 i 0 £ -15 Bl
| £ a 3 0 3 i g : G 3]
|I _ ol - r — =
| sage: 1, T = A.Jordan Torm{iranstorsaizon=True};: ] E&
{ = 7 i o om oSl o~ oals
] 13 L Wi O T & Tfo
I| ia37ioo0clcoalb
| i3 1] 006jc o aje
| Ffa 8 210 a gl g aglo
| O O JIU O Gy O Ofd
| 3
l 8 aal3z71 ol o aial
{ samle e R = o e
1 B 8 8|8 3 Lj6 & 86
! 6 0cigo 3o ole
¥ W OW N E IS W ED
| ST S T
o &9 S 9 :l 3 2 Ol
I nooloooie3iie
] O O Wa o ol 3 L0
| B o aje o ajlo o 3o
I
|

saq
| sage: T.rank(]
| 18
sage: A = mairix{QQ. [I15. 37/3. -16. -1473, -29, -7/3 273, 1/3. 4473] Z, 9 -1 3]
[ 15 373 -6 -14/3 -9 -7 g 23 /3 4473]
| Pirsa: 11050014 2 g = | g & g 3 : 8 3]
| I 24 7473 -2 -28/3 -58 -23/3 3 4/3 2/3 88/31

We now go through three 10 X 10 mairices to exhibit cases where there are multipie blocks of the same size:
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i cage: T * J*= P*{-I}) — A '
| sage: T.rank
!i 18
; age: A = matrix{QQ. [[15. 37/3. -16. -1I04/3. -29, -7/3. 3/, /3, -29/3,. -1/3L [2. 9. -1 6. 8. 7 2 22, 7a/3. -2p.
! I 3773 16 3 29 73 S Z/3 -29/3 -1/31
i 2 3 -I -6 -6 3 T £ -2 ol
i 24 7473 -25 -2088/3 s3 -14/3 70 4/3 -58/73 -2/3) i
; -5 319 3 21 19 ¢ -7 3 g I
{ F = j | = 3 ) 7T = ¥ a1 l
| £ o —& -0 == n = — i =) |
i -96 -206/3 178 83273 2 &3 -Zm -168/3 23273 8/31 a
! ) = : _' e . W = :2' _: _ * e L = :': |
I 28 26/3 -38 -199/3 42 -14/3 8 13/3 -55/3 -2/3] |
f I8 T -G -54 57 3 63 3 -15 B] i
5 3 3 a 5 3 3 3 8 3l
. sage: J, T = A jordan form{transforsation=True); ] I
31 ele aje ejo afal
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| 24  TFA&)3 -29 268873 -58 -14/3 a 4/3 -SH/3 -Z/3]
| g e = SE S = S = 2 o
| -0 - £33 3 L1 1= J —k E o L2
i ¥ - T = 3 B F i - | 7 al
| - = = D i - - = =i '
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| sage: J. T = A jordan Torm{iransforsasiion=Trus}: ] .
| 31 &l6 ale aje aje
| g 3 1|o ajo ojo ajal

8 @ 3[e ala ala ajal
i =— - & 1| |
1 B sifzl {
] - - —-a "\ ]
5 g 28] S
| . .
| = 3 . .
! 0 ) sial I

A oo alc ala 3o O ".-

| alg ali 3 |
! | EILE g o gL
i 0 aalog glg ata 3t
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{ o oaln ata oln ol
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P Two quesiion marks brings source code
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P Two guestion marks brings source code

A.jordan form??

P Source code display

sgarch.def("jordan’)

Page 133/394
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| Home - Perimeter Institute ... £ - 72 Adding Spice to Your Resea... X B o Active Worksheets —Sage X = -
o @ 8|0 alo o[3 1i6
i. altzasiniesatinie
:. g @ ale aje aje i3l
' sage: T* J*T i) — A
True |
| age rani (]
P Two guestion marks brings source code
A.jordan form?? I
P Source code display
search def('jordan”)
b Low barriers to development
P Revision conirol log (Interrupt to stop serving)
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[@ & ajo aja cfo 3jal |
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sage: T & J* (1) —A& .

: Trus |
sage: T.rank(] =!
T6
ji: !

] |

P Two guestion marks brings source code

| A.jordan form?7?|

evalnate {b

P Source code display

P Low barriers to development

P Bevisioseozonirol log (Interrupt to stop serving) Page 135/394
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P Two gquestion marks brings source code

| A.jordan form??|

evaluaio {t]

Click here i pop out
File: /sage/abstract/devel/sage/sage/matix/matrix2 pyx e

|
! Source Code (stariing at line 5882):
i'

(4]
T

def jordan form{self. bass ring=None. sparse=False, subdivide=True, transformation=:ls

= T - - - S Ta— 5 T+ -
Rl i Bt ol L 5 = = tal = - = wiEl 13 Lar L =

|
|
|
|
|
|
|
|

Pirsa: 11050014 ' — Page 136/394 |
NPT 5_'\-[..1'_.

i [T — "




] TeMayl0, :04AM [lrb @) F3EE
Ia Firefox =]

v - # | & nitpuyfocalhost-8000/home/admin/2388/ v M : %

§ Home - Perimeter Institute ... X = Adding Spice to Your Resea... X & Active Worksheets —Sage X = -

=

b |

| Click here- i pop ol ;.
File: /sage/abstract/devel/sage/sage/malmx/mainix2.pyx w——

Source Code (starting at line 5882):

|
|

>

‘ def jordan form{self, base ring=Mone, sparse=False, subdivide=Trus, transformation=alse]:

| =
‘ 1 r;.._:__ E ErTorEed = IWE wa e _,'_ T pOwers §
- 1 form is qiye P A B !
) = i
| OTES
E Pirsa: 11050014 _ . Page 137/394
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evaluate
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I File: /sage/abstrractllevel/sage/sage/matr/matrixZ pyx
i Source Code (staring at line 5882):
|| def jordan form{sslf. bass ring=Mone, sparse=Fzlss, subdivide=Trus, transiors
'\! - e e g - T & T = ST a T 17 nl |
J
| Th tation Is performe 3 NE1ES wa the i E
| T A-xT fieTre S =31 e aT = ir & ¥ OESITFE
! 1 fore 1S give A
% —
; 2 i T iz 2 -oEnute the Jordan Tors
é arse - efaulit  False arse=I i 3 52
| b vide fa True ¥ Tyide=Trus the
| gz 11 or the z in the T 2
| e . . e
| DUTLES = 3 - i 2 1
! 2nt the ® ¥ I i - - sxact ri
_1 1 i the ifriva es when ifie Eairl =1the fime
| Pirsa: 11050014
| in ithe case of exact rings. this method does noi compurie
1 (11}

ey o

R LS E—

Chck here 1D pop ool |
LEARET |

(1]
(-
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evaluaie

-+, Active Worksheets — Sage

. File:

| Source Code (staring at line 5882):

f i i RS = Sirn =P
| = R £ F = = 1

I|

| PLUT

| e e

|

i

| e

1 -

| Pirsa: 11050014

i3l

def jordan form{szif. bass ring=one. sparse=False. subdivide=iru

e 3

e, transforsation=—alse])

Click here 1D pop out

LN
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5

i File: /sage/abstract/devel/sage/sage/matmdmaitnix2. pyx
| Source Code (stariing at line 5882):

def jordan form{s=lf. base ring=lone. sparse=—zlse. subdivide=Trus. transioresizon=Fzlse)

| = 2 z 2 =ir A°, IF 1 exisis
|

i = = £ P - : . BT

| TNPLIT

|

: ase i " et it

| 3rse =t L False arse=f =i =
i

| - e =fault s | : 1T

| Tpm

| ent th T . i = z exact ri

. I¥3 2z whe i 1ther Times

| ar I \iimes 1

| Pirsa: 11050014

\ e e = . : T

| = | § ~ == ML CUONMU LT

Click here T pog our |

LONIEY I!
|
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| File: /

| Source Code (starting at line 5882):

| | def base

ordan Torm{self

.I

. = ) T
|

1

. .

| i A-xI sre i slgenvalus
i SR ——

|

| g = i

1

1

1 - &

]

; format =Tz E
|

f =

. E
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11050014

rse=ralse,

i
%
|
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al
- |
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|

' File: /sage/abstractdevel/sage/sage/matmx/matrix2 pyx
| Source Code (starting at line 55%2}:

subdivide=irue

| Thi - - 1z marTorm s naive wa o =
i =y T = E S he x
| Fr e Lp s S R

1 - [ i £ A s - i =

1

| o = x T e £ SRS

| 1 a3 =

I - - —
] 3 s = = =
, transfarmat False” ") If ““transf
, = = ira mail tri

i =

| - thm : - ramputs =
| i § : T INE ri ;- CadSeS WiE e Fil 1 S B
| Pirsa: 11050014

) T 1 e - - | - C T L BT o T -

=

Chck here D pop out
§ip.nugia=ng

Page 142/394 |

j=Math



f}ﬁ..pp’ti[aﬁung Places System (§§ C’ F.

=

e Hiit View Hisiory Bookmarks Tools Heip

fadmin/2388/

[ - = #& | Z hntipyocaihost:3000/hom

[ Home - Perimeter Institute ... <

72 Adding Spice to Your Resea... . Active Worksheets - Sage

| File: /sage/absractidevel/sage/sage/maimdmairix2. pyx

. Source Code (staring at line 5882):

I v

I

| LYIge Eia T
i s =

{ = i

| TEETETET 2 e tTrs 5
I = = .
i

| iE

f

i eneraliz i f the

| CONDUTE Ne resdic IT e Chafs
| |Pirsa: 11050014 ~unr +he comerifie hass
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from sage.matrix.comstructor impert block_diagomal matrix
from sage.combinat partition import Partition

if self. ncols{) != seif. nrows()
raise ValusErrar lordan normal fors not isplesented

if met transformaizion:
reform s=if
alse:
returm s=1f, self
elifn — 1:

if met transforsaizon:

) .idemizty matrix()

if (base ring is MNons amd mot self.base ring().is exact
(not base ring is Mons and mot base ring. is exact

raise ValusError Iordan normal forms not implemented
Pirsa: 11050014

if base ring is Mon=:

[

! Active Worksheets —Sage X 2=

jordan_block. diagomal matrix

ar
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P Source code display

search def("jordan")|

I

levalnate

P Low barriers to development

P Revision conirol log (Interrupt to stop serving)

_I:'_I:g_sa?_ge .browse()

P EXTEX integration (use typeset button)

ﬁarﬂx']
= x"3%e™-x
f.integrate(x)

p More EXTEX integration
Page 146/394
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Hm—r'enmaﬂlmﬁmte... ";,_;sagﬁmacﬂdeueﬂsageﬁ..._. .| Active Worksheeis —Sage X =

