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Abstract: The local and global properties of the retarded and Feynman Green functions to the wave equation in curved spacetime are crucia for
radiation reaction in the classical theory and for renormalisation in the quantum quantum theory. Building on an insight due to Avramidi, we provide
a system of transport equations for determining key fundamental geometrical bitensors determining the local Hadamard singularity structure of these
Green& Atilde;& cent;& Acirc;A€8 Acirc;A™s functions. We illustrate their use in a semi-recursive approach showing how to determine covariant
expansions to high order, for example, calculating the tail term reflecting backscattering by the curvature of spacetime to 20th order in the geodesic
separation in a matter of minutes, and as the basis of numerical calculations. We also present an efficient method to construct covariant expansions
of the tail term, without using the forma Hadamard light-cone expansion. Finally we discuss the relationship between the geodesic structure,
guasi-normal modes with associated excitation factors and the global behaviour of Green functionsin black hole space-times.
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The motivation: classical

@ EMRIs (BH/BH or BH/NS)

@ M~ Mz, M~ 10° — 108M:

® LISA will see 10-1000 EMRiIs/yr
@ Qutside range of NR or PN

@ Perturb in mass ratio u = m/M

® Smaller mass treated as point particle

@ At 0" order particle follows a geodesic T

@ 15t order correction can be described as a force - ‘the self force’
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Matched expansions formalism for ‘self-force’

3 e

@fil =g lim V:.Gisl2(7); z(r" ))&

e—0T

=60

@ Wiseman/Poisson/Anderson/...

World-line of the particie

Currertt location of the particie - x(T}

@ Separate integral into two parts:

Quasilocal integral back At along world-fine

qg / VeGretdr
T—AT

Maiching paint - x (T-AT)

1. Quasi-local contribution from

recent past

. Boundgary of causal domain where
Hadammard form is valid

2. Contribution from ‘Distant Past’

Integral outside quasilocal region

T—AT
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@ Calculate in each region separately

.. @ Match at intermediate time ‘A7’




The motivation: quantum

@ Ultraviolet divergences lead to infinities
@ Regularization requires a knowledge of
singularity structure

@ State construction requires a knowledge

of global structure

® Renormalisation leads to geometrical anomalies
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Matched expansions formalism for ‘self-force’

T—€

! =g lim V .Grei(2(7), 2(T))dr’

e—0T

—Oa

@ Wiseman/Poisson/Anderson/...

World-line of the particie

Current location of the particle - x(T}

@ Separate integral into two parts:

Quasiiocal integral back At along world-fine
T
2 {1 !
q -/- v Gret dT
T—IAT

Maziching point - x (T-At)

1. Quasi-local contribution from

recent past

Boundary of causal domain where
Hadamard form is valid

2. Contribution from ‘Distant Past’

Imtegral outside quasiiocal region

@ Calculate in each region separately o re
q° / VoG, e:dt
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__.@ Match at intermediate time ‘A7’




The motivation: quantum

@ Ultraviolet divergences lead to infinities
@ Regularization requires a knowledge of
singularity structure

@ State construction requires a knowledge

of global structure

® Renormalisation leads to geometrical anomalies
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The fundamental formalism

DAg = (00— ) — P4

[1=g*"V.Vy,
V. is the covariant derivative defined by a connection A%g,:
Valg" = Outp™ + A patp”
mis the mass of the field and PAg(x) is a possible potential term.

The (Feynman and retarded) Green function satisfy the equation

DABGBCf (X,XI) = —5ACICS(X,XJ).
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The proper-time formalism
T 1

¥ -1je’

The identity I / ds e **exp(isx) = —
0
allows the Green function to be encapsulated in the formal expression

(e > 0),

G (x,x') = f/ds e~ exp(isD)*56%c6(x, x).
0

K20 (x,x'; s) = exp(isD)* 868 o 6(x, x)

clearly satisfies the Schrédinger/heat equation
i OKA o
I 0s
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together with the initial condition K4g (x, x’; 0) = %5 d(x, X).

(x,X;8) = DBK" o (x,X'; 5) (1)




The fundamental formalism

DA = §"p(0— m?) — P4

0= g*V,Vjg,
V. is the covariant derivative defined by a connection A%g,:
Vap? = 8ap?® + A gap®
mis the mass of the field and PAg(x) is a possible potential term.

The (Feynman and retarded) Green function satisfy the equation

DAEGBCf (X,XI) = —§ACJ5(X,XJ).
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The proper-time formalism
r 1

¥ je’

The identity I / ds e **exp(isx) = —
0
allows the Green function to be encapsulated in the formal expression

(e > 0),

G e {x.x) = f/ds e~ exp(isD)*5d° o6 (x, X').
0

KACr (X_.X,; S) = EXD(I'SD)AB(SB@@(X,X!)

clearly satisfies the Schrédinger/heat equation
1 OKA
I O0s
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together with the initial condition K4g (x, x’; 0) = %5 (X, X).

(x,X; 5) = DAgKB 0 (x, X' 5) (1)




Relation between the massive and massless theories

The trivial way in which m enters these equations allows us to write
KAc(x,x':8) = =™ 3K 6 (X, X 8),

with the massless heat kernel satisfying the equation

1. 6K°AC’ (x,x';8) = (670 — Pg)KoPci (X, X'; 5)

[

together with the ‘initial condition’ Ky”5 (X, x’; 0) = 625 d(x, X').
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Relation between the massive and massless theories

The trivial way in which m enters these equations allows us to write
KAsi(x,x':8) = =™ 531G 6 x, X 8),

with the massless heat kernel satisfying the equation

1. aKDAC’ (x,x';8) = (670 — Pg)KoPci (X, X'; 5) r

/

together with the ‘initial condition’ Ky”5 (X, x’; 0) = 6% d(x, X').
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A suitable representation for (x. x’): global version

Sturm-Liouville approach: build a complete set of eigenfunctions by
DABU? = —/\;U}q

normalised so that

/U..?quAdXZ(sﬁ

then
Y v (x)uip (x') dx = 6%5.5(x, x')

SO
KAEJ(X,XI; S) = Z e_f(kf+mz)SU?q(X)Uf53 (XI)

A i s UR(X) Ui (X)
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A suitable representation for (x, x’): global version

Sturm-Liouville approach: build a complete set of eigenfunctions by
DABU}B = —/\;U}q

normalised so that

/U}quAdX=5ﬁ

then

Y v (x)uip (x') dx = 6%5.5(x, x)

SO
KA (x,x';8) =Y e ™IS uf(x)ujg (X')
i

A J
A — Z u (X)uig (x)
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A suitable representation for (x, x’): local version

Cover the region close to x with a geodesics: P = G(\, v (%)x)

M

Invariance: P =G(\.v) = G(\/a, aV)

= n—

Two natural choices:

G(1,y%(3%),) (Riemann normal coordinates)

G(r,u?(5%=),)  Ga(x)uduP = —1 (timelike case)

Bunch-Parker: Using Riemann normal coordinates yZ based at x write

Page 17/130
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A suitable representation for §(x, x’): local version

Cover the region close to x with a geodesics: P = G(A, v (%)x)

M

Invariance: P =G(\,v) = G(A\/a, aV)

Two natural choices:

G(1, yﬂ(%)x) (Riemann normal coordinates)

G(r, t?(5=),)  Ga(x)uduP = —1 (timelike case)

