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Abstract: We consider one dimensional devices supporting a pair of Majorana bound states at their ends We firstly show [1] that edge Magjorana
bound modes allow for processes with an actual transfer of electronic material between well-separated points and provide an explicit computation of
the tunnelling amplitude for this process. We then show [2] that these devices can produce remarkable Hanbury-Brown Twiss like interference
effects between well separated Dirac fermions of pertinent energies: we find indeed that, at these energies, the simultaneous scattering of two
incoming electrons or two incoming holes from the Maorana bound states leads exclusively to an electron-hole final state. This
& quot;anti-bunching& quot; in electron-hole internal pseudospin space can be detected through a measure of current-current correlations. Finally,
we show [2] that, by scattering appropriate spin polarized electrons from the Maorana bound states, one can engineer a non-local entangler of
electronic spins useful for quantum information applications. [1] G. W. Semenoff and P. Sodano: J. Phys. B: At. Mol. Opt. Phys. 40, 1479 (2007);
[2] S. Bose and P. Sodano: &AtildeAf&Acirc;&cent;&Atilde;A, & Acirc;A€& Atilde;A, & Acirc;AaaNon-local  Handbury- Brown Twiss
Interferometry & amp; Entanglement Generation from Majorana
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Outline

@ Dirac vs Majorana Fermions

@ Midgap States
@ Soliton — Fermion interaction
@ Kitaev wire

@ Non-local effects

@ Two Particle Handbury — Brown Twiss
interferometer (non-local) for Dirac electrons

@ Non-local Entangler of fermion spin
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Dirac vs Majorana Fermions

Dirac fermions

S
i U(F,t) = Ho¥(Z. 1)

{(U(F.0).¥(F.0)} = 6 — )

I — fd.’l‘: - Ul (2, ) HoU(z. t)

.
-:»:ﬁa (. 1) =|¥(x.t) H|




Dirac vs Majorana Fermions

Hove(x) = Eve(x)

Orthonormality conditions:

/d.l‘ L’E(x)bgr( _’) — OEE" Z UE(E)UE(m == 5(33 = 37)

Field operator expansion:

U(Z,t) = Y vu(@)e T an+ Y vu@e /M 4
E>0 E<O

with:
{(IE aE;} — {b E, f) E} — 0

ag|0) = 0 = b_g|0)
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Dirac vs Majorana Fermions

Majorana fermions
Reality condition: ¥_g(x) = I'te(x)

Majorana field operator:

D(Z.t) = Z (UE(J:)E—IE”E{L +TI'Ye(x
E>0
ae|0) =0 VE >0

®(Z.t) =T® (£ 1)
{®(Z.1).9'(7.0)} =6(T— 7)

From Dirac to Majorana:

d.(Z.t) = 1_ U(F.t) +TU(F.1))

—(U(Z.t) —TT(Z.1))
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Fermion interacting with a topological solition can have quantum

states with fractional charge ¢ = (n + ) e (also can be

non-(  )integer in systems with less symmetry)

Example in 1+1-dimensions which models polvacetylene
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zero mode wave-function /\

r’f’
i
soliton
Scalar field with soliton profile: ¢(z) = utanh px

Dirac Eqn. in soliton background: (iy-9 — o(z)) ¥(z.t) =0
L'(.If_f-} = EiEtL

e(T)
Hamiltonian (i§ -V + 3{:}{_1‘}) ve(z) = Evelz)

0 —0: + olx) ‘[ | ue(z) _' - e{x)
3. + o(x) 0 | Lt'E'i'r'? ve(T)

Ao . v
. — | ¢(z")dx
3 zero frequency E = 0 mode. ug(z) ~ € ke , g =0

s e | B2 ; Bt ot
vl X, i) — wvelzx)a + E ]E Ve(z)leag +e " Y_g(z)bg|
E>0 :
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e Charge conjugation symmetry

U(z.t) — Cdi(e,t)