O AME [
s2ge: G.row row {1
sage: G.row . row(2
Sade 3 wil wiZ
The relaiion beiween su and A is as Tollows

from sage.medules. misc import gram schazdi
from constructor impert matrix

Bsiar. mu = gram schmodi{seli rows

return matrix(Bst=r). mu

Pisadlibsedta form(self, base ring—None. sparse-False. subdivide=True. transforsation-False Page 147/394
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hiip-/locaihost8000/sc/marngmainx 2 pyx)

[Hume—FErimeErimﬂ'ﬂte
from ,_tlnETr“:‘_:-" import mat

SLal U

mpirie ithe Jordan norsal form of this souare mair
This computaizon Is periormed In & naive way usi
f "A-xI", where is an eigenvalue of the mat
a iransformaiion mair: P° can be returmed. whi
THPLT
base ring - fang Iin wvhaich to compute the ]
subdz vz de - (detauit True I suDdIvia
2] :E
urrantl ihe reln res TOrE 7 ot CcoEorie
in any but the trivial cases when the ssirix is
Pirsa: 110 OOt s e e S o e s

Fnd: | def jordan

';'." fsagaabsuactrdeveﬂsage.*s... £

rix
gram schendi{self. rows
x{B
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e me

Highlight all
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639774286024776595392037168877425938683423952086446337763600444731414978\
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A = random matrix(ZZ, 566) =~
d = A.determinant()
d

729835381172567117332987738336635716491681295469509506865202982765116676\
4271689574924468311134955311926778157983153878625362169454353023862886060604\
7668342554905020836838312368327500844014759145976836806599497137782277368855\
77432832757856431950862866962894776569628877961136573223581155681698768488\
7691260683156363148787831815686306477821428151369253783966528568741060248\
223116954848898658861511946412781117747587967947874596415481787388543225\
29187896618338768465771322845686382958543737927/A25431683108916175674661706\
647927896874986998658867493971956381381999945255979502294781327754528362\
76688326578368597444156852483119515299737689776232126416592118552802423497\
7976555247685172272984209542131916888264888688764622367512532448348739975\
92728267916686879865255159571779837486966246646359936117643648239296676715\
316596193764571315232596762360824388257541613396247721286085070613251623718\
68448716734695085636181264968489671593682248473174454358639626663614766962\
8569372141958623551642446131146003878131813782156196984827317708592148847\
63977428602477659539263716887742593868342395208644083377636000444731414978\
542986092621341123168959833549599526875999927822668856667659633796216837289\
20835368728183446011432697249811586641751226397414676360877622063619438263\
1512436666202713628540337626146324634439554584894306427918172056845686337\
48181625649952969367926083827161776459836600682792
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A = random matrix(ZZ, 588)
d = A.determinant()
d

729835381172567117332987738336635716491681295469569506865202982765116676\
4271689574924468311134955311920877815798315387882536216945435306238628866604\
76683425549685026036838312366327560844014759145976386599497137782277386855\
77432083275765643195062866962894776569628877968113657322358115561698768488\
78912666831563631487876318156863064778214281513692537839606528568741060248\
22311695484889868588081511948412781117747587967947874596415481787388543225\
291878986183387684657713228456863829585437379277R54316831689161756746617686\
647927896674980998658867493971958381381999945255979502294781327754526362\
7668832657636859744415652483119515299737689776232126416592118552802423497\
797655524768517227298420954213191688826488888764622367512532448348739975\
9272826791668879865255159571779837486966246646359936117043648239296676715\
31659619376457131523259676236082438825754161339624772128685687613251623718\
68448716734695656361812649684896715930224647317445435860396206636147669062\
85693721419586235518424461311468636781318137621501908984827317768592148847\
6397742860247765953928371688774259386834239526864463377636080444731414978\
5429809262134112316895983354959952675999927062200856687859633796216837289\
28835307281834460811432697249811586641751226397414670360877022063019438263\
15124366682027136285408337626146324034439554584894366427918172085684586337\
4818162564995296936792688382716177645983600002792
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random matrix(ZZ, 588)
A.determinant()

72983538117256711733298773833663571649168129546956895086865202982765116676\
427109574924463111349553119268778157983153878062536216945435362386288606604\
766834255496502003683831236063275608446814759145978300859949713778227738655\
7743283275785643195686286696289477656962887796113657322358115561698768488\
789126866315636314878763181568630647782142815136925378396865285687410606248\
2231169548488986588081511946412781117747587967947874596415481787388543225\
291878966183387084657713228456638295854373792772543168318916175674661766\
64792789687498099865886749397195683813819999452559795822947081327754528362\
7668832657636859744415652483119515299737697762321264165921185528682423497\
797655524768517227298420954213191688826488888764622367512532448348739975\
9272826791688798652551595717796837486966246646359936117643648239296676715\
31659619376457131523259676236024388257541613396247721286685870813251623718\
6844871673469565636181264968489671593622464731744543580396206636147008962\
8569372141958623551604244613114680387813181376215619098482731770592148847\
63977428608247765953920371688774259380834239526864463377636006444731414978\
54298092621341123188959833549599526759999276226085668706596337962108037289\
2088353087281834466811432697249811586641751226397414676368770220630819438283\
1531243666020271262854833762614632408344395545848943064279181726856845686337\
48181625649952969367926083827161776459836600082792
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random matrix(ZZ, 568) =
A.determinant()

g

d
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729835381172567117332987738336635716491681295469569586865202982765116676\
427169574924468311134955311926877815798315368788253621694543536238628866604\
766834255490502083683831236683275608440147591459768388599497137782277386855\
7743283275768564319586286696289477656962887796113657322358115581698768488\
789126663156383148787631815686306477821428151369253783960528568741060248\
2231169548488986588681511946412781117747587967947874596415481787388543225\
291878966183387684657713228458638295854373792772543168318916175674661766\
64792789668749869986588674939719568381381999945255979582294701327754528362\
7668832657636859744415652483119515299737689776232126416592118552802423497\
7976555247685172272984208954213191688826488888764622367512532448348739975\
9272828791608798652551595717798374806966246646359936117643648239296676715\
31659619376457131523259676236824388257541613396247721286685087813251623718\
68448716734695656361812649684896715930224647317445435806396266636147669082\
8569372141958623551642446131146863678131813762156196984827317785921486847\
639774286024776595392837168877425938683423952686448337763680444731414978\
54298092621341123168895983354959952675999927062268088566876859633796216637289\
288353087281834460811432697249811586641751226397414676360877622063619438263\
1512436660820271362854063376261463240834439554584894366427918172856845686337\
4818162564995296936792608382716177645983666082792
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?95834255499592353583831235332?555844514?521459?339359949?13??822??35&55\
7743283275768564319568628669628947765696288779011365732235811556801098768488\
78912066831563631487870318156863064778214281513692537839668528568741000248\
223116954848898685880815119464127811177475879687947874590415481787388543225\
2918789661833876846577132284566382958543737927725431683108916175674861706\
6479278966874986998658867493971956381381999945255979582294781327754528362\
766883265763685974441565248311951529973789776232126416592118552802423497\
7976555247685172272984268954213191688826488868764622367512532448348739975\
9272828791608798652551595717796374806966246646359936117643648239296676715\
31659619376457131523259676236682438825754161339624772128668587013251623718\
6844871673469565636181204968489671593682246473174454358639620663614708982\
656937214195862355104244613114660367813181370215019098482731778592148847\
©6397742860824776595392037168877425938683423952686446337763600444731414978\
542986892621341123188959833549599526759999276226808856687659633796216837289\
288353687281834460611432697249811586641751226397414676360776226636194382083\
1512436660202713828546833762614632463443955458489430642791817265684586337\
481816256499529693679266838271817764598366080082792
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76683425549056266368383123663275668446147591459768300599497137782277368855\
7743283275765643195862866962894776569628877961136573223581155616898768488\
765912066831563631487870318156863064778214281513692537839668528568741060248\
22311695484889806588015119468412781117747587987947874596415481787388543225\
2918789661833870846577132284586382958543737927725431883189161756746861766\
6479278968749869986588674939719563813819999452559795822947081327754528362\
76688326576836859744415685248311951529973789776232126416592118552802423497\
7976555247685172272984208954213191688826488888764622367512532448348739975\
927282687916068798652551595717798374806966246646359936117043648239296676715\
316596193764571315232596762360824388257541613396247721286685687013251623718\
6844871673469568563618120496848967159362246473174454358639620663614766962\
856937214195862355164244613114680387813181376215819698482731776592148847\
63977428602477659539208371688774259386834239520864408337763600444731414978\
542988926213411231688959833549599526759999270822606856687659633796216637289\
2683530728183446081143269724981158664175122639741467036087706226638619438283\
1512436660202713628540337626146324683443955458489430642791817285684586337\
4818162564995296936792608382716177645983660002792