Bunch-Parker: Using Riemann normal coordinates yZ based at x write
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= (0 gazos — M) + 6D’ = D} + 67

where, for example, for a scalar field with P = ¢R
5D = ~(6 ~ DR~ ALY s + A Y e
—[&—%)

ByP
Ray?+ (—3RLb + §RabP)y3yP 505 - - -
Then by a Zassenhaus-like formula

ml—*

exp(isD’') = (1 + iséD' + L(is)3([D., 6D'] + 6D'%) + - - - ) exp(isD’)
Then
K,(x,x’; s) = exp(isD,)

Kay® 4
(2 )4/9‘ d*k
1 T 12 a

NN « b+

e—f'm2 s e—yaya/(ttis]
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Elementary calculation gives

a 0
) S — _2AP9

and so
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= (0 gazos — M) + 6D' = D + 67

where, for example, for a scalar field with P = ¢R
0D = —(§ — %)R_ lR&py 5yP T SH a by ybaipafq
_( )Hay +(_1Hapb+éﬁab )_VJ/ 5yp e
Then by a Zassenhaus-like formula
exp(isD’') = (1 + iséD' + 3(is)?([DL, D] + FD'=) 45 -) exp(isDy)

Then

. s Ty 1 Kay2 A4
i(b(x,x’,s)—exp(fsﬂb)(zﬁ)4/e’ d*k

1 =
Pirsa: 11030109 (2 * ' *;

o—imPs g—yay?/(4is)
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Elementary calculation gives

o 0
! sD'1 — _2RPa
D}, 6D s

and so

K(x,x';8) = (1 + (is)(—(¢ — H)R+ 51 Raby?y? +---)) +

Thus K(x, x’; s) constructed in this way has the form (DeWitt)

=(1+ HARpyY?+--- )+ (is)(—(E— )R+

)
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The Synge world function (democracy restored!)

Well known can obtain geodesics from an action principle:

Sx(7)] / 02 4r  x(m) = x x(rr) = X

where T is proper time. Independent of affine parameter choosing

SIX(V] = (A1 — o) / Gas(x(ONZE LGN k(o) =x x(hr) =X

corresponding to Lagrangian

d
L 5% =1 VEpwis cara e O AN = A1 — Ag
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Under a variation x(7) — x(7) + dx(1)

ox?d) + [%M Lﬂ

Then

dL _ L., L., _d (0L ;) _,dL
d\ 0Ox2 oxa~  d\ 6x5 d\

so L is a constant of the motion and S = A\ L:
@ In normal coordinates: A\ =1, L= 8 = Inapy3y”
® Using arc length: AA =17, L= 37, S= 372
Furthermore 6x3(\1) = 6xZ, 6x3()\g) = 6x? SO

0S 0 —

()
Pirsa: 11030109 —3’ e | . T
ox 2 & Pp = == .

AAGapX
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Under a variation x(7) — x(7) + dx(r) SV INGS R
- = NolSfwodr
A

{Exa dA 8x2 | ﬁ lax2’ 42

i o

Al

Then

dL oL . aL . d /4L . dL
a—axa*ﬂ*@*&—a(@f)—g—

so L is a constant of the motion and S = AML:
@ In normal coordinates: A =1, L = § = Inay?y®

® Using arclength: AA=r1, L= 1@_ - %Tzk 13
Furthermore dx3(\;) = éx%, §x3(\g) = dx? s0 _
as aL L a5 5L _
ax? = px= = DAgerX T e =

Auiricas Oteswill. (LICD) Green Functions in Sleck Hole Spece Smes .
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Pi

Under a variation x(7) — x(7) + dx(1)

ox?d\ + [%Jx Lﬂ

Then

dL _ L., L., _d (0L ;) _,dL
d\ 0Ox2 oxa~  d\ axa d\

so L is a constant of the motionand S = A L:
@ In normal coordinates: A\ =1, L= 8 = Inapy3y”

® Using arc length: A\ =7, L= }7, S = ;72

Furthermore 6x3(\1) = 6xZ, 6x3(\g) = 6x2 S0

0S 0
''''' N - - - ot




Under a variation x(7) — x(7) + dx(7)

Then

dL oL ., oL., d [dL _, dL
dX

= axaX TaxeX T ax\axe’ ) T %
so L is a constant of the motionand S = A\ L:

@ In normal coordinates: AA=1,L=S = %nabyayb

1’?'2

® Usingarclength: AA=r7,L=}7,S=

na|

Furthermore 6x3(\1) = 6xZ, 6x3(\g) = 6x2 SO

8S oL 5 B8 &L ”
irsa: 11030109 axal ik 6’\/3’ i &,\ga;bfx % ik _@ al _A/\gab‘Px;gezgmo




Under a variation x(7) — x(7) + dx(1)

ox?d) + [%M Lﬂ

Then

dL _ L., OL.,_d (0L .\ _,dL
d\ 0Ox2 oxa~  d\ 6xa d\

so L is a constant of the motion and S = A\ L:
@ In normal coordinates: A\ =1, L= 8 = Inapy3y”
® Using arc length: AA =17, L= 37, S= 372
Furthermore 6x3(\) = 6xZ, 6x3(\g) = dx2 S0

0S 0

= g
Pirsa: 11030109 axa" ik 8 * ’ * : :—;.=

AAGapX
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Pi

L ()
||||| - 11030109 axa" e 8 « ’ * | -
' ' A

Under a variation x(7) — x(7) + dx(1)

ox2d) + [%Jx Lﬂ

Then

dL _ L., L., _d (0L ;) _,dL
d\ 0x2 oxa~  d\ 8xa d)\

so L is a constant of the motion and S = A L:
@ In normal coordinates: AA=1,L=S = %nabyayb

® Using arclength: AA=7,L=}r, S= 37
Furthermore 6x3(\1) = 6xZ, 6x3(\g) = 6x2 S0

0S 0

A,\g
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Geometrical picture of the world function

What about normalisation?

0S b 0S b
Sy = X ANGzp X Sy = o —ANGapX

u':a.'

ga

SO X N
g7 8.8y == ANgypyxTxP =2ANL =28

g%®8.,8p = = AN?gpx3xP = 2ANL = 28

These equations together with the initial condition
d¥dy” 1 5

SIx()] ~ 5(dAY

Jab g\ gn — 292

totally determine

irsa: 11030109
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Geometrical picture of the world function

What about normalisation?

0S b 0S b
Sq = X ANGzp X Sy = X3 —ANGapX

a -

g=a

SO - x'
P84Sy ==AX g 5° =20A1.—28

g2°8.,85 == KNG 325 — PAAL— 28
These equations together with the initial condition

1 dx2@dx? 1
S[x(7)] ~ E(dk)zgab TN T EQabande

totally determine S and hence the local geodesic structure.
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Geometrical picture of the world function

What about normalisation?

