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Abstract: ABJM theory is a world-volume theory for an arbitrary number of M2-branes. One of the unique features of ABJM theory is its
characteristic scaling behaviour, exhibited for example by the free energy and correlation functions of chiral primary operators. In more detail,
ABJM theory has a holographic dual where thermodynamics at strong coupling is determined by a system of black M2-branes. The zero-coupling
(black-body radiation) free energy disagrees with the strong coupling result. Even the scaling in the 't Hooft coupling is different (strongly
suppressed at strong coupling). It is therefore important to check that the weak and strong coupling results converge as loop corrections are taken
into account. The leading order computation indeed confirms that the first correction goes in the right direction.
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History Highlights

wanted: field theory for M2-branes
Schwarz '04: no-go for U(N)

BL '06: three-algebra
BLG '07 SUSY algebra closes

only valid for two M2-branes

ABJM "08: U(N) x U(N) Chern-Simons theory

[Gustavsson Sept 07; Bagger Lambert Nov 06 Nov 07 Dec 0
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ABJM Theory

« N = 2 superspace formulation:

I’S = SCS =5 Smat 6 Spot

- gauge and matter fields: V. V. Z4 Wi(A =1.2)

bifundamental ! > = = — 02 F
W =W+u+6G

conjugate rep.




ABJM Theory

* change the superpotential:  SyU(2) x SU(2) global

/

(equal for N=2) o
4/./
Wasiv = E*_]LCEBD r 47:1}\3 gC} Vb

Warc —eapcptr 22 22 2C 210 (BRKS 2(08)

. . = \
B yrs  eyiad ~ SU(4) global
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 AdS/CET
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The ABJM model is a U(N) x U(N)
gauge theory. It describes an
arbitrary number of M2-branes on

C*/Z;- Its gravity dual is M-theory on
AdS; X S‘/Z;{_

[Aharonv Beraman Jafferis Maldacen;gegOOBT



AdS/CFT — ==
k S

low energy field theory on
N M2-branes at (4 Z
(k=1: IR limit of fleld theory on D2’s)

E—N =
1A theory on AdS, x ”CPB

k= N/®

M-theory on AdS, x S*/Z.
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Interpretation

» analyze the vacuum state V=0 (moduli space).
» potential vanishes for diagonal Z# , Wj\?
- naive expectation: moduli space is T

» but: there are residual gauge transformations.

U(N) x UN) - UQ)N xUQ)N x Sy

Conclusion: The moduli space is(f* Zk)\ /Sn.
Interpretation: N M2-branes on a space with a Z,
singularity (¢ — 2™/ ky? forA=1,234).
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SUSY: Gravity Side

A —
» 8 transverse coordinates: Y >

. ABJM model, 7, orbifold:
y . 627?1/113]-
W —y o27i(s1+52+53- fu)_..--’?fyp
* need two spins up, two spins down: \ =6
«fork=12:even A =8

» but no more, due to the chirality condition

-91_'_5)'_53_'_5_1:'\___):
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SUSY: Field Theory Side

* Generic: Only U(1)gr symmetry, ie. A =2
- ABJM: The orbifold action preserves an SU(4):
e W]
R-charges are (+1,+1,-1,-1).

« Claim: The action is invariant under this SU(4),
which mixes R-charges in more general ways.

» So the R-symmetry is enhanced to SU(4), i.e.
N =6 SUSY.



ABJM: Bosonic Potential

ABJM made the SU(4) R-symmetry manifest
in the bosonic potential by a field redefinition.

Y — {74, w)
¥ — {7, Wa)

e D 30 E A0 e AES 43 B A0 2 25 e

Ay TvCviv By avAVIvBYIVvCOyVT
+4F FoF TLE B -6 FOF ¥ .) }(_:
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ABJM: Fermionic Potential

'Benna, Klebanov, Klose, M.S. 2008:
we show how to make the SU(4)
R-symmetry manifest also in the
fermionic potential, concluding the
proof of V' =6 SUSY in ABJM.

-B _—iw/4 = B imw/4
L'y = {E AB( € = —(:wa" EI */ }
EL I * = _E * - e s - .
Ve — | Y Y 29 By — YAY jupv® + Y2V S wB — 2, Y Butiy,
_LBCD-} _11_ } LD = f__LBCD-} _l B } C D_ Page 14/75
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Schwarz (Julv '08)- finds the exnplicit sunercharaes



SU(4)-invariant Action:
5= )A_ /dgrL

L—ha — 3;4;:0}11{ + 3 A;A; A

— (A4
+ tr(D;Y4)' D'Y*
+itr Ay Dy
V=) V= @)
» Right symmetries: OSp(6|4) and parity-invariance
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Unique Features of ABJM:

« world-volume theory for M2-branes
(matching symmetries, matching moduli space)
» condensed matter systems
(conformal fixed points of 3D Chern-Simons systems)
- study the landscape
(4D string backgrounds with negative cosm. const.)
* monopole operators
(needed for enhancementto \' =8)
 spin chains and integrability
(intregrability of ABJM)
» scaling properties
e (UNIQUE SCAlING ~ \—1/2)
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Thermodynamics and AdS/CFT

- Finite temperature dual to black holes in AdS

In \' = 4 super-Yang Mills:
- free energy consistent with smooth interpolation
» weak coupling: next-to-leading order correction
non-analytical in the coupling (\3/2).