N(log(abs(d). 18), digits=5)
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76683425549656260368383123683275668440147591459708306599497137782277368855\
774328327576564319506286696289477656962887798113657322358115501098708488\
769120663156363148787631815686306477821428151369253783966528568741060248\
2231169548488986588015119464127811177475879879478745968415481787388543225\
2918789661833870684657713228458638295854373792772543168318916175674861700\
64792789668749869986588674939719583813819999452559795822947061327754528362\
7668832657683685974441565248311951529973769776232126416592118552862423497\
797655524768517227298420954213191688826488888764622367512532448348739975\
§27282687916086879865255159571779837486966246646359936117643648239296678715\
3165961937645713152325967623682438825754161339624772128668567013251623718\
68448716734695656361812649684896715936224647317445435863962066301476689062\
856937214195862355168424461311460863687813181370215019698482731778592148847\
6397742868247765953920371688774259386834239520886448337763600444731414978\
54298092621341123168959833549509952687599992762266856687859633796216637289\
208353072818344601143269724981158664175122639741467036677622663619438283\
15124366600262713628540337626146324634439554584894306427918172856845686337\
48181625649952969367926083827161776459836680002792
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7868342554906502063683831236832756684408147591459763686599497137782277368855\
7743203275785643195862866962894776569628877961136573223581155681098768488\
78912086315636314878703181568630647782142815136925378396085285687410606248\
22311695484889865880815119464127811177475879687947874590415481787388543225\
2918789661833876846577132284586382958543737927725431683189161756746617066\
6479278966874986998658867493971958381381999945255979582294701327754528362\
7668832657636859744415652483119515299737689776232126416592118552882423497\
79765552476851722729842689542131916888264888088764622367512532448348739975\
9272828791680879865255159571779837480966246646359936117043648239296676715\
3165961937645713152325967023682438825754161339624772128608507013251623718\
6844871673469565636181204968489671593622464731744543580396206636147008962\
8569372141958623551042446131146803678131813762156196984827317768592148847\
638774286824776595392037168877425938683423952086448337763600444731414978\
542986092621341123168959833549599526759999276226685660786596337962160837289\
20835367281834460611432697249811586641751226397414676360877622663619438283\
151243666026271362854683376261463246834439554584894366427918172656845686337\
4818162564995296936792668382718177645983606802792
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7668342554965626036838312366327566844614759145970836059949713778227736855\
774328327578564319568628669628294776569628877981136573223581155601698768488\
78912066315638314878763181568630664778214281513692537839686528568741060248\
2231169548488986588681511946412781117747587987947874596415481787388543225\
2918789661833870846577132284586382958543737927725431683189161756748617606\
64792789608749869986588674939719563813819999452559795822947081327754528362\
76688326576368597444156524831195152997376897762321264165921185528682423497\
79768555247685172272984208954213191688826488868764622367512532448348739975\
§272820791686879865255159571779637486966246646359936117643648239296676715\
316596193764571315232596706236824388257541613396247721286085087013251623718\
68448716734695685636181264968489671593622464731744543586396266636147669062\
856937214195862355104244613114608638781318137062156196984827317785921486847\
63897742866824776595392037168877425938683423952086448337763606444731414978\
54298092621341123168959833549599526875999927622668566876859633796218837289\
208353872818344661143269724981158664175122639741467636677622663619438283\
15124366602627136285403376260146324834439554584894306427918172685684586337\
48181625649952969367926083827161776459836680002792
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76683425549058206368383123663275608440147591459763665994971377822773686855\
774320832757685643195686286696289477656962887790113657322358115501698768488\
789120663156363148787631815686306477821428151369253783968528568741606248\
223116954848898085880151194684127811177475879687947874590415481787388543225\
291878966183387688465771322845863829585437379277254316831089161756748617086\
647927896874986998658867493971958381381999945255979562294781327754526362\
7668832657636859744415652483119515299737689776232126416592118552802423497\
797655524768517227298428954213191688826488868764622367512532448348739975\
8927282879166679865255159571779637480966246646359936117643648239296676715\
316596193764571315232596762368243882575416133962477212868587013251623718\
68448716734695656361812649684896715936224084731744543586396266636147668962\
8569372141958623551042446131146663678131813762158196984827317768592148847\
63977428608247765953920371688774259386834239520864463377636600444731414978\
542980926213411231689598335495995287599992782268688566687859633796216637289\
26835368728183446011432697249811586641751226397414676360877022663819438283\
15124366602827136285408337626146324634439554584894386427918172656845686337\
48181625649952969367926083827181776459836008002792
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Td + (a + 2)*T™3 + 2*%T"2 + 2%a*T + a + 2

B All-In-One

P Seamlessly move from one area of mathematics to another

G = graphs.CirculantGraph(12, [1, 5])
G.plot()
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A.characteristic polynemial(‘'T")

T4 + (a + 2)*T™3 + 2*T"2 + 2*%a*T + a + 2

B All-In-One

P Seamlessly move from one area of mathematics to another

G = graphs.CirculantGraph(12, [1, 51) I
G.plot()
levaluaie
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G = graphs.CirculantGraph(12, [1, 5])

G.plot()
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G.adjacency matrix() I

levalnaic

G.spectrum()

A = G.automorphism group(); A

A.order()

B Versatile

k Drill down into included libraries

EMath] | -
| pisa:12080024 ... Ppage23B394
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S 7
®)
G.adjacency matrix()
[ 1668616168086 I
[l 186616166 a86]
f61010606616e1l16 a]
(66161666101 a]
[ B6lelaeelae 1] &
[Lesealelileaeslae]
[6 1860868 1861l1laeaae1l]
[1lel1666161866 0]
[61 61666 1e1lae6a]
[6@1a8616a661861l1a]
i 61606160616 1]
[leeel1eleaeala]
G.spectrum()
levahiate

A = G.automorphism group(); A e
__Pi 244394
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f68 1860861010086 1) -
[161806161l1060 0]
[ 161 68686686161e6 0]
f[66186106086061061a8]
[Be6186166610 1]
f1ea68l1a61l1e6e861l1a8]
[6 16661616880 1]
[16168668601a61l190a6 0]
[6 1610066160616 0]
[ 181866861801 a8]
[ 66181086616 1]
[1lee8l1061l10a8881a8]

G.spectrum( )

-

levaluaie

A = G.automorphism group(); A

A.order()

0 Versatile
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i 1898801018868 1] ~
(1610660616108 a]
[ 19610661618 a8]
[ 61610661010}
[Be61616860606106 1]
[1eegaglaealiaeaealal
[6 16066161666 1]
[161 606616l a]
[ 161666616186 80]
[ 1a1a661l181l1a8]
[ 66161066186 1] E}
[Leagealeloeaola]

G.spectrum()

{4| 2- 2: 'Er -Er B, Br Er Ew —2. 'Zr '41

R = G.automorphism group(); A

levaliate

A.order()

B Versatile
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[1061066106100 0]

[6 161686661616 80]

f[6 610186061618}

[6 6616166616 1]

[(16606606101060601 0]

[ 1 00661610606 1]

(1160661616660 8]

[6 16166661616 08]

[6 6168616661061 a0]

[66 616106066616 1]

f16606610l108606010]

G.spectrum()
[4r 2, 2! Er B: E, Er Er Er _2: _21 '4]

R = G.automorphism group(); A

gty

A.order()

0 Versatile
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| [1866866 10610066 1] -
(161666101066 6]
[61 616661616 a8]
fe1616066061l161lae]
[e6 61616661606 1]
[l 6616 leealaea]
[6 1666816168606 1]
[161600616el1ae0o 8]
[6 161606616160 8]
(6106106001 6TIa8a)
(BeGd1I101066610 1]
il 686161660 1l1a]

G.spectrum()

[4| 2! 2; Er B: Er Br Er Er _2I _21 _4]

A = G.automorphism group(); A

Permutation Group with generators [(5,11), (4,16), (3,9), Ei‘
(1,2,3,4,5,12)(6,7,8,9,16,11), (1,5)(2,4)(7,11)(8,18), (1.,7)]

A.aorder()

levaluate

D Versatile eml -
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G.spectrum( )

[4J Zr 2! Er EJ E.r Er Er Er _2: _2r _4]

A = G.automorphism group(); A

Permutation Group with generators [(5,11), (4,18), (3.,9).
(1,2,3,4,5,12)(6,7,8,9,16,11), (1,5)(2,4)(7,11)(8,18), (1,7)]

A.order()
768

0 Versatile

b Drill down into included libraries

b SciPy Python hindings to FORTRAN LAPACK N
p Example by Jason Grout
B = matrix(RDF, [[18,2,3],[3,4,6],[2,8,18]])
evaluais Mt =
h—ae 249/304 >
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0 Versatile
b Drill down into included libraries
P SciPy Python bindings to FORTRAN LAPACK

p Example by Jason Grout

A = matrix(RDE, [[18,2,3],[3.,4,6]1.[2.8,10811)

levaluais l,[_i.j

import scipy

# Break apart combined L and U
rows, cols = lu.shape
U = matrix(RDF, rows,cols)
for 1 in range(rows):
for j in range{(cols):
if i>j:

sharh
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p Example by Jason Grout

A = matrix(RDFE, [[1©,2,3],[3.4,6],[2.8,18]])

T

levaluate £j

# Break apart combined L and U
rows, cols = lu.shape

U = matrix(RDF, rows,cols)
for 1 in range(rows):
for j in range(cols):
if i>j:
LIi,jl=luli,j]
else:
Ui, jl=lufi,jl

# Construct permutation matrix from permutation
P = copy(identity matrix(rows)) 3
; ge 251/394 *
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p Example by Jason Grout

A = matrix(RDE, [[16,2,3],[3.4.6].[2.8,18]])

ﬁnpurt sg;ﬂx

lewaluaie &

# Break apart combined L and U
rows, cols = lu.shape
U = matrix(RDF, rows,cols)
for i in range(rows):
for j in range(cols):
if >j:
LIi,jl=luli,j]
else:
Uli,jl=Llufi,jl

# Construct permutation matrix from permutation
P = copy(identity matrix(rows)) EMath. T~
i e 252/394 ¥
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p Example by Jason Grout

A = matrix(RDE, [[16,2,3],[3.4,6].[2,8,18]])

import scipy
import scipy. :%Eﬁiﬂ

...............

# Break apart combined L and U
rows, cols = lu.shape

L = cnpy(matrlx(RDF rows,cols,1))
U = matrix(RDF, rows,cols)

for 1 in range(rows):
for j in range{cols):
if ixj:
else:
Uli,ji=luli,jl
# Construct permutation matrix from permutation
P = copy(identity matrix(rows))

for i,j in enumerate(piv): J=Math |~
i ge 253/394 >
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import scipy
import scipy.linalg
lu, piv, success = scipy.linalg.flapack.dgetrf(A.rows())

¥ Break apart combined L and U I
rows, cols = lu shape
U = matrix(RDF, ruus culs}
for i in range{rows):
for j in range(caols):
if i>j:
L[i,j1=luli,]j]
else:
Uli,jl=lufi,j]

# Construct permutation matrix from permutation
P = copy(identity matrix(rows))
for 1,j in enumerate(piv):

P.swap rows(i,j)

print "\nP: \n", P

print "\pL: \n", L

print "\nl: \n", U

print "\nVerification: \n". P*A - L*U mMath]
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¥ Break apart combined L and U
rows, cols = lu.shape
U = matrix(RDF, rows,cols)
for 1 in range({rows):
for j in rangef{cols):
it pij:
LIi,jl=luli,]]
else: I
Uli,jl=lufi,j]

# Construct permutation matrix from permutation
P = copy(identity matrix(rows))
for i,j in enumerate(piv):

P.swap rows(i,j)

print "\nP: \n", P
print "\mpL: \n", L
print "\nU: \n", U
print "\nVerification: \n", P*A - L*U

levanais
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[6 1 6]
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i 1.8 8.8 8.a8]
[ 8.2 1.8 8.08]
[ 8.3 6.447368421653 1.6}
U:
] 16.0 2.8 3.6]
[ 8.0 7.6 9.4] &
[ 8.e 8.8 0.894736842105]
Verification:
[ g8.6e 6.0 8.8]
[ 8.6 8.8 8.08]
[-4.44089268985e-16 4.4468920985e-16 8.08]
10 Convenient E
p Insiall on any computer (don't need to be root)
P Access from any web browser, including smart phones
p Command line or notebook
p Baich or interactive BMam] | (-
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i P.swap rows(i,j) ~
print "\nP: \n", P
print "\nk: \n", L
print "\nU: \n", U
print "\nVerification: \n", P*A - L*U
- P:
[1 & 8]
(8 8 1] ks
[6 1 6]
ks
[ 1.8 8.8 8.0]
[ 8.2 1.8 8.0]
[ 8.3 6.447368421653 1.6}
U:
[ 16.0 2.8 3.0] =
[ 8.0 7.6 9.4]
[ 8.0 6.0 8.894736842165]
Verification:
[ 8.8 8.8 8.08]
[ 8.o a.0 8.0]
[-4.44080920985e-16 4.4468926985e-16 8.0]
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print "\nL: \n", L
print "\nU: \n", U
print "\nVerification: \n", P*A - L*U

P _

[1 6 6]

[6 8 1]

8 1 @]

s

[ 1.8 8.6 8.8]

[ 8.2 1.8 8.0a]

[ 6.3 6.447368421653 1.8]

U:

[ 18.8 2.8 3.8]

[ a.e 7.6 g9.4]

[ 8.0 6.8 6.894736842165] N

Verification:

[ 8.8 8.0 8.0]

[ 8.8 8.8 8.68]

[-4.4488920985e-16 4.4488928985e-16 8.6]
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P Install on any computer (don’t need to be root) BMam | -
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Verification:

[ 6.8 8.0 8.0]
[ 6.6 e.e 8.0]
[-4.44689208985e-16 4.4408928985e-16 8.0]

10 Convenient

P Insiall on any computer (don't need to be root)

P Access from any web browser, including smart phones
p Command line or notebook

p Batch or interactive

P Dedicated applications, such as Android application

p Novel front-ends - one-shot cell phone at http: //aath3 skiu.ac kr/wan himl

P Some folks install Sage only to get GAP, R, PARI, SciPy, eic.