0S b 0S ol
Sq4 = X ANGzp X 5= i —ANGapX

UZEL'

g=a

SO X x'
gajbis;a’ S;b’ —— A/\zggbfkai);fb’ — PR —25

g%®8.,8p = = AN?gpx3xP = 2ANL = 28

These equations together with the initial condition
dx?dx? 1 b

SIx()] ~ 5(dAY

Jab g\ gn — 292

totally determine

irsa: 11030109
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World function expression of the DeWitt ansatz

1 ' _ox.x)
KAEI(X, XI;S) ~ (471_5)26 Irnzs 2is QAB;(X X’ S)

where Q%5 (x, x’; s) possesses the asymptotic expansion as s — 0+
Qe (x,x'; 8) ~ Z a'g(x, x")(is)"
r=0

where ay”5(x, x) = %5 and a,*5 (x, x’) has dimension (length)—%
Notes:

@ Effect of topology/boundaries - terms in Q%5 (x, x’; s) not analytic
insats=0
@ Can show ay?g (x, x') = A/2(x, x')6* g and write

ér B = arA
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Can one hear the shape of a drum?
KA (x,x';8) = Y e ATy (x)u;g (X')

= /dx K2 (%, % 8) = 5~ 1TEy " gk
f

f 1 - _ et = :
K (x,x'; 8) ~ (Gme)2® g > a's(x,x)(is)
r=>0

= /dx K24l%, 25) e 078

® These ‘diagonal’ coefficients a?4(x, x)

are also associated with_Hadamard,




DeWiit recursion relations

Requiring the DeWitt expansion satisfy the wave equation requires the

recursion relations
g a0 pafre)gld (6% o0— P2 o)a™ =0
for r € N along with the ‘initial condition’

(:»";m:‘r aOABf ol = %(4 — D"{‘.')")a{)qulIr

with the implicit requirement that they be regular as x’ — x.

Ce—
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Parallel transport

Can parallel transport any tensor along our geodesic

tE.

L_\/Rj_gw

X ¥

kyta};y =0& G’b!ta/;bf =3

¥ = g% pt°
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The VanVleck-Morette determinant: definition

A key role is played by 2nd derivatives, start with: A%, = g% .0y

A% | —x = —62, how does it change along the geodesic?
D’&a}bz = J;d"&a’b};d; = ga"cg;d"g;c;b’df
Now 20 = 0%0.9 = 0.p = 0% 0. = 0.y = 0% % 0.y + 09 6°C.p g
DA%y =g% (0% —0Caop?) =07y — A% gop?

In particular, letting A = det AZ , and using ddet A = det Atr(A—'dA)

DA =Atr(0p? —op?)=A(4—-T0)

e

. H | L , . 1/2 A
Pirsa: 11030109 CO”CIUSlO 4{. » ‘3} —— : = & .&. X 5Paﬁ9/130



The VanVleck-Morette determinant: interpretation

Can use x’or 02 as coordinates near x

Jacobian of transformation is o'2.
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The Hadamard approach
GF® (x, x') = i(W|T [2A(x)8® (x) | [W)

i | % ()
82 o+ e

4V (3,3 ) (o h—:)}
G (x,x') = g (G (x,x') + G (x,x)) + Z(WI{&A(), &7 (X)} ¥
Geim (X, X) = 6_ (x,X) {UAs (x,X) 6 (0) = VA5 (x,X) 8(=0)},

Uls (x, ZUr(X xXgo VAg (x,x') Z Vi(x,x) g o

Find Upg = A1/2545,, then write

Pirsa: 11030109




The Hadamard and DeWitt coefficients are related by

12 ¥t r—k+1
V,rA,gf - A Z(_-l)k (mZ)

— or+ a’ e
2] L (r—k-+1)!
with inverse
.
_ ki mR)r+1
ari1ip = A 1"22(—2)'“1( k);(mz)r “Vi''s +(( 31)|5 B
k=0 L
In particular,

m*=0 A1/2 r—
g - i

B = dr41 Ap

These relate the ‘tail term’ of the massive and massless theories

A _ = p(me=0)a_(20)" r1dr ((—=2mPo)'/?)
Ve _g Vi i (—2mRo)/2

- _on2,)1/2)
e 2 1/2 D s2n30
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Covariant Taylor series
In flat space time o = Jnap(x'2 — x3)(x’? — xP) s0 0@ = (x'@ — x2)

- _1 k ¥ x
gb’ b‘; . .gb”b:? T31'"a’”b11“'b:}-(x’xf) :Z kl) ta!"'ﬂmbr"bn ﬂr‘ﬂk(X)J s s
k=0 '

—(=1)"
= ki Ta1---amb1---bn (k)

Standard rules:
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Computing series: traditional method

@ Differentiate %05 = 20 |
repeatedly and commute derivatives ..~

introducing Riemann

@ For a, to order (02)° need

2r + s derivai

irsa: 11030109
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Fundamental transport equations

!

Dlﬂalbi s Aa’bi —Aa',dfﬂ';bfd
D’J;Er;b; = —Ja!drﬂ':bidf — Ha’pfqujg;p’o_;q’
Dlz(A_")a}b; = —D(ﬂ._‘l)a}bf — Ra/p/rrq;(ﬂ_‘I)r;be;p’J;ql

i = - a (8] Qi
DEflnlng K: b(ﬂ') — (ﬂ1|b|ag;&3'"ﬂn)g L < i

n—2
9 B n—1 n—2 —1\P
(A )ab(n)__(n-,-1>§( k )’Cap(n—k)(ﬁ 0

started by
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_ 1 3 1
(A 1)35(2) = glcab(z)s (A 1)az-;(a) = Q}Cab(a)a
3 1

1 a = P
(A % 57C b(4) ~ g’c 02X b2y
2 2 1
—1\a _ a p z P
(A7) b(5) — §’C b(5) 3’C p(S)K: b(2) §;C p(2)}c b(3)’

n

a . n —1\a P
Dy =) (k) (A7) 0 A b (01

k=2
Aab (0) = _5Eb’ &&‘b (1) = 0

n—2

Z hl —1
T p(n) = ”Aab(n) - Z (k)k(‘& ap(n—k)Apb(k)
k=2

g
Pirsa: 11030109 J fJ}I (0
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How far can one go: V,?

General Vacuum, m=0
- Order | ;
Time Terms Memory | Time | Terms | Memory
4 0005 47 | 220kB [0003 5 | 25kB
6 | 0014 206 | 112kB | 0009 22 | 12kB
8 | 0047 856 | 526kB | 0019 94 | 59kB

10 | 016 3414 | 225MB | 005 384 | 260kB
12 | 058 13064 | 9.34MB | 0.19 | 1480 | 1.1MB
14 | 21 48167 | 37.1MB | 061 | 5485 | 42MB
16 | 78 172214 | 141MB | 21 | 19637 | 16MB
18 ' 58 MB
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How far can one go: V,?
| i | | General Vacuum, m = 0
| Time  Terms Memory | Time | Terms | Memory |
4 0005 47 | 220kB | 0003 5 | 25kB
6 | 0014 206 | 112kB || 0.009 22 12 kB
8 | 0.047 856 | 526kB | 0.019| 94 | 59kB
10 | 016 3414 | 225MB | 0.05 | 384 | 260kB |
12 | 058 13064 | 9.34MB | 019 1480 | 1.1MB
14 | 21 | 48167 | 37.1MB | 061 5485 42MB |
16 | 78 172214 | 141MB | 21 | 19637 | 16MB
18  58MB |
30  208MB |



How far can one go: V;?

| e General Vacuum, ml =={)
| Time  Terms Memory | Time | Terms | Memory |
4 0005 47 | 220kB [0003 5 | 25kB
6 | 0014 206 | 112kB | 0.009 | 22 | 12kB
8 0.047 856 526 kB || 0.019 94 59 kB
10 0.16 3414 2.25MB || 0.05 384 260 kB
12 0.58 13064 | 9.34MB || 0.19 1480 1.1 MB
14 2.1 48167 | 37.1MB || 0.61 2485 42MB |
16 7.8 172214 | 141 MB 2. 19637 16 MB
18 58 MB
50 208MB |




How far can one go: V,?