Q—CQCc'=-@
For every state |[¢ > with Qlg >=¢ql¢>.d | —q¢>=Clg >
with Q| —g>= —¢| —g >

e charges are quantized: if = |g > with Q|g >= g|g¢ > then
3 lgt+te>withQlg+e>=(g+e€)lQ +e>

Then —¢g) = 2qg = e-integer and either

e g=mn-e€ =
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Ulz.t) = velz)a + E _EIEtL‘E{I?{IE +
E>0

Zero mode creation/annihlation operator
{a.a'} =1, {a,ag}=0={a.bg} . {ag,al.} =8 etc
Zero mode has two-dimensional representation {| [>.| >}

[ 5>—0 . . al f>==11> . al]|>—1

ag| T>—agl :3’—0_6]5 1==—0bs 1>

'i' s I = = =
‘351---55_;---- > a_ET_-_ b ...| |> have energy E;

QjE:/ dx

i=——i1>

. 2
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Majorana fermion: identify particles and anti-particles

_glx) i (x) — impose ¥z, t) = Cv™ (=, t).

ZEEWEEEWE—WW/\\\

P
o

soliton

(x.t) = vo(z)a+ Y \ | " _p(z)a)|

E>0

a=al : = {{1 aE} =0 , {G-E-ﬁ;—_r} = dpp

mode has 2 iHEC]_I_IlV. [-dim.reps.

A T , , ;
{::)—J_t’—l}zaf‘lt ; GElU>—0 . allf >—¢E
g x;i . #

|0 > energy E; + ... but <
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Majorana fermions do not have conserved fermion number:
{2 = Efi;,‘T'E,‘ = 0)
They do have a discrete symmetry, (—1)Fu(z. ) + v(z. )(—1)F =0

(fermion parity: conservation of fermion number mod 2)

i{'_—l‘}‘t. L.':_J[L;-‘E =1{)

However. since al() >— {:]f—qj{} >._ |0 > not an eigenstate of (—1)F

V=

- — - - A e ] e e

Fixed by using 2-dim. rep of algebra

= 1 : 1 E _ £ .

a” =, 63:;- {a.b} =0, a=a+ib. a' =a—ib
{a.a'} =1, a]—>=0, a|->=|+> ., e[+ >=0, dl[+ >=|->
Fermion parity: (—1)f|—>=—|—> , (-—1)fl+>=|+>
Soliton-antisoliton system —— >



Majorana fermion: identify particles and anti-particles

7m0 mods wave-uncton /\1&&

o

-~

soliton

] : I £ - - x5
U(z.t) = do(z)a+ Y  |eFlup(z)as + e *EiY_g(r)al]
E>0

a=a', a®=— . {a,ap} =0 |, {ag-a;,}:{iEE;

Zero mode has 2 inequiv. 1-dim.reps.

e | g B
—1)2.°2%8 | ¢pl0>=0 , a|0>= (%) 5
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Majorana fermions do not have conserved fermion number:
(Q=ce[v'v=0)
¥ 3

They do have a discrete symmetry, (=1} ¥(z. ) +¥(z.6)(—1)F =0

L

(fermion parity: conservation of fermion number mod 2)

(1), v"My] =0

However. since g|/0 >= {:}%'{J >, |0 > not an eigenstate of ( = |
Vo= 5 > :
Fixed by using 2-dim. rep of algebra
. | = | ; : :
a’ = = 53:; , 16,0} =0, a=a+ib. a' =a—1ib
{.-:x.r_f} —1.al—>=0.a'|l—>=|+> .al+->=0_a'|l+>=]—->
Fermion parity: (—1)f|—>=—|—> ., (- D)fl4+>=H>
Soliton-antisoliton system — >

i
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Fractional charge in a two-soliton system
R.Jackiw, A.Kerman. [.LKlebanov. G.Semenoff.
Nucl.Phys.B225 [FS9|. 233 (1983)

R . Jackiw J.R.Schrieffer. cond-mat /0012370

"

//“x
ceeeyse /N

soliton antisoliton

Two bound states with w =

(I
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=

V
a — 37

/2i

b= bi

v
has a four-dimensional representation

al |>=0. a'| |>

Bl |[>=0. b'] |>

antisoliton




soliton _ | antr-soliton

= : 1 1 8= > : :
States are direct products & with fractional charge.
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With Majorana fermions