11 The Conifold: from “"Toric Geomeiry and Sage”
Arnold Sommerfeld Center for Theoretical Physics, Munich, April 26-29, 2011
By Volker Braun, Dublin Institute for Advanced Studies
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p Novel front-ends - one-shot cell phone at htto: //aath3 skicu ac kr/wap_htwl

P Some folks install Sage only to get GAP, R, PARI, SciPy, etc.

1 The Conifold: from "Toric Geomeiry and Sage”
old Sommerfeld Center for Theoretical Physics, Munich, April 26-29, 2011
Volker Braun, Dublin Instiiute for Advanced Studies

A\ singularity that occurs very ofien is the conifold, which is the simplest non-gquotient singularity. In terms of toric
Jeometry, it is defined by the non-simplicial cone over a minimal lattice square at distance 1:

# do not evaluate, depends on unofficial code

levaliate

F'

conifold = toric varieties.Conifold()

---------------------

conifold.is orbifold()

False

JaMarn =
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‘Sage only to get GAP, R, PARI, SciPy, etc.

1 The Conifold: from "Toric Geomeiry and Sage”

Volker Braun, Dublin Instiiuie for Advanced Studies

old Sommerfeld Center for Theoreiical Physics, Munich, April 26-29, 2011

A\ singularity that occurs very often is the conifold, which is the simplest non-guotient singularity. In terms of toric
Jeometry, it is defined bv the non-simplicial cone over a minimal latiice square at distance 1:

¥ do not evaluate, depends on unofficial code

levahiate

conifold = toric varieties.Conifold()

conifold.is smooth()

False

square cone = conifold.fan().generating cone(8)
square cone.rays()
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evaluate

conifold = Toric varieties.Conifold()
conifold.is smooth()

False

False

sguare cone = conifold.fan().generating cone(8)

el e

sguare cone.rays() I
(N{(G, 8, 1), N{O, I, 1), N(1, @, 1), N(1. 1, 1))

patch = nifold.affine algebraic patch(square cone)
patch

Closed subscheme of Affine Space of dimension 4 over Rational Field
defined by:
z8*z2 - z1*z3
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conifold.is smooth()

conifold = toffic varieties.Conifold()

levaluate
False

conifold.is orbifold()

False

square cone = conifold.fan().generating cone(8)
square cone.rays()

(N(B, @, 1), N(6, 1, 1), N(1. 0, 1), N(LI. 1. I))

patch = conifold.affine algebraic patch(square cone)
patch

Closed subscheme of Affine Space of dimension 4 over Rational Field
defined by:
z8*z2 - z1*z3

Find: | def jordan ¥Previous ®Nexi - Highlightall — Maich case




False

sguare cone = conifold.fan().generating cone(8)
square cone.rays()

(N{B, 0, 1), N(6, 1, 1), N(1., €, 1). NI, 1. 1))

patch =
patch

conifold.affine algebraic patch(square cone)

e

Closed subscheme of Affine Space of dimension 4 over Rational Field
defined by:
z@*z2 - z1*z3
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conifold.is smooth()

conifold.is orbifold()

square cone = conifold.fan().generating cone(8)
sgquare cone.rays()

(N(E, 8, 1), N(6, 1, 1), N(1I., &, 1), N(L1, 1. 1))

patch = conifold.affine algebraic patch(square cone)
patch

Closed subscheme of Affine Space of dimension 4 over Rational Field
defined by:
z@8*z2 - z1*z3
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patch

Closed subscheme of Affine Space of dimension 4 over Rational Field
defined by:

zB*z2 - z1*73

R

[Fhe conifold is not smooth because the hypersurface equation is not transverse at Z = (0, 0, 0, 0). More precisely, the
singularities are the variety of the Jacobian ideal

_ o o
Jac(f) = <f, e (1)

9z,

For the conifold, it is

Jac = patch.Jacobian()
Jac
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IFhe conifoid is not smooth because the hypersurface equation is not transverse at Z = (0, 0, 0, 0). More precisely, the
singularities are the variety of the Jacobian ideal

e s
Jac(f) = < f e (1)

9z,

For the conifold, it is

Jac = patch.Jlacobian()

Ideal (z0*z2 - z1*z3, z2, -z3, z8, -z1) of Multivariate Polynomial Ring
in z8, z1, z2, z3 over Rational Field

A4 = patch.ambient space()
urigin A4. subscheuE[A4 gens{}} # the origin (0,6,0,0)

..........................

True

juMarh i
e 267/394 L
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[Che conifold is not smooth because the hypersurface equation is not iransverse at Z =
singularities are the variety of the Jacobian ideal

For the conifold, it is

22 Adding Spice to Your Rese_. X [ Active Worksheets — Sage 3¢ 9 /home/sagejabstractideve... X = -

Jac(f) = <ﬁ gﬂ o )

az,

e

(0, 0, 0, 0). More precisely, the

(1)

Jac = patch.Jacaobian()

......

Ideal (z8%z2 - z1*z3, 72, -7z3, 78,
in z8, z1, z2, 73 aover Rational Field

-z1) of Multivariate Polynomial Ring

e

A4 = patch.ambient space()
origin = A4.subscheme(A4.gens())
A4 .subscheme(Jac) == origin

# the origin (©,0,06,08)

True

Che most basic invariant of an isolated hypersurface singularity is its Milnor number, which is the vector space
fimension of C[X]/ Jac{f(X)). For the conifold, it is one:
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For the conifold, it is

Jac = patch.Jaceobian()
Jac

Ideal (z0*z2 - z1*z3, z2, -z3, z8, -z1) of Multivariate Polynomial Ring
in z@8, z1, z2, z3 over Rational Field Ei-

A4 = patch.ambient space()
origin = A4.subscheme(Ad4.gens()) # the origin (0,0,0,8)
A4.subscheme(Jac) == origin

True

Fhe most basic invariant of an isolated hypersurface singularity is its Milnor number, which is the vector space
fimension of C[X}/ Jac{f(X}). For the conifold, it is one-

.....

1

In fact, the converse is also true: A 3-dimensional isolated singularity of Milnor number one is a conifold. Note, however,
[hat higher Milnor numbers no longer uniquely determine the singularity. Py

| pisa:220s0004 - . Page26939%
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A4 = patch.ambient space()
origin = A4.subscheme(A4.gens()) # the origin (0,6,0,0)

A4.subscheme(Jac) = origin

Il

True

[Fhe most basic invariant of an isolated hypersurface singularity is its Milnor number, which is the vector space
fimension of C[X}/ Jac(f(x)). For the conifold, it is one:

Jac.vector_space dimension()
1

In fact, the converse is also true: A 3-dimensional isolated singularity of Milnor number one is a conifold. Note, however,
that higher Milnor numbers no longer uniquely determine the singulariiy.

Exercise 9. Use Sage to compute the Milnor number of the singularity CEIZH jorne{2. 3, ... 10}

12 Parallel Processing
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k 2 cores, 4 threads

@parallel( 'multiprocessing’, 4)
def summation{multiple):
sum = 0 1
for 1 in srange(@, 1806660*multiple, multiple):
sum = sum + i
print("Finished {6} '.format(multiple))
return sum

p Now pass in a [ist of inputs to create the “jobs.”

summer = summation([28, 5, 168, 571)

P Ask for a list of the jobs (inputs and outputs, in new order).

list{summer)

jsMarh
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|12 Parallel Processing
p Parallel “decorator” converis function to an iterator
p This example uses the Python multiprocessing library, can also fork, or...

kP 2 cores, 4 threads

@parallel( "'multiprocessing’, 4)
def summation(multiple):
sum = 8
for 1 in srange(6, 1666686*multiple, multiple):
sum = sum + i
print({"Finished {8} '.Tformat(multiple))
return sum

p Now pass in a list of inputs to create the “jobs.”

summer = summation([286, 5, 188, 57])
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L 2 cores, 4 threads

@parallel( "'multiprocessing’, 4)
def summation(multiple):
sum = 8
for 1 in srange(&, 1066666*multiple, multiple):
Sum = sum + 1i
print(‘Finished {0} '.format({multiple))
return sum

P Now pass in a list of inputs to create the “jobs.”

summer = summation([28, 5, 188, 57])

ll':'ﬁ%}lg‘ i

P Ask for a list of the jobs (inputs and outputs, in new order).

list({summer)
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@parallel( "multiprocessing’, 4)
def summation(multiple):
sum = @
for 1 in srange(©, 1066666*multiple, multiple):
sum = sum + 1
print(‘Finished {8} '.format(multiple))
return sum

p Now pass in a list of inputs to create the “jobs.”

*
summer = summation([26, 5, 188, 57]) -

Traceback (click to the left of this block Tor traceback)

MameError: name 'summation' is not defined

P Ask for a list of the jobs (inputs and outputs, in new order).

List(summer)

evalunaie jaMath e
— — ge 274/394 *
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@parallel( "' multiprocessing’, 4)
def summation(multiple):
sum = 0
for 1 in srange(®, 1066686*multiple, multiple):
SUm = sum + 1i
print(°'Finished {0} '.format(multiple))
return sum

P Now pass in a list of inputs to create the “jobs.”

summer = summation([28, 5, léﬁ, 571)

P Ask for a list of the jobs (inputs and outputs, in new order).