General Vacuum, m=0
- Order
| Time Terms Memory | Time | Terms | Memory |
4 0005 47 | 220kB [ 0003 5 | 25kB
6 0.014 206 112kB | 0.009 22 12kB
8 0.047 856 526kB | 0.019 94 | 59kB

10 | 016 3414 |225MB | 005 | 384 | 260kB
12 | 058 13064 | 9.34MB | 019 & 1480 | 1.1 MB
14 | 21 48167 | 37.1MB| 061 | 5485 | 42MB
16 | 78 | 172214 141MB | 21 | 19637 @ 16MB
18 | 28 | 95 | 58MB
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How far can one go: V;?
e ! | General Vgcuum, m = 0 |
Time @ Terms Memory | Time | Terms | Memory |
4 | 0005 47 | 220kB [ 0003 5 | 25kB
6 | 0014 206 | 112kB | 0.009 22 | 12kB
8 | 0047 856 | 526kB | 0019 94 | 59kB
10 | 016 3414 | 225MB | 005 384 | 260kB
12 | 058 13064 | 9.34MB | 0.19 | 1480 | 1.1MB
14 | 21 48167 | 37.1MB | 061 5485 | 42MB
16 | 7.8 172214 141MB | 21 @ 19637 | 16MB
18 58MB
T30  208MB |




How far can one go: V,?

= | General V:acuum, mi =4
| Time Terms Memory | Time | Terms | Memory |
4 0005 47 | 220kB 0003 5 2 5kB
6 | 0014 206 | 112kB | 0009 | 22 12kB
8 | 0047 856 | 526kB | 0.019 | 94 59 kB
10 | 016 3414 | 225MB| 005 384 | 260kB
12 | 058 13064 9.34MB | 0.19 | 1480 | 1.1MB
14 | 21 | 48167 |37.1MB | 061 | 5485 | 42MB
16 | 78 @ 172214 141MB | 21 | 19637 | 16MB
18 58 MB
730 208MB |




How fair can one go: V7
e General Vacuum, mi —3
Time  Terms Memory || Time | Terms | Memory
4 0005 47 | 220kB [ 0003 5 | 25kB
6 | 0014 206 | 112kB | 0009 22 | 12kB
8 | 0047 856 | 526kB | 0.019| 94 | 59KB
10 | 016 3414 |225MB | 005 | 384 | 260kB
12 | 058 13064  9.34MB | 019 @ 1480 | 1.1 MB
14 | 21 | 48167 |371MB | 061 | 5485 | 42MB
16 | 78 172214 | 141MB | 21 19637 | 16MB
18 58 MB
T30 208 MB |



How far can one go: V,?
P General V:acuum, m.= 0
Time  Terms Memory || Time | Terms | Memory |
4 0005 47 | 220kB | 0003 5 | 25kB
6 | 0014 206 | 112kB | 0009 22 | 12kB
8 | 0047 856 | 526kB | 0.019| 94 | 59KB
10 | 016 3414 | 225MB | 005 384 | 260kB |
12 | 058 13064 | 9.34MB | 0.19 | 1480 | 1.1MB
14 2.1 48167 | 37.1MB | 061 | 5485 | 42MB
16 | 78 | 172214  141MB | 21 | 19637 @ 16MB
18 28 58295 | 58MB
90 99 837 | 208MB |



How far can one go: V,?
e General Vgcuum, m=9y
Time  Terms Memory | Time | Terms | Memory |
4 | 0005 47 | 220kB | 0003 5 2.5KkB
6 0.014 206 112kB | 0.009 22 12kB
8 0.047 856 526 kB || 0.019 94 59 kB
10 0.16 @ 3414 2.25MB || 0.05 384 260kB |
12 0.58 13064 9.34MB || 0.19 1480 1.1 MB
14 2.1 48167 37.1MB || 0.61 9485 4.2 MB
16 78 | 172214 | 141MB || 2.1 19637 | 16MB |
18 58 MB
730 ' 208MB |



How far can one go: V,?

e | General Vacuum, ml= 0
| Time  Terms Memory | Time | Terms | Memory
4 | 0005 47 | 22.0kB | 0003 5 2 5kB
6 | 0014 208 | 112kB | 0009 22 | 12kB
8 | 0047 856 | 526kB | 0.019 | 94 59 kB
10 | 016 3414 | 225MB | 005 = 384 | 260kB |
12 | 058 13064 9.34MB | 0.19 & 1480 | 1.1MB
14 | 21 | 48167 | 37.1MB| 061 | 5485 | 42MB |
16 | 78 | 172214  141MB | 21 | 19637 @ 16MB |
18 | 28 22095 | 58MB

irsa: 11030109
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How far can one go: V,?

- . General Vacuum, mg =0
Time | Terms | Memory | Time | Terms | Memory
4 0005 47  220kB [0003 5 | 25kB
6 | 0014 206 | 112kB | 0008 22 | 12kB
8 | 0047 856 | 526kB | 0.019 94 59 kB
10 | 0.16 3414 | 225MB | 005 | 384 | 260kB
12 | 058 13064 | 9.34MB | 019 | 1480 | 1.1MB
14 | 21 48167 |37.1MB | 061 5485 | 42MB
16 | 7.8 172214 141MB | 21 | 19637 | 16MB
18 58 MB
730 208 MB |



How far can one go: V,?

General Vacuum, m=0
- Order | -
Time  Terms Memory || Time | Terms | Memory
4 | 0005 47 | 220kB [0003 5 | 25kB
6 0.014 | 206 112kB | 0.009 22 | 12kB

8 | 0047 856 | 526kB | 0.019| 94 | 59kB
10 | 016 3414 | 225MB | 005 | 384 | 260kB |
12 | 058 13064 | 9.34MB | 019 | 1480 | 1.1MB |
14 | 21 48167 |37.1MB || 0.61 | 5485 | 42MB
16 | 7.8 172214  141MB | 21 | 19637 @ 16MB |
18 | 28 58095 | 58 MB
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20 99 837  208MB .




How far can one go: V;?

General Vacuum, m=0
- Order - . |
| Time  Terms Memory | Time | Terms | Memory |
4 0.005 | 47 22.0kB | 0.003 o 235 kB
6 0.014 206 112kB | 0.009 & 12kB
8 | 0.047 856 526kB | 0.019 | 94 | 59kB

10 | 0.16 3414 225MB | 0.05 384 | 260kB
12 | 058 13064 | 9.34MB | 0.19 | 1480 | 1.1MB
14 | 21 48167 | 37.1MB| 061 | 5485 | 42MB
16 | 7.8 172214 | 141MB | 21 19637 | 16MB
18 58 MB

; Page 59/130
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How far can one go: V,?
- General Vacuum, mE =)
Time | Terms | Memory | Time @ Terms | Memory |
4 | 0005 47 | 22.0kB | 0003 5 | 25kB
6 | 0014 206 | 112kB | 0.009 | 22 12kB
8 | 0047 856  526kB | 0.019 94 | 59KB
10 | 0.6 3414 | 225MB | 005 = 384 | 260kB |
12 | 058 13064 | 9.34MB | 0.19 | 1480 | 1.1MB
14 | 21 | 48167 | 37.1MB | 061 5485 | 42MB
16 | 78 172214  141MB | 21 | 19637 | 16MB
18 58 MB
730  208MB |




