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Abstract: We consider one dimensional devices supporting a pair of Majorana bound states at their ends We firstly show [1] that edge Magjorana
bound modes allow for processes with an actual transfer of electronic material between well-separated points and provide an explicit computation of
the tunnelling amplitude for this process. We then show [2] that these devices can produce remarkable Hanbury-Brown Twiss like interference
effects between well separated Dirac fermions of pertinent energies: we find indeed that, at these energies, the simultaneous scattering of two
incoming electrons or two incoming holes from the Maorana bound states leads exclusively to an electron-hole final state. This
& quot;anti-bunching& quot; in electron-hole internal pseudospin space can be detected through a measure of current-current correlations. Finally,
we show [2] that, by scattering appropriate spin polarized electrons from the Maorana bound states, one can engineer a non-local entangler of
electronic spins useful for quantum information applications. [1] G. W. Semenoff and P. Sodano: J. Phys. B: At. Mol. Opt. Phys. 40, 1479 (2007);
[2] S. Bose and P. Sodano: &AtildeAf&Acirc;&cent;&Atilde;A, & Acirc;A€& Atilde;A, & Acirc;AaaNon-local  Handbury- Brown Twiss
Interferometry & amp; Entanglement Generation from Majorana
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Outline

@ Dirac vs Majorana Fermions

@ Midgap States
@ Soliton — Fermion interaction
@ Kitaev wire

@ Non-local effects

@ Two Particle Handbury — Brown Twiss
interferometer (non-local) for Dirac electrons

@ Non-local Entangler of fermion spin
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Dirac vs Majorana Fermions

Dirac fermions

d
i U(Z.t) = Ho¥(Z. 1)

(U(F,1), ¥ (7.t)} =6(F — 7

i — /dﬂ: - Ul (2, t) HoU(z. t) -

-
'EHE‘I’(I. t) = |[¥(x,t), H]




Dirac vs Majorana Fermions

Hovg(zx) = Eve(x)

Orthonormality conditions:

[dfb’g(f)vgf(f) = 55-'}3! Z UE(f)UL(m = 5(5 = g)
E

Field operator expansion:

U(Z,t) = ¥ ve(@)e T ag+ Y vu(@)e T/
E>0 E<O

with:

{aE,a};,} = 5}35! 5 {b_j_:j._bT_E} = 5EE’

ag|0) = 0 = b_g|0)
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Dirac vs Majorana Fermions

Majorana fermions

Reality condition: ¥_g(x) = I'te(z)

Majorana field operator:

®(Z,t) = » (ve(e T/ ap +Tvg(F)e'”

E>0
ae|0) =0 VE >0
®(Z.t) =T® (Z. 1)
[®(£.1), " (F.1)} =6(F— F)

From Dirac to Majorana:

i_(xp(f.t) + TU(Z.1))

Z.t) —T¥(Z.1))
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Fractionally charged solitcn

Phvs.Rev.D13.3398 (1976

Fermion interacting with a topological solition can have quantum

states with fractional charge ¢ = (n + %) e (also can be

non-( = )integer in systems with less symmetry)

Example in 1+1-dimensions which models polvacetylene



710 mode wave-function /\

F g

soliton
Scalar field with soliton profile: o(z) = utanh uzx
Dirac Eqn. in soliton background: (iy-9 — o(z)) ¥(z.t) =0
W(z,t) = e*Bty

E(T)

—

Hamiltonian (ic‘f -V + 30{3:)) ve(r) = EYe(x)

0 —31-——0{1‘}‘[ -uEE;I‘\.I_' B uep({x) | u_g
d- + olx) 0 | i_l‘;_-‘_‘{.l‘:‘_' vel(x) | ’ \_r =

—_ip |

3 = T E:‘EI.".lj F
3 zero frequency E = 0 mode. ug(x) ~ € J F v =0
L"LI'.fh_] — Yolx)a + E {Elﬁtl'f—f{_I}ﬂf ¥t E—eﬁtL._E{I}bT‘E
E>0
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e Charge conjugation symmetry

(z.t) — Céli(e. t) , vYe(z) =Cy¢ g(z)