List(summer)

levahiaie

fsMath =
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P Now pass in a list of inputs to create the “jobs.”

summer = summation([26, 5, 188, 57])

P Ask for a list of the jobs (inputs and outputs, in new order).

list(summer)

Finished 180

Finished 5

Finished 57 B
Finished 28

[(((1ee,), {}), 49999956000068), (((5,). {}). 2499997586868), (((57.).
{})., 28499971586068), (((20.). {}). 9999996686668) ]

P A larger list of inpuis. Waich in hiop.

long summer = summation(range(168))

evaluaie

i — O i il

| pisai220s0004 . page2763
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P Now pass in a list of inputs to create the “jobs.”

summer = summation([28,

5, 188, 577)

P Ask for a list of the jobs (inputs and outputs, in new order).

list(summer)

Finished 186
Finished 5
Finished 57
Finished 28

{}), 28499971586860),

[((c(1ee,), {}). 499999586e6608), (((5.,). {}). 24999975066088), (((57.).

(((28,). {}). 9999996668668) ]

P A larger list of inpuis. Waich in hiop. 3

long summer = summation(

range(168))

|levalnaie
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Finished 166

Finished 5

Finished 57

Finished 28

[(((168,). {}). 49999956666668), (((5.). {}). 24999975686868), (((57.).
{}). 284999715686688), (((28,). {}). 9999998660060) ]

P A larger list of inpuis. Waich in hiop.

long summer = summation(range(168)) I

levahiaic

list{long summer)

13 Cython
p Converi Python to compiled C
p Originally Pyrex, forked by Sage to Cython

def summation python(): Matel |
ge 278/394 L
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Finished 1686

Finished 5

Finished 57

Finished 28

f(((1ee,), {}). 499999500660600), (((5.). {}). 24999975680880), (((57.).
{}). 284999715666808), (((28,), {}), 9999996600600) ]

P A larger list of inpuis. Waich in hiop.

long summer = summation(range(168))

list(long summer)

Finished
Finished
Finished
Finished
Finished
Finished
Finished

(= R I = e S R R

13 Cyvthon

n tn comniled C | e .
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long summer

Finished
Finished
Finished
Finished
Finished
Finished
Finished
Finished
Finished
Finished
Finished
Finished
Finished
Finished
Finished
Finished

Finished
Einished

e HEiit View History
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P A larger list of inpuis. Waich in hiop.

summation(range(168))

.1ist{1ung_summer]
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4649995350006€) , {{[94 ). {}). 46999953G666668) , {{{95,], {}‘,lIr -
47499952500008), (((96,), {}). 47999952060860), (((97.,), {}).
4849995158606808), (((98,), {})., 48999951066668), (((99,), {}).
49499958500668) ]
13 Cython
p Convert Python fo compiled C

p Originally Pyrex, forked by Sage to Cyl:hﬂi

def summation python():
sum = @
for i in range(166€6680):
sum = sum + i
return sum

lesahiate

..........

P Declare integer variables
MR | .

| pisa;12080024 . ... Page?289394 ’
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P Convert Python to compiled C
p Originally Pyrex, forked by Sage to Cython

def summation python():
sum = 6
for i in range(1666666):
sum = sum + i
return sum I

levalnai=

timeit("summation python()")

P Declare integer variables
P Modify the for-loop

cdef i, sum sMam] | (o

w_i_
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p Convert Python to compiled C

p Originally Pyrex, forked by Sage to Cython

def summation python():
sum = @
for i in range(166668686): I
sum = sum + i
return sum

levahiaie

p Declare integer variables
P Modify the for-loop

scython

.............

cdef i - sum EMath =

| pisaz1i0s0024 ... Page21/394
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p Converi Python fo compiled C
p Originally Pyrex, forked by Sage to Cython

Home - Perimeter Institut... 3{ 2] Adding Spice to Your Rese...

St
%

i

f

def summation python():
sum = @
for i in range({16668680):
sum = sum + i
refurn sum

|Eva]?u.ﬁ

Find: = def jordan 4 Previous = Next

Highlight all ) Match case

p Declare integer variables
P Modify the for-loop
scython
def summation cython():
cdef i, sum jsMath
HEEEE&QM -
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p Convert Python to compiled C

p Originally Pyrex, forked by Sage to Cython

def summation python():
sum = 8
for i in range(10606866):
sum = sum + i
return sum

timeit("summation python()") I

P Declare integer variables
p Modify the for-loop

cdef i, sum
sum = @ sl | a

; - 203804 =
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p Convert Python fo compiled C

p Originally Pyrex, forked by Sage to Cython

def summation python():
sum = 8
for i in range(1066860):
sum = sum + i
return sum

timeit("summation python()") I

5 loops, best of 3: 111 ms per loop

P Declare integer variables
P Modify the fordoop

cdef i, sum

sum = @ Mt | -

| pirsa:11050024 ... Pa o - ————— ge 294/394 i
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5 loops, best of 3: 111 ms per loop

P Declare integer variables
P Modify the fordoop

for 8 <= i < 18686888:
sum = sum + i
return sum

levalzate

r Speedups by factors of hundreds and thousands are not uncommon —

| pisa:120s0024 ... Page295/39%4
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P Declare integer variables

P Modify the forloop

cdef i, sum

sum = 0

for 8 == i = 18660608:
sum = sum + i

return sum

evalate

P Speedups by factors of hundreds and thousands are not uncommon

b f2¢ (Fortran to C) is also included

14 SageTeX

P Include Sage instructions in a BTEX document EManl | S
I = - EE‘% 296/394 >
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e

P Declare integer variables
p Modify the for-loop

for 8 <= i < 166006686:
sum = sum + i
return sum

levahiate

P Speedups by factors of hundreds and thousands are not uncommon
p f2¢ (Fortran to C) is also included

14 SageTeX

p Include Sage instructions in a BTEX document EMatkl o
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P Declare infeger variables

p Modify the forloop

cdef E, sum

sum = O

for 8 == 1 = 1666660:
sum = sum + i

return sum

evalunate

timeit("summation cython()")

P Speedups by factors of hundreds and thousands are not uncommon

b f2c (Foriran to C) is also included

14 SageTeX

jsMath =

p Include Sage instructions in a BXTEX document ~
| pisa:220s0024 - ... Page2839
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P Declare integer variables

p Modify the for-loop

cdef int i, sum

sum = @

for 8 <= 1 < 1866086:
sum = sum + i

return sum

S

P Speedups by factors of hundreds and thousands are not uncommon

p f2c (Foriran to C) is also included
14 SageTeX
P Inciude Sage instructions in a BTEX document EMath] |

i €299/394
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p Declare infeger variables

p Modify the for-loop

cdef int i, sum

sum = 6

for 8 <= i < 168660680:
sum = sum + i

return sum

levaluats |'[_"]

P Speedups by factors of hundreds and thousands are not uncommon

b f2c (Fortran to C) is also included

14 SageTeX

p Include Sage instructions in a BTEX document EMat |~
I = - i —— &ge 300/394 . 3
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P Declare infeger variables

P Modify the forloop

cdef int i, sum

sum = @

for 8 <= 1 < 168666860:
sum = sum + i

return sum

__home rob...8 code sage/2 spyx.c _ home rob...ode sage/2 spyx.html

e

evaliaie i
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def summation cython():
cdef int i, sum
sum = @
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sum = sum + 1
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cdef int i, sum

sum = @

for 8 <= i < 16668088:
sum = sum + i

return sum
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cdef int 1, sum

sum = @
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sage: A4 = patch.ambient space() 11:
sage: origin = A4.subscheme (A4.gens()) # the origin (0,0,0,0) 11:
sage: A4 . subscheme (Jac) == origin 11;
True 11

The most basic invariant of an isolated hypersurface singularity is its Milnor number.
which is the vector space dimension of C[z]/ Jac(f(z)). For the conifold, it is one:

sage: Jac.vector space dimension() 11
1 11}

In fact. the converse is also true: A 3-dimensional isolated singularity of Milnor num-
ber one is a conifold. Note. however. that higher Milnor numbers no longer uniquely

determine the singularity. &

Exercise 9. Use Sage to compute the Milnor number of the singularity C*/Z,, forn €
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5 loops, best of 3: 111 ms per loop
p Declare integer variables
p Modify the forloop

def summation cython():
cdef int i, sum
sum = 0
for 8 <= 1 < 1006000: I
sum = sum + i
return sum
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Timeit("summation cython()")
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P Speedups by factors of hundreds and thousands are not uncommon
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return sum
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for 8 <= i < 1600000:

sum = sum + i
return sum
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A singularity that occurs very often is the conifold. which is the simplest non-quotient
singularity. In terms of toric geometry. it is defined by the non-simplicial cone over a
minimal lattice square at distance 1:

sage: conifold = toric varieties.Conifold() o7
sage: conifold.is smooth() 9%
False 99
sage: conifold.is orbifold() N 104
False 10
sage: square cone = conifold. fan () .generating cone (0) 102
sage: square cone.rays() 10:
60 0. 1), N0 T, I} BEE, O 1y eI, 1. 1)) 10
sage: patch = conifold.affine algebraic patch(square cone) 10:
sage: patch 104
Closed subscheme of Affine Space of dimension 4 over Rational 10°

Field defined by:

sl — =Fex] 105

The conifold is not smooth because the hypersurface equation is not transverse at z =
(0.0.0,0). More precisely, the singularities are the variety of the Jacobian ideal =

EMath]
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3.4 The Conifold
A singularity that occurs very often is the conifold. which is the simplest non-quotient
singularity. In terms of toric geometry, it is defined by the non-simplicial cone over a
minimal lattice square at distance 1:
sage: conifold = toric varieties.Conifold() N a7
sage conifold.is smooth () O
False 99
sage: conifold.is orbifold() 100
False 10
sage: square cone = conifold. fan () .generating cone (0) 10
sage: square cone.rays() 102
(N¢(O, O, 1), N{(O, 1, 1), N(1, O, 1), N{(l1, 1, 1)) 10¢
sage: patch = conifold.affine algebraic patch(square_ cone) 10:
sage: patch 104
Closed subscheme of Affine Space of dimension 4 over Rational 1075
Field defined by:
z0xz2 — z1»z3 10¢
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sage: conifold = toric varieties.Conifold() o7
sage: conifold.is smooth() 9=
False 99
sage: conifold.is orbifold() 104
False 10
sage: square cone = conifold.fan() .generating cone(0) 10
sage: square cone.rays() 10:
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sage: patch = conifold.affine algebraic patch(square cone) 10:
sage: patch 104
Closed subscheme of Affine Space of dimension 4 over Rational 10°

Field defined by:
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The conifold is not smooth because the hvpersurface equation is not transverse at z =
(0.0.0,0). More precisely. the singularities are the variety of the Jacobian ideal
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sage: conifold = toric varieties.Conifold() L T
sage: conifold.is smooth () Ox
False 99
sage: conifold.is orbifold() 108
False 10
sage: square cone = conifold.fan() .generating cone(0) 10
sage: square cone.rays|() N 10:
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sage: patch = conifold.affine algebraic patch(square cone) 10:
sage: patch 104
Closed subscheme of Affine Space of dimension 4 over Rational 10°
Field defined by:
ziiazd —=lwn] 106

The conifold is not smooth because the hypersurface equation is not transverse at z =
(0.0,0,0). More precisely. the singularities are the variety of the Jacobian ideal

s N
Jac(f) = <f o2y’ (3_:5> (37)
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In fact. the converse is also true: A 3-dimensional isolated singularity of Milnor num-
ber one is a conifold. Note. however. that higher Milnor numbers no longer uniquely
determine the singularity.

