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Stability Analysis

e One of the most frustrating/fascinating features of FD solutions of time
dependent problems: discrete solutions often “blow up”"—e.g. floating-point
overflows are generated at some point in the evolution

o ‘Blow-ups” can sometimes be caused by legitimate (!) “bugs”—i.e. an
incorrect implementation—at other times it is simply the nature of the FD
scheme which causes problems.

e Are thus lead to consider the stability of solutions of difference equations
e Again consiser the 1-d wave equation, u,, = u,.,
e Note that it is a linear, non-dispersive wave equation

e Thus the "size” of the solution does not change with time:
lu(z.t)|| ~ ||u(x.0)||. (95)

where || - || is an suitable norm, such as the L, norm:
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Stability Analysis
e Will use the property captured by (95) as working definition of stability.

e In particular, if you believe ([95) is true for the wave equation, then you believe
the wave equation is stable.

o Fundamentally, if FDA approximation converges, then expect the same
behaviour for the difference solution:

n y 0
W

¢ FD solution constructed by iterating in time, generating

in succession, using the FD equation

_ j J j j+1 j
Pirsa: 11040044 Page 148/164

n+l a n n—1 2 n a n n
u, =2u.—u, +A (u. -3u.+u}._1).



Stability Analysis

e Not guaranteed that (97)) holds for all values of A = At/ Ax.

e For certain A, have
1l > 1l

and for those A, ||u"|| diverges from u, even (especially!) as h — O—that is,
the difference scheme is unstable.

Y

e For many wave problems (including all linear problems), given that a FD
scheme is consistent (i.e. so that 7 — 0 as h — 0), stability is the necessary
and sufficient condition for convergence (Lax’s theorem).
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Heuristic Stability Analysis

o Write general time-dependent FDA in the form

u"*' = Gu", (98)

e G is some update operator (linear in our example problem)

e u is a column vector containing sufficient unknowns to write the problem in
first-order-in-time form.

Y

o Example: introduce new, auxiliary set of unknowns, r;‘. defined by

then can rewrite differenced-wave-equation ([I6]) as

n+l a n n ) n
U = Eu.—v.—}-,\"(u.
j J j j

-2+l ) : (99)
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Heuristic Stability Analysis

o Write general time-dependent FDA in the form

u"*!' = Gu", (98)

e G is some update operator (linear in our example problem)

e u is a column vector containing sufficient unknowns to write the problem in
first-order-in-time form.

e Example: introduce new, auxiliary set of unknowns, v;'. defined by

n n—1
y . u.
J J

then can rewrite differenced-wave-equation as

+l L ] .) L]
T = 2u" —v" +)\° (u'.‘ —2u” +u” ) : (99)
j j j Jj+1 J -1
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n+l n J

= u,, (100)
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Heuristic Stability Analysis

e [f difference scheme is to be stable, must have
el <1 k=1,2,-.-J (104)

(Note: p will be complex in general, so || denotes the complex modulus,

pl| = pup® !
+

o Geometric interpretation: eigenvalues of the update matrix must lie on or
within the unit circle
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Von-Neumann (Fourier) Stability Analysis
(Summary)

e Von-Neumann (VN) stability analysis based on the ideas sketched above

e Assumes that difference equation is linear with constant coefficients, periodic
boundary conditions boundary conditions are periodic

o Can then use Fourier analysis: difference operators in real-space variable r —
algebraic operations in Fourier-space variable k

e VN applied to wave-equation example shows that must have

A

At
— < 1.
AT

for stability of scheme ([16).

e Condition is often called the CFL condition—after Courant, Friedrichs and
Lewy who derived it in 1928

e “This type of instability has “physical” interpretation, often summarized By the

e ' EF & aa
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Heuristic Stability Analysis

e [f difference scheme is to be stable, must have
pel <1 k=1,2,---J (104)

(Note: p will be complex in general, so |i| denotes the complex modulus,

TE=RY ).
+

e Geometric interpretation: eigenvalues of the update matrix must lie on or
within the unit circle
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