How far can one go: Vu?

| General Vacuum, m=20
- Order - ,
Time  Terms Memory | Time | Terms | Memory |
4 | 0005 47 | 220kB | 0003 5 | 25kB
6 | 0.014 206 112kB | 0.009 | 22 12kB
8 0.047 856 526kB || 0.019 94 - 59kB

10 | 0.6 3414 | 225MB | 005 = 384 | 260kB |
12 | 058 13064 | 9.34MB | 0.19 | 1480 | 1.1MB |
14 | 21 48167 | 37.1MB | 061 | 5485 | 42MB |
16 | 7.8 172214 | 141MB | 2.1 | 19637 | 16MB
18 ' - 58MB

Pirsa: 11030109 Page 61/130

20 ' 208MB |




How far can one go: V,?

e | General V?cuum, m:= 0

| | Time @ Terms Memory | Time | Terms | Memory |
4 | 0005 47 | 22.0kB |0003| 5 | 25kB
6 | 0.014 206 112kB || 0.009 & 22 12kB
8 | 0.047 856 526kB | 0.019 94 59 kB
10 | 016 3414 | 225MB | 0.05 384 | 260kB
12 | 0.58 | 13064 |9.34MB | 0.19 | 1480 | 1.1MB
14 21 48167 | 37.1MB | 0.61 | 5485 | 42MB
16 78 | 172214 | 141MB | 21 @ 19637 | 16MB |

18 58 MB

20 208MB |



o General ) Vacuum, m=0
” Time Terms | Can. | Can.,,P=0 | Terms | Can. |
a 0 2 2 1 (I 0
a 0003 10 | 7 4 2 1
as | 002 91 | 26 15 7 2
as 0.2 | 1058 | 113 68 56 5
as 36 | 13972 | - - 507 _
ag 76 = 199264 | — - 4988 -
a; || 1489 2987366 | — - 51700 | -
20 N N . 554715 | —
E: _ 098069 | —
e 1O -




Examples
Leading term for self-force in vacuum:
Vabed = — 5;—05” (a"biir Ripicigla)” — §$—5‘F’ *Ro(airioRgicisia)
£ 11@9” (a'6F% | picRrsqia) + ;Toﬁpq Rog' (2R rstip9ca)
+ Bgmﬂpqmmﬁpqrsg(abgcd) 40;20 AP Rpg™ Rrstug(abFca)

In Schwarzschild:

M? M?
oo =0 Vo =156 Y20 = 15087

M 2
V(o) = 3 150r12(210r2 — 1125rM + 1454 M%),

(194M — 81r)

4'82 M) ‘Page 64/130
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Normal Neighbourhood

Geometrical form only valid with normal neighbourhood

Images inspirzd by Perlick - Living Rev. Reladvity 7,9

h
N
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Convergence of series

0.0 02 0.4 0.6 0.8 1.0
p

Radius of convergence for time separated points (i.e. static |
particle) as a function.gaf radial position

| |
L A
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Padeé resummation

@ Express the truncated series as a rational function

N AY:
V(t—t) ~ PY(t—F) = ggﬂg”((i ?)m .
m={( “M* —

@ Captures the behaviour of the singularities in functional form.

@ Accelerate convergence of the series.

@ Extend domain of series.
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Convergence of series

15
10-
) .
E 05+
2 L
O | J
00+ |
L |}
]
1 1
|
L 1
i
L 1
05 :
0 2 4

6 3 10

Y,
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Numerical Calculation along Geodesics

Numerically integrate the transport equations (ODEs) for V,(x, x’)

along geodesics.

Iy = JWIVQ; =3 (% S I‘g:,},fu”’! T )
D'InA =(4—0% )
D'o%y, = —0% 0% +0%, - Rﬂf&’bf}gfgﬂrgﬁf
(D' +1) Vo + %Va (G“”’fﬂ, — 4) + %(D’ = SR’)AUQ -5
L 1

2

2r

(D' +r+1) V. + =V, (or“fp‘, - 4) +—(0 —€ERV,_1 =0

Cm——
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Numerical integration of the transport equations for A'/2(x, x’) and

Vo(x, x’) along a geodesic.

Vo, AY2
=
L
T
I

0.0 05 10 | s 20 2.5 3.0

Y e | o
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Numerical Calculation on-light cone

Numerically integrate the transport equations (ODEs) for Vy(x, x')

along null geodesics to get V(x, x’) on the light-cone.

-0.02!

-0.04
—-0.06
—0.08!
-0.10; ==

Page 71/130
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Numerical Calculation on-light cone

@ V(x, x) satisfies the homogeneous wave equation:
(O0—nrF —P)V(x,x) =0

@ Characteristic initial data given by values on the light-cone.

® Numerically solve wave equation for V(x, x) within the light-cone.
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Is Quasi-Local enough?

@ No!

@ Can calculate the Hadamard Green function everywhere in the

normal neighborhood

@ But, that’s not enough for the self force - the Distant Part Green

function is crucial
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Mode-sum decomposition

For a spherically symmetric space-time of the form

2
= —f(r)dt® + % + h(r)(dé? + sin® 8do?)
iy o (r<) Vi
—iw(t—t') Yl \I< ) VI,\ >
Gret = 27r[h(r)h(r’)]1/2/dw (2/ +1)P/(cos~)e (N Wiu, v]
—oo—+iC
Introducing r, by o F u, v satisfy

dr f()
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Asymptotic behaviour of solutions

Assume existence of an horizon f(ry) = 0 where r. — —o0 and
asymptotically flat/cosmological horizon so f(r)/h(r) — 0 as r. — oc.
Then

i e—m"jr:= r-* _} _'D(:J
uIi'l(lr.) i
Am(L‘_{,)e—ﬂ.l:r,.= i B'n(w)e+’“"r* . — 00
Aout W e+fwr,,, g, Bout W e—fwr* E %0
P («) *

gl . — 0O

irsa: 11030109 Page 75/130




The Green function in the complex plane

Ce—
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Asymptotic behaviour of solutions

Assume existence of an horizon f(ry) = 0 where r. — —oc0 and
asymptotically flat/cosmological horizon so f(r)/h(r) — 0 as r. — oc.
Then

i e_l‘:t'uﬂ-= r* _:" —DO
ulﬂ(r) —
Am(w)e_"“"r* i Bm(w)e—;—.w;;..wr,.= f — 00
Aout W e—;—fwr,., 3, Bout W e—fwr* . — —00
P («)

gl F —% 00
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The Green function in the complex plane

(a) Schwarzschild Sl (b) Namai

L S
i

: T B T
N A
L | [ ] - -

@ Quasi Normal Modes: Zeroes of the Wronskian Al (w) =0

Ce—_—
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Contribution from poles

Gonv = 2Re Z Z(ZI + 1) Py(cos 7) Bl (r)tp(r') e~ wnt—t' —r—r)
n=0 /=0

B,, are the excitation factors

and uj(r) are the QNM radial functions

T
E’fq‘(;{*) — fw,'n( *)

out }ij;]f:#
Page 79/130
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Critical orbits

e 1 fAN* 4 D) .o B
Null geodesics: ()2 (dqb) = — — —~ = k<(r,b) b= L/E where

L = h(r)¢ and E = f(r)t are constants of the motion
Suppose there are critical values r. and b, such that

Ok?(rg, be)
or

Example: Schwarzschild ro = 3M, b; = V27M
Then defining kc(r) = sign(r — r;)/k2(r, be)

k%(re,b) =0  and =0

exp | iw bckc(r) dr. | v(r)