IS
Exercise 9. Use Sage to compute the Milnor number of the singularity C*/Z,, forn €
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15 Philosophy

Mathematica: “Why You Do Not Usually Need to Know about Internals” >
In the online Mathematica Documentiation Center.

You should realize at the ouiset that while knowing about the intermals of Mathemaiica may be of iniellectual
interest, it is usually much less important in practice than you might at first suppose.

Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevant.

Particularly in more advanced applications of Mathematica, it may sometimes seem worthwhile to try to analyze
internal algorithms in order to predict which way of doing a given computation will be the most efficient. And there
are indeed occasionally major improvements that you will be able to make in specific compuiations as a result of
such analyses.
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15 Philosophy

Mathematica: “Why You Do Not Usually Need to Know about Internals”™
In the online Mathematica Documentation Center.

You should realize at the ouiset that while knowing about the intermals of Mathematica may be of iniellectual
interest, it is usually much less important in practice than you might at first suppose.

S

Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevant.

' in more advanced applications of Mathematica, it may sometimes seem worthwhile to try to analyze
internal algorithms in order to predict which way of doing a given computation will be the most efficient. And there
are indeed occasionally major improvements that you will be able to make in specific computations as a result of
such analyses.

Buit most often the analyses will not be worthwhile. For the internals of Mathematica are quite complicated
[emphasis added], and even given a basic descripiion of the algorithm used for a particular purpose, it is usually
exiremely difficult to reach a reliable conclusion about how the detailed implemeniation of this algorithm will
actually behave in particular circumsitances.

. Neubtiser (Founder of GAP): “An invitation to computational group theory.”
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15 Philosophy

Mathematica: “Why You Do Not Usually Need to Know about Internals”™
[n the online Mathematica Documentation Center.

You should realize at the ouiset that while knowing about the internals of Mathematica may be of inielleciual
interest, it is usually much less important in practice than you might at first suppose.

L

Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevant.

in more advanced applications of Mathematica, it may sometimes seem worthwhile to tryv to analyze
internal algorithms in order to predict which way of doing a given computation will be the most efficient. And there
are indeed occasionally major improvements that you will be able to make in specific computations as a result of

such analyses.

But most ofien the analyses will not be worthwhile. For the internals of Mathematica are quite complicated
[emphasis added], and even given a basic description of the algorithm used for a particular purpose, it is usually
exiremely difficult to reach a reliable conclusion about how the detailed implemeniation of this algorithm will
actually behave in particular circumstances.

. Neubuser (Founder of GAP): “An invitation to computational group theory.”
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Mathematica: “Why You Do Not Usually Need to Know about Internals”™
[n the online Mathematica Documentation Center.

You should realize at the ouiset that while knowing about the internals of Mathematica may be of intellectual
interest, it is usually much less important in practice than you might at first suppose.
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Indeed, in almost all praciical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevant.

Particularly in more advanced applications of Mathematica, it may sometimes seem worthwhile to ry to analyze
internal algorithms in order to predict which way of doing a given computation will be the most efficient. And there
are indeed occasionally major improvements that you will be able to make in specific computations as a result of
such analyses.

But most often the analyses will not be worthwhile. For the internals of Mathematica are quite complicated
[emphasis added], and even given a basic description of the algorithm used for a particular purpose, it is usually
extremely difficult to reach a reliable conclusion about how the detailed implementation of this algorithm will
actually behave in particular circumstances.
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Mathematica: “Why You Do Not Usually Need to Know about Internals”
[n the online Mathematica Documentiation Center.

You should realize at the ouiset that while knowing about the internals of Mathematica may be of intellectual
interest, it is usually much less important in practice than you might at first suppose.
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Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevant.

Particularly in more advanced applications of Mathematica, it may sometimes seem worthwhile to try to analyze
internal algorithms in order to predict which way of doing a given computation will be the most efficient. And there
are indeed occasionally major improvements that you will be able to make in specific computations as a result of
such analyses.

Buit most often the analyses will not be worthwhile. For the internals of Mathematica are quite complicated
[emphasis added], and even given a basic description of the algorithm used for a particular purpose, it is usually
exiremely difficult to reach a reliable conclusion about how the detailed implementation of this algorithm will
actually behave in particular circumsiances.

. Neubuser (Founder of GAP): “An invitation to computational group theory.”
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Mathematica: “Why You Do Not Usually Need to Know about Internals”
[n the online Mathematica Documentiation Center.

You should realize at the ouiset that while knowing about the internals of Mathematica may be of iniellectual
interest, it is usually much less important in practice than you might at first suppose.
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Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevant.

i in more advanced applications of Mathematica, it may sometimes seem worthwhile to try to analyze
internal algorithms in order to predict which way of doing a given computation will be the most efficient. And there
are indeed occasionally major improvements that you will be able to make in specific computations as a result of
such analyses.

But most often the analyses will not be worthwhile. For the internals of Mathematica are quite complicated
[emphasis added], and even given a basic description of the algorithm used for a particular purpese, it is usually
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Mathematica: “Why You Do Not Usually Need to Know about Internals”
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You should realize at the ouiset that while knowing about the internals of Mathematica may be of iniellectual
interest, it is usually much less important in practice than you might at first suppose.
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Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevant.

Particularly in more advanced applications of Mathemaiica, it may sometimes seem worithwhile to Ty to analyze
miernal algorithms in order to predict which way of doing a given computation will be the most efficient. And there
are indeed occasionally major improvements that you will be able to make in specific computations as a result of
such analyses.

But most ofien the analyses will not be worthwhile. For the internals of Mathematica are quite complicated
[emphasis added], and even given a basic description of the algorithm used for a particular purpose, it is usually
exiremely difficult to reach a reliable conclusion about how the detailed implemeniation of this algorithm will
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Mathematica: “Why You Do Not Usually Need to Know about Internals”
[n the online Mathematica Documeniation Center.

You should realize at the ouiset that while knowing about the intermals of Mathematica may be of imiellectual
interest, it is usually much less important in practice than you might at first suppose.

&

Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevani.

Particularly in more advanced applications of Mathematica, it may sometimes seem worithwhile to Iry to analyze
internal algorithms in order to predict which way of doing a given computation will be the most efficient. And there
are indeed occasionally major improvements that you will be able to make in specific computations as a result of
such analyses.

But most ofien the analyses will not be worthwhile. For the internals of Mathematica are quite complicated
[emphasis added], and even given a basic description of the algorithm used for a particular purpose, it is usually
extremely difficult to reach a reliable conclusion about how the detailed implementation of this algorithm will
actually behave in particular circumstances.

. Neubuser (Founder of GAP): “An invitation to computational group theory.”
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You should realize at the ouiset that while knowing about the internals of Mathematica may be of inielleciual
interest, it is usually much less important in practice than you might at first suppose.
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Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevant.

in more advanced applications of Mathematica, it may sometimes seem worthwhile to try to analyze
internal algorithms in order to predict which way of doing a given computation will be the most efficient. And there
are indeed occasionally major improvements that you will be able to make in specific computations as a result of
such analyses.

But most ofiten the analyses will not be worthwhile. For the internals of Mathematica are quite complicated
[emphasis added], and even given a basic description of the algorithm used for a particular purpose, it is usually
exiremely difficult to reach a reliable conclusion about how the deiailed implemeniaiion of this algorithm will
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interest, it is usually much less important in practice than you might at first suppose.
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Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevant.

Particularly in more advanced applications of Mathematica, it may sometimes seem worthwhile to try to analyze
internal algorithms in order to predict which way of doing a given computation will be the most efficient. And there
are indeed occasionally major improvements that you will be able to make in specific computaiions as a result of

such analyses.

But most often the analyses will not be worthwhile. For the internals of Mathematica are quite complicated
[emphasis added], and even given a basic description of the algorithm used for a particular purpese, it is usually
exiremely difficult to reach a reliable conclusion about how the detailed implemeniation of this algorithm will
actually behave in particular circumstances.
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Mathematica: “Why You Do Not Usually Need to Know about Internals”™
[n the online Mathematica Documeniation Center.

You should realize at the ouiset that while knowing about the internals of Mathematica may be of intellectual
interest, it is usually much less important in practice than you might at first suppose.
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Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevant.

Particularly in more advanced applications of Mathemaitica, it may sometimes seem worihwhile to Ty to analyze
internal algorithms in order to predict which way of doing a given compuiation will be the most efficient. And there
are indeed occasionally major improvements that you will be able to make in specific computations as a result of
such analyses.

But most often the analyses will not be worthwhile. For the internals of Mathematica are quite complicated
[emphasis added], and even given a basic description of the algorithm used for a particular purpose, it is usually
exiremely difficult to reach a reliable conclusion about how the deiailed implemeniation of this algorithm will
actually behave in particular circumstances.
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Mathematica: “Why You Do Not Usually Need to Know about Internals”
In the online Mathematica Documentation Center.

You should realize at the ouiset that while knowing about the intermals of Mathematica may be of iniellectual
interest, it is usually much less important in practice than you might at first suppose.

R

Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevant.

Particularly in more advanced applications of Mathematica, it may sometimes seem worthwhile to try to analyze
internal algorithms in order to predict which way of doing a given computation will be the mest efficient. And there
are indeed occasionally major improvements that you will be able to make in specific computations as a result of

such analyses.

But most often the analyses will not be worthwhile. For the internals of Mathematica are quite complicated
[emphasis added], and even given a basic description of the algorithm used for a particular purpose, it is usually
exiremely difficult to reach a reliable conclusion about how the deiailed implemeniation of this algorithm will
actually behave in particular circumsiances.
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Mathematica: “Why You Do Not Usually Need to Know about Internals”
[n the online Mathematica Documeniation Center.

You should realize at the ouiset that while knowing about the internals of Mathematica may be of inielleciual
interest, it is usually much less important in practice than you might at first suppose.

R

Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevant.

in more advanced applications of Mathematica, it may someiimes seem worthwhile to try to analyze
internal algorithms in order to predict which way of doing a given computation will be the most efficient. And there
are indeed occasionally major improvements that you will be able to make in specific computations as a result of

such analyses.