Q—CQC™'=-Q

For every state (g > with Q|g >=¢qlg¢>.3 | —¢>=Clg >
with Q| —g>= —¢q| — g >

e charges are quantized: if 2 |g > with Q|g >= ¢|g¢ > then
3 lgt+te>withQlg+e>=(g+€)|Q +e>

Then g — (—¢g) = 2g = e-integer and either
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\ o | iB & % — Et T
v(z,t) = vol(z)a + E ePtyp(r)ag + e Py _p(x)b}
E>0

Zero mode creation/annihlation operator

{a,a'} =1, {a,ag} =0={a.bg} . {ag,aL.} =0 etc

Zero mode has two-dimensional representation {| [>.| >}

i =11

e,

> 0 _ alt>—11> .al>—14

ag|l IT>=ag| |>=0=0g| [>=0g| |>

{IEE..-bE;.-., » = aEr_‘"bEf_'“ |> have energy E; + ... +
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Majorana fermion: identify particles and anti-particles

v_g(x) = C¥g(xz) — impose ¥(z.t) = C¥™(z,t).

7810 mode wave-Tuncton /\ 9

i

soliton

r -
3

U(z.t) = dolz)a + E ‘EEE‘L-E(_I}{IE + e a:_ELr'}aTEé

E>0

a=al . =— , {a,ag}—0 , {ap.ag. } = dem

mode has 2 inequ]v. [-dim_reps.

_{—1}2 eg%E o.10>=0 . al0>=(

. but <

Pirsa: 11020%&




Majorana fermions do not have conserved fermion number:
(@ =¢€¢ )¢ =0)
They do have a discrete symmetry, (—1)F¥(z,t) +¢(z. ) (—1)F =0

(fermion parity: conservation of fermion number mod 2)

i[ = ) L.';_J.IL'E —4

However. since a/0 >= (L) L_JU >. |0 > not an eigenstate of | —1)F
/2 | _

- - e S ——— e

Fixed by using 2-dim. rep of algebra

=— =1 |

s b = {a.b} =0, a=a+ib, a' =a—1ib
{a,a'}=1,a]->=0,a'|->=+> . a[+>=0, o[+ >=|->
Fermion parity: (—1)f|—>=—]—> , ((D)fH>=+>
Soliton-antisoliton system — >

i
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Majorana fermion: identify particles and anti-particles

¥v_g(z) = Cvi(z) — impose ¥(z.t) = Cv™(z, ).

Zem mode wave-uncton /\ =

-

““ty_p(r)ak]

“Ye(z)ag + €

{ag-a:,:_,} - fiEE!

, agl0>=0 , al0>=(1)

|0 > energy E; + ... but <
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Majorana fermions do not have conserved fermion number:
(Q=¢€e ) ¢¥'"v=0)

They do have a discrete symmetry, (—1)F¥(z,t) +¥(z.t)(—1)F =0
(fermion parity: conservation of fermion number mod 2)

[(—1)F,v"My] =0

However. since a/0 >= {:}% 0 >. |0 > not an eigenstate of (—1)F
W S

Fixed by using 2-dim. rep of algebra

R or— _ = |
- b = {a.b} =0, a=a+ib, a' =a—1ib
{a.a'} =1, al—>=0, a'|->=+> , @[+ >=0, al|[+ >=|->
Fermion parity: (—1)f|—>=—|—> ., (- D)fl4+>=4+>
Soliton-antisoliton system —— >

i
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Fractional charge in a two-soliton system
R.Jackiw, A.Kerman. [.LKlebanov, G.Semenoff.
Nucl.Phys.B225 [FS9]. 233 (1983)

R.Jackiw J.R.Schrieffer. cond-mat /0012370

"

5

eEheseysEE

/
/

soliton antisoliton

Two bound states with w=2e~e L L —

- 3 a [ % L ] ...E
v vi(z)e“at+v_(z)e 8+ E e ve(z)as
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antisoliton

a -+ 37
V2
a — 37

" —

b= b'

v 2i
has a four-dimensional representation

al |>=0,al|l>=|1T>,all

RiI—0. Pl .81



soliton ani-soliton

States are direct products |, with fractional charge.
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With Majorana fermions

al—>=0. a'|—

i
2

‘local variables’: a =

W

Superpositions of [+ >, |— > violate (—1)F

classical switch off= | — > on= |+ > (stretched states)
Position of switch measured by 1abl+ >= +|{+ >, 1¢b|— >= —|— >
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quantum wire + p, + ip,-superconductor