IIIII 111030109

“obeys the QNM Bous » \




Critical orbits

e I RS 4 M s B
Null geodesics: ()2 (d¢) = — — —~ = k<(r,b) b= L/E where

L = h(r)¢ and E = f(r)t are constants of the motion
Suppose there are critical values r. and b, such that

Ok?(rg, be)
or

Example: Schwarzschild r. = 3M, b; = V27M
Then defining k.(r) = sign(r — r;)\/k2(r, bc)

k%(r;,bc) =0  and =0

exp (fw / ) bcke(r) dr*> v(r)

Pirsa: 11030109 Page 81/130
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Critical orbits

oo 1 RN 4 M) s B
Null geodesics: ()2 (dqb) = — — —~ = k<(r,b) b= L/E where

L = h(r)¢ and E = f(r)t are constants of the motion
Suppose there are critical values r. and b, such that

OK2(rs,bs)
or -

Example: Schwarzschild r. = 3M, b; = vV27M
Then defining kc(r) = sign(r — r;)\/k2(r, be)

k%(re,bc) =0  and 0

exp | iw beke(r) dr. | v(r)

Pirsa: 11030109
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Contribution from poles

Ganm = 2Re Z Z(ZI + 1) Py(cos 7) Bl (r)Up(r') e~ wnt—t' —r—r)
n=0 /=0

B,, are the excitation factors

and uj,(r) are the QNM radial functions

_ u, (r)
U;n(f*) i ouTm

Page 83/130
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Critical orbits

e 1 AN 4 ) .o B
Null geodesics: ()2 (dqb) = — — —~ = k<(r,b) b= L/E where

L = h(r)¢ and E = f(r)t are constants of the motion
Suppose there are critical values r. and b, such that

OK2(rs,be)
or -

Example: Schwarzschild r. = 3M, b; = vV27M
Then defining k.(r) = sign(r — rz)\/k2(r, be)

k?(r;,be) =0  and 0

M
exp f'w_[ beke(r) dr. | v(r)

Pirsa: 11030109
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The equation for v(r) yields a natural expansionin L=/+1/2:

LU:LLU‘_'I +f_d0—|—L_1uJ1 .

v(r) =exp(So(r) + L7'Sy(r) + L™2Sy(r) +--+)

and imposing a continuity condition on S;(r) atr=r;

=2 h=10 =3,8=1

Ctd. Frac. | 0.373672 —i0.088962 | 0.599444 —0.092703
12th order | 0.373679 —i0.088955 | 0.599443 —/0.092703
6th order | 0.373642 —i0.088967 | 0.599439 —/0.092684
WKB (6) | 0.3736... —i0.0890 0.5994 —/0.0927

Page 85/130
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Critical orbits

e B N 4 A s B
Null geodesics: ()2 (dq5> = — — —~ = k<(r,b) b= L/E where

L = h(r)¢ and E = f(r)t are constants of the motion
Suppose there are critical values r. and b, such that

OK3(rs,be)
or N

Example: Schwarzschild r. = 3M, b; = vV27M
Then defining k.(r) = sign(r — r;)\/k2(r, be)

k3(re,be) =0  and 0

Pirsa: 11030109
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The equation for v(r) yields a natural expansionin L=/+1/2:

w=lw 1+wg+Lw+---

v(r) =exp(So(r) + L7'S4(r) + L™2Sy(r) +--+)

and imposing a continuity condition on S;(r) atr =r;

I=21H=10 =3 . =1

Ctd. Frac. | 0.373672 —i0.088962 | 0.599444 —/0.092703
12th order | 0.373679 —i0.088955 | 0.599443 —/0.092703
6th order | 0.373642 —/0.088967 | 0.599439 —i0.092684

—

WKB (6) | 0.3736_. —i0.0890 | 0.5994 —i0.0927

Page 87/130
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log ol IRed exact - approx )}

log gllim{ exact - approx )1}

-10

-12

Numericai Error in Asympiotic Expansion at 10ih order fio QL))

-10

n=0
n=1 ---%--
= n=E : . |
3 n=3 —&—
1 - =4 --m
= n=3a -
- L]
-
B L B
- R . -
-y b4 |
: . S . |
- s B |
- = iy i
I . =i 1
L e "E_ i
s b o . _ |
i e N
Fe{Mw) —_— =
| arder = 10 B = !
2 % 4 5 -] T 8 2] 10
1 [} 1 [ |
L
¥ d
i b s
- B - N . 1|
L
e . T |
- = |
e = |
T e .-
L = E |
.. . - " - S, = T = |
I M) = - ]
arder = 10

-12
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o) ol IRE( exact - approx jl)

log, ollim({ exact - approx )}

-10

-12

Mumerical Error in Asympiotic Expansion (5th orderi [io oL
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i | |
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A simpler potential: Poschli-Teller

r ™
Compan=on of Efiecive Potentsis jor Schwarz=schiid snd Nars Spacedmes
435
I Schwarz=schiio pomens ——
Poschi-Teller potental «««-----
4+ B
- | =10
3 -
=
=2
3 =i |
-1
£
£ 2F
=z
il
05 - S |
a = T
-20 5 10 -5 0 5 o 5 20
| Racisi Coorcanate r- / M
S o
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A simpler space-time: Nariai

Does the Poschi-Teller potential arise in any spacetime? yes!

v)

W= )
T A

Pirsa: 11030109

G s
It =i (t=o0.p=oc;UV=1) PTO0+ =it t =0, p=—¢ uv=41%1)
(=
o g P
“'-.\l‘ /: . .:_; .-"f
", - - g
W= fire= \-;‘.L- .
. / : :\/z
Y S aliF o .
e " _/\ : -
e /_3‘ b |
g : Z7AN =
\ =
’ = q:m
\ e
/ 3 | t
r =g =
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The Green function in the complex plane

(a) Schwarzschild - (b) Namai e

-

i
d a ] [ ] .
B e Ha B B e L
4 ] [ ] -

@ QNMs: poles/residues - excitation factors
@ QNM n-sum divergent[convergent]for T=t—t —r. —r. <0 [> O]

@ 7 ~0time fg

irsa: 11030109
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Maicihimy (Juasi—local and Non=-local Gresn Funcoons (£=1/8)

-- Quasilocal (60ih order)

Matching QL and QNM in  ° - Smwetsme=d |
Nariai: 03t

v={ 2

= 02

0.1 I
_"-‘_-_-_h-__-_h‘—-——_?_._._._.___ar'_i.'
0ok
0.1 ;
: 0 z 4 f ]
=t

Radial Seif—Force on a Staric Parricle in Nariai Spacetime

———

00005 7~

qu u.:m;% :

s [ s - Self-force for static scalar
& 00002+ ) : -

| - particle

00001 F

L] o)
Pirsa: 11030109 0.0 02
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Singularities arising in the QNM sum

singular when phases are coherent < connecting null geodesic

Null geodesics joining x & X’ QNM Green function in Nariai

X 0.2

. 0.15 =i

|

0.1 4

% 0.05 —/ » (3) I-.__
_._-‘-'-ﬁh Tl c 0~ e s
) ; ﬁ/”fﬂ

10 12

5 - iaﬁeé?/lSO
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The Green function in the complex plane

(a) Schwarzschild i (b) Nariai

Hei s

i
| o L] [] L i
R SR ST
0 ol = . L -

i
i

@ QNMs: poles/residues - excitation factors
@ QNM n-sum divergent[convergent]for T=t—t —r. —r. <0 [> O]

@ T ~ 0time igk

irsa: 11030109
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A simpler space-time: Nariai

Does the Poschl-Teller potential arise in any spacetime? yes!