But most often the analyses will not be worthwhile. For the internals of Mathematica are quite complicated
[emphasis added], and even given a basic description of the algorithm used for a particular purpese, it is usually
exiremely difficult to reach a reliable conclusion about how the deiailed implemeniation of this algorithm will
actually behave in particular circumstances.
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Mathematica: “Why You Do Not Usually Need to Know about Internals”
[n the online Mathematica Documentation Center.

You should realize at the ouiset that while knowing about the internals of Mathematica may be of intellectual
interest, it is usually much less important in practice than you might at first suppose.

Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be

i in more advanced applications of Mathematica, it may sometimes seem worthwhile to iry to analyze
internal algorithms in order to predict which way of doing a given computation will be the most efficient. And there
are indeed occasionally major improvemenis that you will be able to make in specific computations as a result of

such analyses.

But most often the analyses will not be worthwhile. For the internals of Mathematica are quite comphcated
[emphasis added], and even given a basic description of the algorithm used for a particular purpose, it is usually
extremely difficult to reach a reliable conclusion about how the detailed implementation of this algorithm will
actually behave in particular circumstances.

. Neubuser (Founder of GAP): “An invitation to computational group theory.”
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You should realize at the ouiset that while knowing about the internals of Mathematica may be of intelleciual
interest, it is usually much less important in practice than you might at first suppose.

Indeed, in almost all practical uses of Mathematica, issues aboui how Mathematica works inside turn out to be
largely irrelevant.

Particularly in more advanced applications of Mathemaitica, it may sometimes seem worithwhile to ry to analyze
internal algorithms in order to predict which way of doing a given compuiation will be the most efficient. And there
are indeed occasionally major improvements that you will be able to make in specific computations as a result of
such analyses.

But most often the analyses will not be worthwhile. For the internals of Mathematica are quite complicated
[emphasis added], and even given a basic description of thesalgorithm used for a particular purpose, it is usually
exiremely difficult to reach a reliable conclusion about hoW the detailed implemeniation of this algorithm will
actually behave in particular circumstances.

. Neubuiser (Founder of GAP): “An invitation to computational group theory.”
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Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevant.

Particularly in more advanced applications of Mathematica, it may sometimes seem worthwhile to iry to analyze
internal algorithms in order to predict which way of doing a given computation will be the most efficient. And there
are indeed occasionally major improvements that you will be able to make in specific computations as a result of
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But most ofien the analyses will not be worthwhile. For -0 Lte complicated
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You should realize at the ouiset that while knowing about the internals of Mathematica may be of imiellectual =
interest, it is usually much less important in practice than you might at first suppose.

Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevant.

Particularly in more advanced applications of Mathematica, it may someiimes seem worthwhile to try to analyze
internal algorithms in order to predict which way of doing a given compuiation will be the most efficient. And there
are indeed occasionally major improvements that you will be able to make in specific compuiations as a result of
such analyses.

But most often the analyses will not be worthwhile. For the internals of Mathematica are quite complicated
[emphasis added], and even given a basic description of the algorithm used for a particular purpese, it is usually
exiremely difficult to reach a reliable conclusion about how the detailed implementation of this algorithm will
actually behave in particular circumsiances.

. Neubtiser (Founder of GAP): “An invitation to computational group theory.”

In C. M. Campbell, T. C. Hurley, E. F. Robertson, S. J. Tobin, and J. ]. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. CambridgeUniversity Press,
995.

You can read Sylow’s Theorem and its proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra systems
hcense fees have to be paid regulariy fnr the tntal ume of their use. In order to protect what yuu pay for, you dn_nn}:_
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You should realize at the ouiset that while knowing about the infermals of Mathematica may be of inielleciual =
interest, it is usually much less important in practice than you might at first suppose.

Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevant.

Particularly in more advanced applications of Mathematica, it may sometimes seem worthwhile to Ty fo analyze
internal algorithms in order to predict which way of doing a given compuiation will be the most efficient. And there
are indeed occasionally major improvemenis that you will be able to make in specific computations as a result of
such analyses.

But most ofien the analyses will not be worthwhile. For the internals of Mathematica are quite complicated
[emphasis added], and even given a basic description of the algorithm used for a pariicular purpose, it is usually
exiremely difficult to reach a reliable conclusion about how the detailed implementaiion of this algorithm will

actually behave in particular circumstances. 5
. Neubtiser (Founder of GAP): “An invitation to computational group theory.”
In C. M. Campbell, T. C. Hurley, E. F. Robertson, S. J. Tobin, and J. . Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow’s Theorem for the rest of your life free of charge, but... for many computer algebra systems
i fees have to be paid regularly for the total time of their use. In order to protect what you pay for, you d%
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You should realize at the ouiset that while knowing about the intermals of Mathematica may be of intellectual
interest, it is usually much less important in practice than you might at first suppose.

Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevant.

Particularly in more advanced applications of Mathemaitica, it may sometimes seem worihwhile to ry to analyze
internal algorithms in order to predict which way of doing a given computation will be the most efficient. And there
are indeed occasionally major improvements that you will be able to make in specific computations as a result of
such analyses.

But most ofien the analyses will not be worthwhile. For the internals of Mathematica are quite complicated
[emphasis added], and even given a basic description of the algorithm used for a particular se, it is usually
exiremely difficult to reach a reliable conclusion about how the detailed implementation DIERE algorithm will
actually behave in particular circumstances.

. Neubuiser (Founder of GAP): “An invitation to computational group theory.”

n C. M. Campbell, T. C. Hurley, E. F. Robertson, S. . Tobin, and ]. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Seciety Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow's Theorem and its proof in Huppert's book in the library without even buying the book and then

you can use Sylow’s Theorem for the rest of your life free of charge, but... for many computer algebra systems
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You should realize at the ouiset that while knowing about the intermals of Mathematica may be of intellectual
interest, it is usually much less important in practice than you might at first suppose.

Indeed, in almost all practical uses of Mathematica, issues about how Mathematica works inside turn out to be
largely irrelevani.

Particularly in more advanced applications of Mathematica, it may sometimes seem worihwhile to Iry to analyze
internal algorithms in order to predict which way of doing a given compuiation will be the most efficient. And there
are indeed occasionally major improvements that you will be able to make in specific computations as a result of
such analyses.

Butf most often the analyses will not be worthwhile. For the internals of Mathematica are quite complicated
[emphasis added], and even given a basic description of the algorithm used for a particular se, it is usually
exiremely difficult to reach a reliable conclusion about how the detailed implementation nl:fmglxs] algorithm will
actually behave in particular circumstances.

. Neubtiser (Founder of GAP): “An invitation to computational group theory.”

n C. M. Campbell, T. C. Hurley, E. F. Robertson, S. . Tobin, and ]. ]. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and its proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra sysiems
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[emphamsaddedl,anﬂevengwenahaﬂcdeﬁcrmnnnufﬂlealgurﬂhmused for a particular purpose, it is usually
exiremely difficult to reach a reliable conclusion about how the detailed implementation of this algorithm will

actually behave in particular circumstances.

. Neubuiser (Founder of GAP): “An invitation to computational group theory.”

n C. M. Campbell, T. C. Hurley, E. F. Roberison, S. ]J. Tobin, and ]. ]. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
NG

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow’s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an executable, ie. a black box. You can press buttons and you get answers in the same way
as you get the bright pictures from vour television set but you cannot conirol how they were made in either case.

With this situation two of the most basic rules of conduct in mathematics are violated: In mathematics information is

passed on free of charge and everything is laid open for checking. Not applying these rules tdf computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most important:

Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several years of their salary for a computer algebra system?
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. Neubuser (Founder of GAP): “An invitation to computational group theorv.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and |. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the toial time of their use. In order to protect what you pay for. you do not
get the source, but only an execuiable, i.e. a black box. You can press buifons and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.

With this situation two of the most basic rules of conduct in mathematics are violated: In mathematics information is
passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research. .. means moving in a most undesirable direction. Most important:
Can we expeci somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several yvears of their salary for a computer algebra system? N
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Neubuser (Founder of GAP): "An invitation to compuiational group theory.”

C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tebin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and its proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for. vou do not
get the source, but only an execuiable, ie. a black box. You can press buttons and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.

With this situation two of the most basic rules of conduct in mathematics are violated: In mathematics information is

passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most important:

Can we expect somebody fo believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several vears of their salary for a computer algebra system? N
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. Neubuser (Founder of GAP): “An invitation to compuiational group theory.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. J. Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra sysitems
license fees have to be paid regularly for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an executable, ie. a black box. You can press butions and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.

With this situation two of the most basic rules of conduct in mathematics are violated: In mathematics information is

passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most important:

Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several years of their salary for a computer algebra system? N
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. Neubtiser (Founder of GAP): “An invitation to computational group theorv.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,

olume 2, volume 212 of London Mathematical Seciety Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an execuiable, i.e. a black box. You can press buitons and you get answers in the same way
as you get the bright pictures from your television set but you cannot control how they were made in either case.

With this situation two of the most basic rules of conduct in mathematics are violated: In mathematics information is

passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
sysiems that are made for mathematfical research... means moving in a most undesirable direction. Most important:

Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several yvears of their salary for a computer algebra system? B
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. Neubuser (Founder of GAP): “An invitation to computational group theory.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and J. ]J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and its proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra sysiems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an executable, i.e. a black box. You can press buiions and you get answers in the same way
as you get the bright pictures from your television set but you cannot control how they were made in either case.

With this situation iwo of the most basic rules of conduct in mathematfics are violated: In mathematics information is
passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most important:
Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several years of their salary for a computer algebra system? B
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. Neubuser (Founder of GAP): “An invitation to computational group theory.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and its proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for. you do not
get the source, but only an executable, i.e. a black box. You can press buitons and you get answers in the same way
as you get the bright pictures from your television set but you cannot control how they were made in either case.

With this situation two of the most basic rules of conduct in mathematics are violated: In mathematics information is

passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research. .. means moving in a most undesirable direction. Most important-

Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several yvears of their salary for a computer algebra system? B
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. Neubiiser (Founder of GAP): "An inviiation to compuiaiional group theory.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. J. Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow's Theorem for the rest of your life free of charge, but... for many compuier algebra sysiems
license fees have to be paid regulariy for the total time of their use. In order to protect what vou pay for, you do not
get the source, but only an execuiable, i.e. a black box. You can press buitons and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.

With this situation two of the most basic rules of conduct in mathematics are violated: In mathematics information is

passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most important:

Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several yvears of their salary for a computer algebra system? N
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. Neubuser (Founder of GAP): “An invitation to computational group theory.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and its proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra sysitems
license fees have to be paid regulariy for the toial time of their use. In order to protect what vou pay for, you do not
get the source, but only an executable, i.e. a black box. You can press buitons and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.

With this situation two of the most basic rules of conduct in mathematics are violated: In mathematics information is

passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most important:

Can we expect somebody o believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several vears of their salary for a computer algebra system? N
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Neubiiser (Founder of GAP): “An inviiation fo computational group theory.”