A.KRitaev cond-mat /0010440

] ' AN #
i*,u.L L;L——Lr 1V +— U

9 9

k=1
t— amplitude for electron hopping between neighboring sites
A= amplitude for electrons leave wire as cooper pair

p-wave condensate ~< ¥,7 x Vi, >, consider one spin state
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quantum wire + p, + ip,-superconductor

A.Kitaev cond-mat /0010440

T S ——
H= 5 | Vk1Vke T Up¥kin| + U + o
;?:1 = = —

t— amplitude for electron hopping between neighboring sites

A= amplitude for electrons leave wire as cooper pair

p-wave condensate ~< ¥, x Vi, >. consider one spin state




Choose phases so that A,{ are real, positive. £ > A > pu
Real and imaginary parts of electron g (t) = b (%) + ici (%)
Schriédinger equation:

.d [ b 0 D b | ' by | 0 br.q |
[ S — ; ; =
dit | Ck DY 0 C};J Cy CrL4+1 |

Dbk — {

: ft. A
Df_";r:—z Srl{‘;:__r;—-—f_‘;f_;r-rgt,;,—?{C;_l—(‘;\_l

—_ —_

N | o

A
{bh—l _'_bfx—l' _'_J[ib.i R ibi—-l _bk-—l ?}

: : b | & ]
1-1 mapping of positive to negative energy levels { =i

# of zero modes mod2 is a topological invariant
Can be explicitly solved for the half-line: (L — oc) *3'?: — |

f & = o oy < i £ ;:
ftzsm'cr*j.-'mslo(t—_‘l _3 7

B =2, | —— ,j ) sink¢é . ¢ = cos
: \‘ (2 — A2)sin” ¢ A
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2B mode wave-unction

=1 =i - >-irdfinity

All other modes are in the continuum with

E(p) = \_."!.rmsp + u)? + A2 sinjp

&
f f = tF{p} o - . M i i N
§ '
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La.

TE~ €

» b‘f_ 1s localized near £ = 1 and. up to exponentially small

z 2 - . - i 3
corrections, is the same as in the half-line. ¢ =587 ., ,.

e The negative energy bound state has wave-function

(B2 + ic2)e** and the positive energy state is (6] — ic})e

) 0 v et o sz 0 -z 0 —1et o
Up(t) = (b +ibr . _p)e B+ (b —ibp .y ;)€ 3"+ ...

8- 4"

e When L is finite, there are two bound states with energies

1et




~

Chck on Comment snd

stretched states

gl— >=0.
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~DFI) =[1) (—D)FH) =)

@
What is the quantum amplitude for the transition - after time T
— of this state to one with the electron locate at L 7

tlare’#tallt)

A £+’
N '

4
AL = t E+A

=2|c}|* +p=14
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ZBM0 mode wave-function

=1 = - >Ny

All other modes are in the continuum with

E(p) = \,"ﬁmsp-,urf + A2sin’ p

QD

|} 2 = 3 o tE{p)i
+ (be(p) — e (p) )e g

hadg
I
Sl

6" —-

g | el
e,
Yl
1]
Sl )
m ]
ol
I
=
i)
L
.
]
=
A
|
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quantum wire + p, + ip,-superconductor

A_Kitaev cond-mat /0010440

L

H=Y {2 {vf b Tioite . Bg 0 X,
k=1

t— amplitude for electron hopping between neighboring sites

A= amplitude for electrons leave wire as cooper pair

p-wave condensate ~< ¥, x Vi, >. consider one spin state




Choose phases so that A, f are real, positive. £ > A > u
Real and imaginary parts of electron ¥ (t) = be(t) + ici (%)
Schrédinger equation:

d [ b 0 D hk—‘ | b | 0 brs1 |
s p— . . —
dt | cx D' 0] [ex] Co CrL+1 |

A
Dby = ?{ (bey1 +bp—1) + pube + = (brs1 — bk—ﬂ}

b | o

: T _ | Vs ;
D'ep = —1 Py \Ck4+1 T Ck—1) T HCE — > (Ck+1 — Ck—1)