W=
It =i~ (t=oc.p=oc;UV=21) AT+ =it t=c.p=—oc;UV =1) _
T4 § ? A
L n 1.__ =7
P
L% ,
™ o ot
o e / = = o
N, = o \ A 3
\ ?ff— K \. \_ o~
. L% w/ . \ i
—_— " ~
= M N Fa ’ —
o k'\-\. e ot
! + / L - //
1 -
:";-._ v = \\ = -
| = 2N # T
g
= 2
E 2
i
a3 . -h-'“'h-_____
1] — i —
-20 -10 { 5 o 1 20
| Raoisi Coormmnate r- / M
o A
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Contribution from poles

Ganm = 2Re Z Z(zf + 1)Py(cos 7) Bl (r)p(r') e~ wnt—t' —r—r)
n=0 /=0

B, are the excitation factors

and uj,(r) are the QNM radial functions

: uig, (1)
ufn(r*) T UUT;H 'L.er*
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The Green function in the complex plane

(a) Schwarzschild Sy (b) Nariai B

L
[ =}
[

0
i

:' CHE T A
R e e S ¥
- - - =

@ Quasi Normal Modes: Zeroes of the Wronskian Al (w) =0

e |
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Asymptotic behaviour of solutions

Assume existence of an horizon f(ry) = 0 where r. — —o0 and
asymptotically flat/cosmological horizon so f(r)/h(r) — 0 as r. — oc.
Then

g e—l‘rt'uﬂ= r* _} —DC
ulﬂ(r) i
A'n(w)e_"“"r* i B'”(w)e+’wr* . — 00
Aout W e—;—fwr,,, 9, Bout W e—fwr* f. — —00
ol («)

gl Fi —$ 00
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Contribution from poles

Gaonm = 2Re Z Z(ZI + 1) Py(cos 7) Bl (r)tn(r') e~ wnt—t' —r—r)
n=0 /=0

B,, are the excitation factors

?ut
] Wi
B!” — d;in

and uj,(r) are the QNM radial functions

) yin ( r,
U;,-.L_{*) = oﬁm

- 'wmf'*
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Critical orbits

. & AN 1 M . B
Null geodesics: ()2 (d¢> = — — —~ = k<(r,b) b= L/E where

L = h(r)¢ and E = f(r)t are constants of the motion
Suppose there are critical values r. and b, such that

OK2(rs,be)
or N

Example: Schwarzschild r. = 3M, b = vV27M
Then defining kc(r) = sign(r — r;)\/k2(r, be)

k3(r;,be) =0  and 0

Pirsa: 11030109
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Numericail Error in Asympiotic Expansion at 10th order fio QL)) Numericai Error in Asympiotic Expansion (5ih order fio OL %)
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A simpler potential: Poschli-Teller

Compan=on of Efiecive Poenbsks jor Schwarzschild and Narnsi Spscemimes

Schwarzschio poems ———
Poschi-Teiller pomBntal -«

g
T
i

L
un
1]
k.
=]

Effective Polentlal
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Maichimg (Juasi-local and Non=local Gresn Funcoons (£=1/8)

05

- - } -- Quasilocal (60th order)

Matching QL and QNM in ™ = s e
Nariai: 03
vy=0 g |
a'_-:;-_ 02
0.1

_______ e, Lo
0ok
—0.1 9 5 4 6 2

Radial Seif—Force on a Staric Parricle in Nariai Spacetime

———

T

00005

O -

'
g

wdial Sell —lorce, —;
[=
g

00005 -

- Self-force for static scalar
. particle

£=1/6

10 12

5 _ F’ig?-%?/lSO
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Singularities arising in the QNM sum

singular when phases are coherent < connecting null geodesic

Null geodesics joining x & X’ QNM Green function in Nariai
}(. 0.2 T
i 0.15 -
0.1
005 - 3 |
g o
e Ve £  of e g -
) el |
i 005 - / .
: 3] ---/;"X’ 1 (2)
2y ? |
2t -0.15 - JI
|

10 12

5 _ IT97164/130
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ld approach

The singular fie

Current research
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Current research: The cut contribution
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Other issues

@ Alternative approach to Hadamard V(x,x’) = 3" Vi(x, x")o¥(x.x)

expansion.

@ What happens when we try to numerically evolve A'/2(x, x/),

Vo(x. x") outside the normal neighbourhood?

@ Can we relate V(x, x’) to geodesics outside the normal

neighbourhood - add up contributions? (Certainly sometimes.)

@ Have seen importance of the critical orbit to QNM’s, what about to
the Hawking effect? Note: black hole mining highly effective in 4

dimensions, SeesS:aei aes@icntial barrier)

" L]
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Other issues

@ Alternative approach to Hadamard V(x,x’) = 3" Vi(x, x")o¥(x. x’)

expansion.

@ What happens when we try to numerically evolve A'/2(x, x'),

Vo(x, x’) outside the normal neighbourhood?

@ Can we relate V(x, x’) to geodesics outside the normal

neighbourhood - add up contributions? (Certainly sometimes.)

@ Have seen importance of the critical orbit to QNM’s, what about to
the Hawking effect? Note: black hole mining highly effective in 4

aem@@icntial barrier)
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St Patrick’s
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Singularities arising in the QNM sum

singular when phases are coherent < connecting null geodesic

Null geodesics joining x & X’ QNM Green function in Nariai
}(. 0.2
015 - J
[
|
0.05 - ; (3) |
= (1) \

'
L
Gireen Function

: | f//—

10 12

5 _ Tg?-%o/mo
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Singularities arising in the QNM sum

singular when phases are coherent < connecting null geodesic

Null geodesics joining x & X’ QNM Green function in Nariai

X

Gireen Funatior
[

f.ﬁ_._,_,_.-—-—-—'
~
-0.05
- - I.E}
X 2
-0.1
0.2
4 g B 10 12

Time T
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Singularities arising in the QNM sum

singular when phases are coherent < connecting null geodesic

Null geodesics joining x & X’ QNM Green function in Nariai
)(. 0.2
i 015 -
0.1 |-
I % 0.05 —/ ” (3) I-,.
: P o B

10 12

5 N FT9762/130
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Maichimy (Juasi—iocal and Non=-local Gresn Funcoons (£=1/8)

-- Quasilocal (60th order)

Matching QL and QNM in % :jmtetsme
Nariai: 03}

=g g |
= o2}
0aF
00
i 1-
et 2 1 6 3
-1

Radial Seif—Force on a Staric Parricle in Nariai Spacetime

———_

00005

ng mm-- :

s s - Self-force for static scalar
R 00002- ) : =

3 | . particle

= u.:mxi :

OO0 #
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The Green function in the complex plane

(a) Schwarzschild - (b) Nariai | tomte

@ QNMs: poles/residues - excitation factors
@ QNM n-sum divergent[convergent]for T=t—t —r.—r. <0 [> O]

@ T ~ 0time iah

irsa: 11030109
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Singularities arising in the QNM sum

singular when phases are coherent < connecting null geodesic

Null geodesics joining x & X’ QNM Green function in Nariai
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Maichimg (Juasi—iocal and Non=local Gresn Funcoons (£=1/8)

0.5

. _ ; -~ Quasilocal (60th order)

Matching QL and QNM in ™} = ssme
Nariai: 03f

=9 =z |
= o02f
01
_-'-__-_-__—__-_-_-_‘——-_____._._._._._-—-"‘ri.'
=S 2 4 5 3
-t

Radial Seif—Force on a Staric Parricle in Nariai Spacetime

———_

00005

-.l.ﬂ]]]-d-z-
Hi
g mm*- ;
& s - Self-force for static scalar
2 opcoz ) : :
T | - particle
= u_{mx% :

OO0«
Pirsa: 11030109 0.0 02

Page 116/130




A simpler space-time: Nariai

Does the Poschl-Teller potential arise in any spacetime? yes!