C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]. Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for. you do not
get the source, but only an execuiable, i.e. a black box. You can press buifons and you get answers in the same way
as you get the bright pictures from your television sei but you cannot control how they were made in either case.

With this situation twe of the most basic rules of conduct in mathematics are violated: In mathematics information is
passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most important:
Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several yvears of their salary for a computer algebra system? N
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Neubuser (Founder of GAP): "An invitation io compuiational group theory.”

C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and J. ]J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis preef in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regularly for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an execuiable, i.e. a black box. You can press buitons and yvou get answers in the same way
as you get the bright pictures from your television set but you cannot control how they were made in either case.

With this situation two of the most basic rules of conduct in mathematics are violated: In mathematics information is
passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most important-
Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several yvears of their salary for a computer algebra system? N
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Neubuser (Founder of GAP): “An invitation to compuiational group theory.”

C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’'s Theorem and its proof in Huppert’'s book in the library without even buying the book and then
you can use Sylow’s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an execuiable, i.e. a black box. You can press buiions and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.

With this sitnation two of the most basic rules of conduct in mathematics are violated: In mathematics information is
passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
sysitems that are made for mathematical research. .. means moving in a most undesirable direction. Most important:
Can we expect somebody o believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several yvears of their salary for a computer algebra system? B
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. Neubtiser (Founder of GAP): “An invitation to computational group theory.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow's Theorem for the rest of your life free of charge, but... for many computer algebra sysiems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an execuiable, i.e. a black box. You can press buitons and you get answers in the same way
as you get the bright pictures from your television set but you cannot control how they were made in either case.

Wiith this sitnation two of the most basic rules of conduct in mathematics are violated- In mathematics information is

passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most importani:

Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several yvears of their salary for a computer algebra system? B
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. Neubiiser (Founder of GAP): "An inviiation to computational group theory.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and |. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an executable, i.e. a black box. You can press buiions and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.

With this situation tweo of the most basic rules of conduct in mathematics are violated: In mathematics information is

passed on free of charge and everything is laid open for checking. Not applying these rules to compuier algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most important:

Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several years of their salary for a computer algebra system? N
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. Neubuser (Founder of GAP): “An invitation to computational group theory.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. J. Tobin, and ]. ]. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an executable, i.e. a black box. You can press butions and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.

With this situation tweo of the most basic rules of conduct in mathematics are violated: In mathematics information is
passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most important:-
Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several yvears of their salary for a computer algebra system? N
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. Neubtiser (Founder of GAP): “An inviiation to computational group theory.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and its proof in Huppert's book in the library without even buying the book and then
you can use Sylow's Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for. you do not
get the source, but only an executable, i.e. a black box. You can press buiions and you get answers in the same way
as you get the bright pictures from your television set but you cannot control how they were made in either case.

With this situation two of the meost basic rules of conduct in mathematics are violated: In mathematics information is
passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most important:
Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several yvears of their salary for a computer algebra system? B
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Neubiiser (Founder of GAP): "An invitation fo compuiational group theory.”

C. M. Campbell, T. C. Hurley, E. F. Robertson, S. . Tobin, and ]. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the bock and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regularly for the total time of their use. In order to protect what you pay for. you do not
get the source, but only an executable, i.e. a black box. You can press buiions and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.

With this situation twe of the most basic rules of conduct in mathematics are violated: In mathematics information is
passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most important:
Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several years of their salary for a computer algebra system? N

P Available at htip:/

fhirrard . ups. edu/ialks . himl

jsMath -
T — - ge 359/394 ¥

Find: | def jordan 4Previous S Nexi - Highlightall — Maich case




|BS . 40 B do ] TueMay 10, 734AM [[mb (&

ur Research with Sage -- Sage - Mozilla Firefox

e Edit View History Bookmarks Tools Help

» v = 4 | Z hip/localhost:8000/home/admin/2388/ v| |2l G

L]
t"

Home - Perimeter... 3 7 Adding Spiceto Yo... X 2 hitpz/floc...spyx.himl 3 2 Active Worksheets... ) -9 homefsagefabstra... X @ — ~

. Neubtiser (Founder of GAP): "An invitation to computational group theory.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow's Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regularly for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an executable, i.e. a black box. You can press buitons and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.

With this situation two of the most basic rules of conduct in mathematics are violated: In mathematics information is
passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
sysiems that are made for mathematical research... means moving in a most undesirable direction. Most important:
Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several years of their salary for a computer algebra system? N
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. Neubtiser (Founder of GAP): “An invitation to computational group theory.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and J. ]. Ward, editors, Groups 93 Galway/St. Andrews,

olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an execuiable, i.e. a black box. You can press buifons and you get answers in the same way
as you get the bright pictures from your television set but you cannot control how they were made in either case.

With this situation two of the most basic rules of conduct in mathematics are violated: In mathematics mformation is
passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research. .. means moving in a most undesirable direction. Most important:
Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several vears of their salary for a computer algebra system? N
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. Neubuiser (Founder of GAP): “An invitation to computational group theorv.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and its proof in Huppert's book in the library without even buying the book and then
you can use Sylow’s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what vou pay for, you do not
get the source, but only an executable, i.e. a black box. You can press buiions and you get answers in the same way
as you get the bright pictures from your television set but you cannot control how they were made in either case.

With this situation two of the most basic rules of conduct in mathematics are violated: In mathematics information is

passed on free of charge and everything is laid open for checking. Not applying these rules to compuier algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most importani:

Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several years of their salary for a computer algebra system? B
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. Neubtiser (Founder of GAP): “An invitation to computational group theory.”

C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]. Tobin, and |. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995

You can read Sylow’s Theorem and its proof in Huppert's book in the library without even buying the book and then
you can use Sylow’s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what vou pay for, you do not
get the source, but only an execuiable, i.e. a black box. You can press buitons and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.

With this situation iwo of the most basic rules of conduct in mathematics are violated: In mathematics information is
passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most important:
Can we expect somebody to believe a result of a program that he is not allowed t0 see? Moreover: Do we really want
to charge colleagues in Moldava several vears of their salary for a computer algebra system? N
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Neubiser (Founder of GAP): "An invitation to compuiational group theory.”

C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow’s Theorem for the rest of your life free of charge, bui... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an execuiable, i.e. a black box. You can press buifons and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.

With this situation two of the most basic rules of conduct in mathematics are violated: In mathematics information is
passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathemafical research... means moving in a most undesirable direction. Most important-
Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several vears of their salary for a computer algebra system? 5
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. Neubtiser (Founder of GAP): “An invitation to computational group theory.”
C. M. Campbell, T. C. Hurley, E. F. Roberison, S. ]J. Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for. vou do not
get the source, but only an executable, i.e. a black box. You can press buiions and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.

With this situation iwo of the most basic rules of conduct in mathematfics are violated: In mathematics information is
passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most important:
Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several vears of their salary for a computer algebra system? N
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Neubiiser (Founder of GAP): "An invitation to compuiational group theory.”

C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and its proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra sysiems
license fees have to be paid regularly for the total time of their use. In order to protect what you pay for. you do not
get the source, but only an execuiable, i.e. a black box. You can press buttons and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.

With this situation two of the meost basic rules of conduct in mathematics are violated: In mathematics information is
passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most important:-
Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several years of their salary for a computer algebra system? N
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. Neubtser (Founder of GAP): "An invitation to computational group theory.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. . Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an execuiable, i.e. a black box. You can press buiions and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made In either case.

With this situation two of the most basic rules of conduct in mathematics are violated: In mathematics information is
passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research. .. means moving in a most undesirable direction. Most important:
Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several vears of their salary for a computer algebra system? N
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. Neubtiser (Founder of GAP): “An invitation to computational group theorv.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. J. Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and its preof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra sysiems
license fees have to be paid regularly for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an execuiable, i.e. a black box. You can press buitons and you get answers in the same way
as you get the bright pictures from vour television set but you cannot conirol how they were made in either case.

With this situation two of the meost basic rules of conduct in mathematics are violated: In mathematics information is
passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most important:
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get the source, but only an execuiable, i.e. a black box. You can press buittons and you get answers in the same way
as you get the bright pictures from your television set but you cannot control how they were made in either case.
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you can use Sylow's Theorem for the rest of your life free of charge, but... for many computer algebra systems
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olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow's Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an executable, i.e. a black box. You can press buiions and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.
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C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regularly for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an execuiable, i.e. a black box. You can press buiions and you get answers in the same way
as you get the bright pictures from your television set but you cannot control how they were made in either case.
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995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow’s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regularly for the total time of their use. In order to protect what you pay for, vou do not
get the source, but only an executable, i.e. a black box. You can press buiions and yvou get answers in the same way
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olume 2, volume 212 of London Mathematical Seciety Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and its proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, bui... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an executable, i.e. a black box. You can press buiions and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.

With this situation two of the most basic rules of conduct in mathematics are violated: In mathematics information is
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Neubuser (Founder of GAP): "An invitation to compuiational group theorv.”

C. M. Campbell, T. C. Hurley, E. F. Robertson, S. . Tobin, and J. ]. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow's Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an executable, i.e. a black box. You can press buitons and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.
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. Neubtiser (Founder of GAP): "An invitation to computational group theory.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and J. J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Noie Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert's book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra systems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for, you do not
get the source, but only an execuiable, i.e. a black box. You can press buiions and you get answers in the same way
as you get the bright pictures from your television set but you cannot conirol how they were made in either case.

With this situation two of the most basic rules of conduct in mathematics are violated: In mathematics information is

passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most iImportani:
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. Neubiiser (Founder of GAP): “An invitation to computational group theory.”
C. M. Campbell, T. C. Hurley, E. F. Robertson, S. ]J. Tobin, and J. ]J. Ward, editors, Groups 93 Galway/St. Andrews,
olume 2, volume 212 of London Mathematical Society Lecture Note Series, pages 457-475. Cambridge University Press,
995.

You can read Sylow’s Theorem and iis proof in Huppert’s book in the library without even buying the book and then
you can use Sylow’'s Theorem for the rest of your life free of charge, but... for many computer algebra sysiems
license fees have to be paid regulariy for the total time of their use. In order to protect what you pay for. you do not
get the source, but only an execuiable, i.e. a black box. You can press buifons and you get answers in the same way
as you get the bright pictures from your television set but you cannot control how they were made in either case.

With this situation two of the most basic rules of conduct in mathematics are violated: In mathematics information is

passed on free of charge and everything is laid open for checking. Not applying these rules to computer algebra
systems that are made for mathematical research... means moving in a most undesirable direction. Most iImportani:

Can we expect somebody to believe a result of a program that he is not allowed to see? Moreover: Do we really want
to charge colleagues in Moldava several yvears of their salary for a computer algebra system? N
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