-1 mapping of positive to negative energy levels { } =
€

. -
¥

# of zero modes mod2 is a topological invariant

Can be explicitly solved for the half-line: (L — oc) CE — |

e - P % B
o o |[t?’sin“o+ A%cos?o [t— A _ - 7
by =24 —— === sinko . @ = cos ————
\r‘ (2—A2)simn“¢p \t+A4A, ViZ— A2
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~

Chck on Comment and

stretched states

3T -

gl—>=0. 8'l—>=|+> . 84 >=|—-> . 8l—>=0
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e When L is finite, there are two bound states with energies
L

S A J -2

B bf_ is localized near £ = 1 and. up to exponentially small

corrections, is the same as in the half-line. ¢ =587 ., ,.
e The negative energy bound state has wave-function

(B2 + ic)e** and the positive energy state is (b7 — ic} )e*".

0 -3 0 v tet s 0 -z 0 —tet o
;'—-'+Ft|:ti = ibk _'_I-bL_T__i-}E j"‘kb;_— _IbL_;_k_JE 3 e
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780 Moo wave-unction

=1 k=i - >imfinity

All other modes are in the continuum with

/(tcosp+ )2 + AZsin’p

dp ((be(p) + icx(p) ﬁ.ip:f"E!p:r + (b (p) — icx(p))e
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Choose phases so that A, f are real, positive. £ > A > u
Real and imaginary parts of electron ¥g(t) = be(t) + ici (%)
Schrédinger equation:

.d [ b 0 D] J[b] | bo | 0 brii|
{1_ — z - — ——
dt | cx D' 0 r?_;L-J o CL+1 |

Db — i

< £ | 5
D'eg = —1 5 \Ck+1 T Ck—1) T HCk — (Ck+1 — Ck—1)

— —_

N | ™

A |
{bi‘—l "_bﬁ_-—l:l -+ ’Ubﬁ = ? lb.i:--l - bk—l}}

: e ‘ b [ & ]
1-1 mapping of positive to negative energy levels { =

# of zero modes mod2 is a topological invariant
Can be explicitly solved for the half-line: (L — o)

f o . =B : :
50— 9. t2sin” ¢ + A% cos? @
L, — 4 | . S - ] 3 7 - F;
\' (2 — A?)sin” ¢ TR Viz — A2




Choose phases so that A, f are real, positive. £ > A > pu

Real and imaginary parts of electron () = b () + iex (1)

Schrodinger equation:
d[bk] [O D [bo ] brss |
“dt _c;-}_ {DT Dl [

CrL+1 |

: (¢ | A
Dicg =—14 — (g1 +—1) +peg — - (€41 — 1)

2 2
: . _ b [ b ]
1-1 mapping of positive to negative energy levels —
£ — =]
# of zero modes mod2 is a topological invariant
Can be explicitly solved for the half-line: (L —oc) ¢p =0
[t2sin® ¢ + A2cos2é [t — A\~ . - z
= —— ) sinké . & =cos™ ! %
\' (t2 — AZ)sin” @ T =¥ Viz — A2

Pirsa: 11020




Pirsa: 11020

Choose phases so that A, t are real, positive. £ > A > u
Real and imaginary parts of electron Wi (t) = br(£) + icx(t)
Schrédinger equation:

d -b_l; 0 D ]rhk-' _E’)g_ 0 bl—l‘
L — — ; = — —
dit | Ck D 0 LC};J Cp CrL4+1 |

BN | o

A
Dby = ’{ (b1 +be_1) + pbe + — (bpr1 — bk—l,i}

— —_

. [t | A
D Cg — —1 5 \Ck+1 T Cg—1) + HCE — — {€Er3 — Ci—3]

- ‘ b | b
1-1 mapping of positive to negative energy levels { —
& —&

# of zero modes mod2 is a topological invariant
Can be explicitly solved for the half-line: (L — o) ¢

0 __9
e —

. - 2 & < F 's .'_"
etlsm'r}*_‘r’rnsza(t—_&‘h , 3
S

24 | — ==
\‘ (2 — A2)sin” ¢
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e When L is finite, there are two bound states with energies
—k
+e~e .