U=

iy (t=DC,,D=2-C:,L'_1’F=-T] p_DI+ =17 (t =00, p=—oc;UV = l?.j

___.
ri L'\l

4 " -, r

o

, / M

T i - o /
N N _ #
™, w”k/ = oot
N, - /
™, Y [k
“ - T i N,

i r‘n'l}

it == [l
0V
R o
= AN 0=¢

o 2 % 5
/ ol = A i il
{ TN e N =
- M ™
/”'/'} - =5 /// by
/ 4P N
— —_ '!'. = L=D
I =1 (i=—og,p=oc:UV =) I =i (f=—0c,p=—oc;UV =)
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The equation for v(r) yields a natural expansionin L=1/+1/2:

w=f;d_1+wg+L_1w1+---

v(r) =exp(So(r) + L7'Sy(r) + L™2Sy(r) +--+)

and imposing a continuity condition on S;(r) atr =r;

I=2,n=0 [=3,n=0

Ctd. Frac. | 0.373672 —i0.088962 | 0.599444 —i0.092703

' 12th order | 0.373679 —i0.088955 | 0.599443 —i0.092703

6thorder  0.373642 —i0.088967 | 0.599439 —i0.092684
WKB (6) ..0.3736 —i0.08%0 | 0.5934 —i0.0927

Page 118/130
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Critical orbits

. § @RS 4 Ml . B
Null geodesics: ()2 (dqb) % D - k<(r,b) b= L/E where

L = h(r)¢ and E = f(r)t are constants of the motion
Suppose there are critical values r. and b, such that

OK3(rs,be)
or -

Example: Schwarzschild r. = 3M, b; = V27M
Then defining k.(r) = sign(r — r;)\/k2(r, bc)

k3(r;,be) =0  and 0

Pirsa: 11030109
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Contribution from poles

Gonuw = 2Re Z Z(ZI + 1) Py(cos 7) Bl (r)t(r') e~ wnt—t' —r—r)
n=0 I=0

B,, are the excitation factors

?ut
] Wi
Bfn — d:"in

and uj,(r) are the QNM radial functions

irsa: 11030109 Page 120/130




The Green function in the complex plane

Lo

: o e » @
e e e e
- . - 5

@ Quasi Normal Modes: Zeroes of the Wronskian A (w) =0
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Pi

Numerical Calculation on-light cone

Numerically integrate the transport equations (ODEs) for Vy(x, x’)

along null geodesics to get V(x, x’) on the light-cone.

-0.02;

-0.04

—-0.06

—0.08;

—-0.10¢

S

———

-

||||| : 11030109
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b

Pirsa: 11030109

Numerical integration of the transport equations for A'/2(x, x’) and

Vo(x, x’) along a geodesic.

20 2.5
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Convergence of series

15
1.0
B
Z 05+
=
]::
00+ Y
B ]
1
i 1
|
L 1
1
L 1
05 :
0 2 - 6 8 10
t—t
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Examples
Leading term for self-force in vacuum:
Vabed = — 5;—05’” (a"biir Ripicigla)” — §$—5‘F’ *Ro(airio R gicisia)
+ 11@9" (a6 pcArsqia) + 8,1—0’?"" Rog' (2R rstib9cat
+ Bgmﬁpqmljﬁpqrsg(abgcd) 40;20 RPY" Rpq™ Rrstug(abFca)

In Schwarzschild:
M= M?

Voo) = 0. Vio) =

v M=
30 = 31 50r12

(194M — 81r)

156" Y20 = 7008/8
(210r° — 1125rM + 1454 M°),
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it | Gelneral ) ;Vacuum, m=20 |

 Time | Terms | Can. | Can.,P=0 | Terms | Can.
ai ! 0 2 2 | 1 || 0 0
a 0003 10 | 7 s | 2 1
as || 002 9f 26 5 | 7 >
a: || 02 1058 | 113 68 | 56 5
as | 36 | 13972 | - - || so7 | -
ds 76 199264 — ~ 4988 -
a; | 1489 2987366 | — n 51700 | —
a8 - - | - - | 554715 | —
| a | - e — 8098069 | —




How far can one go: V,?

— Generall V?cuum, m: =0
Time Terms Memory | Time | Terms | Memory
4 | 0005 47 | 220kB | 0003 5 | 2.5kB
6 | 0014 206 | 112kB | 0009 22 12KB
8 | 0047 856 | 526kB || 0019 94 | 59kB
10 | 016 3414 | 225MB | 005 384 | 260kB |
12 | 058 13064 |9.34MB | 0.19 | 1480 | 1.1MB
14 | 21 | 48167 |371MB| 061 5485 | 42MB
16 | 7.8 172214 | 141MB | 21 | 19637 | 16MB
18 58 MB
T30 208 MB |



Pi

The Hadamard and DeWitt coefficients are related by

aliz Eit (mZ)r k+1
A _ k
Vi'e = 2r—1r| Z( 1) (f— 1)|3k B
with inverse
;
_ K| me)r+
ar+1‘45.« - 1X2Z(_2)k—|—1 (mZ)r kvk - _|_( .) 5A -
— (r k). (r+1)!
In particular,

m*=0 A1/2 Pk
"l (1)

A
B = dri1 B

These relate the ‘tail term’ of the massive and massless theories

A (mP=0)A_ (20) r'Jdr ((—2mPo)'/2)
VAg = Zv 2oy 2

— _2mPq)!/ 2)
1 Xz P§!128/130
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The Hadamard approach
GF® (x, x') = i(W[T [2A(x)8® (x)| [W)

i | P {x %)
82 o+ e

LW (X (o ie)}
GA® (x,x') = 5 (GLE (x, ) + GAZ (x.x)) + S (WI{A(x), &7 (x)}v
Gem (X, X) = 6_ (x,X) {UAE, (x,x') 5 (c) — VA5 (x,X) 9(_5)} |

U B X Xl ZU;-(X XJ) E!J V B X X Z Vr(X X)ABJG'

Find Up g = A1/2545,, then write
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The Hadamard approach
GP® (x, X') = i(WIT [¢4(x)27 (x)] W)

i | %% (x ")
82

1 YAF g duif
e VA= (x,x") In (o - n—:)}
1

AB'
G ) = =

(G2 (x.x') + GEZ (x, X)) + 2 (WI{ZA(x). 2% (X)} v
e (1) =0 (6 {1 (1) 001 VAo (1. 0) (-1}

U Bf X X ZU;-(X XJ EIJ V BI X X Z V,-(X X)ABJJ

r—0
Find Up g = A1/2545,, then write

o0 =0
S > U(x,x")o™t = W(x, xX) = 3 Wi(x, X)o" .,
r=1 r=0