Y

.-'/‘ \“
ileeeysae \\

e menydale

‘local variables’™: a

Superpositions of [+ >, |— > violate (—1)F

classical switch off=|— > on= |+ > (stretched states)
Position of switch measured by 2abl+ >= +{+ >, 1¢b|— >= —{— >
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quantum wire -+ p, -+ ip,-superconductor

A.Ritaev cond-mat ;0010440

| e S - - ] S . =
= = Lif,»krlﬁ E ':;‘ i ﬁ:——j_l' T “;;" URT E4+1

. EF & ] : o P
|

H=) {3 |Peaa¥e+¥cben]

=1 )
t— amplitude for electron hopping between neighboring sites
A= amplitude for electrons leave wire as cooper pair

p-wave condensate ~< ¥/, x V¥, >, consider one spin state
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quantum wire + p. + ip,-superconductor

A_Ritaev cond-mat /0010440

L -
% " N (e A 3,4
E=1 ~ B = =

— amplitude for electron hopping between neighboring sites

A= amplitude for electrons leave wire as cooper pair

p-wave condensate ~< .7 x V¥, >. consider one spin state




Choose phases so that A, { are real. peositive. £ > A > u
Real and imaginaryv parts of electron ¢ (f) = be (%) + 2ex ()
Schrédinger equation:
br. | | bo | [ br¢1 |
e

d The [0 D]J = | =
*‘E'_-:-;.]_{D?’ GM-J L) T Lewa

t A
Dby =1 {3 h#—l*b;-—p*ﬁf-b;*—fbi 1—'5&—1}}

.

—_

it _BE —
Dcg =—1{ = (€p+1 +€x—1) + per — — (€41 — Cp—1)

Cb
1-1 mapping of positive to negative energy levels { 1 —
e 1=—E]

# of zero modes mod?2 is a topological invariant

Can be explicitly solved for the hali-line: (L — o) Cg ={

F ooy . 5 ‘ - : - -
| t2sin” ¢ + A% cos?® ¢ (t—.‘.l , 3 7

B2 =2,/ _ . ) sinkd. & = cos
\_f (2 — A2)sin” & E+A
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Zer mote wave-function

k=1 =i - >y

All other modes are in the continuum with

E(p) = y/(tcosp+ p)* + A?sin’p

B
e 3 S = ; J : tE(p) fp= \ o ) tE{w)t
vel(t) = b_;:J—eh/ dp ((ba(p) + icx(p))Bee ¥ + (be(p) — icr(p))e E@)t, }
1 .

s -
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b il 1= =D o

e When L is
=

finite, there are two bound states with energies

o Sl -

= . i o
e b, is localized near £ — 1 and. up to exponentially small

= .

corrections, is the same as in the hali-line. ¢ o ks

0
'
K

e The negative energy bound state has wave-function

e [ Lt _ i et Emai e . __I_.ﬂ_
(B2 +ic2)e** and the positive energy state is (5] — icp Je*

y Tt o r 3 —1el o)
i a)e B4 (b — b,y i)e '3 ..

'1| I

~ 0
i (t) = (bg +ibr




~

stretched states

g —>=—48,
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zero mode wave-Suncfion

k=1 =i ->anifiniry

All other modes are in the continuum with

E(p) = v':{_fmsp + u)?2 + AZsin’ p

B
E|

F 5 0 - f J 8 - ¥ ] t Fg % i - ) rE(w)t =
Pe(t) = b 5+ dp ((be(p) + icx(p))Bee P + (be(p) — icr(p))e Yo )

{3.8,} =0 , {B.7,}=0
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guanium wire — p. + -_'_."_l_-‘_:I_I.L"}{_*l'f_'{_}'llf_*;ll':'{{'}l’