B b‘ﬁ 1s localized near £ = 1 and. up to exponentially small

corrections, is the same as in the half-line. ¢ =587 ., ,.

e The negative energy bound state has wave-function

el

(B2 + ic})e** and the positive energy state is (b] — ic})e™".

1 0 -z 0 e s 0 -z 0 —tet o
Uk(t) = (b +3br. ;1 x)e B4+ (bg —ibp.y z)e B + ..

0 -z 0
—bra + tbp; b +...




— of this state to one with the electron locate at L ?
\

(tlaze’*ajlt)

N

- t2 + p? =

1
— — 4 _ =—
A1z t E+A)2 2

=2|c}|” +p




Weakly coupled Majorana Bound Statdl —

‘,x._ fbu,"ﬂu _ PSS aXir A 040 ;;:c’f ,.ff_;
] 2
e i |
. = SC > M

IIIII




S(E) = 1 + 2riWi(Hy — E — izWTl

e (a different regime than the crossed &
=~ FE A1 Andreev reflection of Beenakker et al)

{le1), le2), |h1), |h2)}

E <5 -3 A

'L & Y% )
=zt -3 5 1 i
i =% & )

Four-port beam splitter, but ports are both spatlal
& in isospin space ¥
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Weakly coupled Majorana Bound Statdiysie
\ S Rase - PS. aXic A040 0707 =

|\ il i - = &
— —~—\.._H ) = =
. = - .
= = ) S C -\-\.__\_\__ ——
T

Y g Ve + VeV = 204

IIIII




Bose & Sodano, arXiv:1010.0709 (oct, 20t

MBS 1 4+ .+ 4
€1C5|0) - S(C'ﬁ—zcé—di
B L, . § .
+idy) S(—ic; +¢3 —idy —d 0)
Lo ts 54 34 . 3dun
= 5(_sz1(l1 — ¢y ds + c5dy +1cyds)|0).

- d'(E) = ¢;(—E)



> (a different regime than the crossed &
E~FE A1 Andreev reflection of Beenakker et al)

{le1), le2), |h1), |h2)}

1 —1 —1 —

1 ] 1 7 —1
= 2l .1 —i 1 —i
s —F 1 1

Four-port beam splitter, but ports are both spatlal
& in isospin space -
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Bose & Sodano, arXiv:1010.0709 (oct, 20 .

cl0) == (c] +ich — d + id})

T T MBS ]- T = - +
c; ¢5|0) r: 3(0{ +icy —d;
by 1 bt gt
+ids) 3(—3(1 + ¢, —id; —d)|0)

]_, & L & O X :
= #_éc{d{—c'ﬂé%cédi ic5d5)|0).

F
o

= d\(E) = ¢;(—E)




BNE &3

Scattering matrix for deviations
18 OF
Sz — — —S + — —/
oF + I OF + il

Current noise correlations

9 9
TR e {(6E)? —T%Y6,, .
hv {(0E)? +T?}? ' b

- 14
el Anti-bunching
= Conventional in iso—spigm

anti-bunching space




RefaeiOreg van Oppen: ==

"—}1 p— T(C]_T _Z(l‘l'_{_ZCl,L_I_Cl ‘L)
1
. —(c1++zc1¢—zc1¢+cl¢)
V. 2
F 5o MBS 1.5 =1 =1
S ...)|0)
§)12 = %(' Dl D2 =l d)2+2| 1] 1)2)
lllllllllllll Bose & Sodano, arXiv:1010.0709 (oct, 2010) ™
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ELECTRONS

PHOTONS

To test quantum indistinguishability you
need to bring identical particles together
at a beam splitter

Spatial bunching and anti-bunching has
been tested.




Conclusions:

@ Relevant non local effects of Majorana
bound modes

A) Handbury - Brown Twiss interferometer
between well separated Dirac fermions

B) Non-local entangler of electronic spin

A) — B) can be observed in various settings

enable us to detect presence of Majoranas