A _Ritaev cond-mat /0010440

, Ay o - |
H= ) 35 |¥rna¥et VE+L| T HYEYE T SV W T o VRVE
== ) = N

t— amplitude for electron hopping between neighboring sites

A= amplitude for electrons leave wire as cooper pair

p-wave condensate ~< .7 x V¥, >. consider one spin state
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Choose phases so that A,{ are real, positive. £ > A > u
Real and imaginarv parts of electron v (f) = be () + 2ex(£)
Schrodinger equation:
d b 0 D (hk" | by | g | breq ]
.= = : - =g
dt | ez D' 0] |ee] €

[t _ A _
Dby = i {; (br+1 + be—1) + pbie + - (br+1 — fhg—z,‘i}

— —_—

=T R &3 _ = A H
D'ep = —1 5 (Cry1 + 1) + peg — - (Ck41 — 1)

ko
1-1 mapping of positive to negative energy levels { 1 =
e —¢€

rr

# of zero modes mod2 is a topological invariant

Can be explicitly solved for the half-line: (L — o) ¢ =0

f o . = : ¥ \ K
|t2sin” & + A2 cosZ o (t—-'l : —3 H

b, =2\a ) sinko . & = cos

| (2—A%)sin"¢g \t+A,




stretched states

Bl—>=0_. Btl—>=l+> . 8 >=]-> . BI—>—0
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e When L is finite, there are two bound states with energies
L

TE r~ €

"| - - - S— -
e b, is localized near £ = 1 and. up to exponentially small

corrections, is the same as in the half-line. ¢ =57 ,, ..

e The negative energy bound state has wave-function
(B + ic})e** and the positive energy state is (b7 — ic} )e™".

k)

0 = v It e -x0 —1ef AT
ity = (b +ibr.; p)e" B+ (b — b, p)e 8 L __.

;
:bif{l T EGT‘___-;__;TE)—___
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A~

R0 Mo wave-Sinction

e k=i -=indfinity

All other modes are in the continuum with

E(p) = \/ (Ecosp+ 1)2 + AZsin’ p

Ve (t)




Choose phases so that A, are real, positive. £ > A > u
Real and imaginary parts of electron ¥ () = bp() + iex(?)
Schrédinger equation:

d [ b 0 D P};{] | by | . [ 67 1]
— =— " 4 b= - i) —

at | ex DY 0] |exl € |

Dhe —i{

= fJE, | e A .
Dler. — —1 5 (Ckt1 T C—1) T peg — - (CE+1 — Ck—1)

) A
(besi +bp—1) + pbe + > (brr1 — bk—i}}

b |

)

— —_

: ; - | & 1
1-1 mapping of positive to negative energy levels { J =
. &l
# of zero modes mod2 is a topological invariant
Can be explicitly solved for the half-line: (L —oc) ) =0
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Choose phases so that A, f are real, positive. £ > A > pu
Real and imaginary parts of electron ¢ (f) = bg(£) + icg(?)
Schrodinger equation:

.d [ b 0 D] [b] | bg | | bryi |
e = " N i . {:]' —

at | Cx D U | €& | €y L'::L—-'—l 1

; A
Dby = 1 {; Okt1 + bie—1) + b + 5 (Oe+ i‘bk—”}

e

t:jl

=

&

|

|

o,
——
f\...-l L ]

_. A H
(Ce+1 T €—1) + peg — > (Ck+1 — Ck—1)

b b
1-1 mapping of positive to negative energy levels | | — | |

# of zero modes mod?2 is a topological invariant
Can be explicitly solved for the half-line: (L —oc) ¢ =0

E . =B — F . , " .Ii:
i o [t?sin” ¢ + A% cos? ¢ t—;};) - . 7
d 5 =k x | r =
— A%)sin” ¢
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Choose phases so that A, f are real. positive. £ > A > u

Real and imaginary parts of electron g () = br(f) + iex!

Schrédinger equation:

:L;]:

JD;,

£)

_d"bg]_{o N% [bo] . [bru]
- ol

:
at | e | Ck | Co

L €L41 |

¢ A
Py —1 {; b1 +0e_3) + pbr + —if?;q —Ok—L}}

- 1t . A
Dieg = —14{ — (€1 + Cp—1) T HCr — > (€e41 —€E—1)

—_

_ b I
1-1 mapping of positive to negative energy levels { — |

# of zero modes mod2 is a topological invariant
Can be explicitly solved for the half-line: (L —oc) ¢

0 f'ifz Sin: O + AJ (T'GE:{?') (f,__& k
o i+ A

(t? — A?)sin” ©

sinkd. &® =¢cos
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E Mar—iE

When L is finite. there are two bound states
=

with energies

sl A o -

D - - 5 i .
b, is localized near k = 1 and. up to exponentially small

corrections, is the same as in the half-line. ¢} =57 ,, ,.
The negative energy bound state has wave-function

{ !J —— TL-{?!E_LEL

and the positive energy state is (b} — icl ™.

rx i tet ez -7 0 y  —EEE 5F
Ur(t) = (b +ibr.y )" B+ (b —ibp.y g)e “ 8 + ...
4}
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S(E) = 1+ 2riWT(Hyy — E — i1V 7 i

> - I (a different regime than the crossed &
E=E \1 Andreev reflection of Beenakker et al)

{le1), le2), |h1), |h2)}

A AT B

1 1 % =1
o= 9| -1 —i 1 —j
i —1 i 1

Four-port beam splitter, but ports are both spatlal
& in isospin space ¥
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Weakly coupled Majorana Bound Statse P shar o creste makcus

S Baose - B.5. sXic A4 OF0F 4 a

I v | ]
- = 8
— _‘—\_\_'q.‘ = _\___“1 I
—~— - S C & ; |
e - -
e

IIIII




Bose & Sodano, arXiv:1010.0709 (oct, 20 il

= 5 ]_ = S L 3 _
cil0) == 5(c] +ich — d} + id})

MBS,

el e |0)

(—ic; + ¢ —id} —dJ)|0)

 F%y L Lo
= 5(%’{(]{ —cldb + dd! +icd))|o).

-l d\(E) = ¢;(—E)




> __. > (a different regime than the crossed &
B~ E \1  Andreev reflection of Beenakker et al)

1 —1 —1 —

1 B % -—1
= 2l =1 —i 1 —i
s —F 1 1

Four-port beam splitter, but ports are both spatial
& in isospin space 5
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Bose & Sodano, arXiv:1010.0709 (oct, 20 &

C'1‘0> I\IBS (Cl ?j(?é £s d'l 1d: )

(—ic; + ¢ —id} — dJ)|0)
— —(zc{ aq — ({d; : C;(Z:T‘l . 3 ZClszg )|0>

- d'(E) = ci(—E)
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Scattering matrix for deviations )
g A8 G oL 7
ok — — - — :
OF + I ok + 11

Current noise correlations

g, 2
£ 5 — = - ﬂ.r_ —HSEY —~T*}5.. .
hv {(0E)? +T2}? | S
.
Pl Anti-bunching
= Conventional In iso—spigﬂw

anti-bunching space




RefaeiOreg van Oppen: (S

”;’1:—\/—(CIT_?(1¢+3C1¢+C1 )
ﬂ_)_i(cl¢+ZC1¢—i(,iT _'_C-i- )

/2 ok 1.1 |

t o+ g MBS 1, 3 IBPA] a5
C1 +C5 +10) 4(Cl phar — 9115 T 4C14%a )

+  ..)0)

, - , . = :
)12 = x_’g(] Dl D2 — | Dl D2+ 2] Dl d)2)
llllllllllll Bose & Sodano, arXiv:1010.0709 (oct, 2010) ™



PHOTONS = ELECTRONS

To test quantum indistinguishability you
need to bring identical particles together
at a beam splitter

Spatial bunching and anti-bunching has
e been tested.




Conclusions:

@ Relevant non local effects of Majorana
bound modes

A) Handbury - Brown Twiss interferometer
between well separated Dirac fermions

B) Non-local entangler of electronic spin

A) — B) can be observed in various settings

enable us to detect presence of Majoranas
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