In V' =6 ABJM theory:
- free energy has been computed at strong coupling
« similar behaviour at weak coupling?

[Gubser, Klebanov, Peet, Tseytlin 1996, 1998]
[Fotopoulos, Taylor 1998; Vazquez-Mozo;
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Kim, Rey: Nieto, Tytgat 1999]



Prescription to Compute F

» Write down all vacuum diagrams.
« Sum them up.
» Can we do this order by order?



F=0 in Flat Theory Ex: 1-loop:

AF = Q ':: = N2 (83A—381A4) =(

£
supersymmetry




F(T) on R? x S*:

« Compactify the time direction.
« Write down all vacuum diagrams.
« Sum them up, usmg appropriate boundary conditions:

YA (z!. 22,2 ——L]:+} A( 1‘2.13).

walzt. 22, 23 + L) = —L*A(rl. IQ.IB).

Ai(xt, 2%, 22 + L) = +A; (=, 2. 22),
c(xt. 2%, 2° + L) = +e(zt. 22, 23).

» Breaks supersymmetry and conformal invariance.
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1-loop Order:

e T
/s \
. \
| ! |
\ I
‘k J’

F = N? (8540 — 8% A, )) = __\*:ZTB T“—S)

A, — j d“p_ 1 Z”_L_A_HJ lob( =k “"’n)
Wn — 27TTTL
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Higher Loops: Interactions

- 2-loop order: type (4), (33)
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"+"3-loop order: type (6), (44), (433), (3333)
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2-loop Order: No O(A) Correction
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Example Diagram:
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3-Loop Problem: IR Divergences

e wan)g

| —

‘

1
AT p2 —i_...u'z

It

” ﬁ) }—n _ﬁ) ==

-
.-""’f

ketdy, = 271N, problem: zero modes







Regularization: Thermal Mass

« Scalar self-energy (1PI1 diagrams in static limit):

depends on m} / 8

« Sum them up to find the scalar thermal mass mi-:




11k ==
= ~ €7%q;q; =0

k) S€ static limit (no external momentum) to regularizs:z

'I‘hﬂ — I'T"Iﬁ.l'"ﬁ:‘ fFﬂEI tmmaﬁnn ﬁhﬂiﬁﬂ.\'ﬁ



Regularization: Thermal Mass

« Scalar self-energy (1Pl diagrams in static limit):

depends on m} / 8

« Sum them up to find the scalar thermal mass mg-:




11k ==
\_/ ~ €7%q;q; =0

k) S€ static limit (no external momentum) to regularize:

'I'hﬁ — MHF‘QE fFﬂEI II"'I"IM":!“';HH l"‘lhﬁiﬂﬂ.\l



/ one vertex ' ftwo loops

bos _ pABDFvyvAviIivCviIivEYT
BDF ___ 1sBsSDsF 1 SFSBSD 4 SDSBSF 95D B SF
‘_1:1(_--}:—" — _50‘—10(_'05 == gO‘_lOC.C'E = EfJ‘{{)EOC‘ = 33 20‘_1 OC‘OE
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Gauge Choice:

- Lorentz gauge g, AL + »H A% + KA =0:

e
—

) —
e 11k ])k‘
< An(B)A _n(—) >= — et L

» Coulomb gauge &, Al + 342 =0:

.)I
< A (DA _(—P) >———
(P)A_n(—P) >= -

= — 3
(71p, + €9%py) =

« Lorentz gauge: simpler combinatorics
« Coulomb gauge: simpler loop integrals



m3- () = (27T)? ()
118

b % log(;u)2 W, 5% log(\))
7w, =2Tn

both sides depend on m%-

3(2m)?

e [self-consistent treatment: D'Hokegr,. 198:

e .. P b . - E " &F A . T . 4






Redo 1-loop Free Energy

» Before: R

\
] l i
\

Ny

\L/ o
— 1~~~

lllll

P 3 - L 3 e ool N u 1 . - d G G OB g g



In Formulas:
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Coupling Dependence

- answer: F' = —N?T3f()\)

7C(3) m% (A) m%r (A)
f(A) = { — log _
T 1?2 K
- approximate answer:
; () = {Tq:_%) 236
approx\“‘/ —

n 7\

) e (9{")\2 lc:rg(_)\')2 )

A log(A)® + O(X? log(A)?)

similar behaviour observed by Gaiotto, Yin
(2007) in other abelian 3D CS-matter theories




In Formulas:

\
,(m) f o) Ty:n_ - log(p* +wi +m®)
SO \
(P) Y (—p) >=
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Coupling Dependence

- answer: F' = —N?T3f()\)

| 7¢(3) n'z%f(g)\) m%r()\) = — =
FEA)— { log : + O(A" log(A)7)
0 nliz T2 =
« approximate answer: -
it3) 296 . ; . :
fapprﬂx(_’\] = |: kﬁ_ ' — f\z Log‘(k}g—(‘)(/\z log{)\)z)

similar behaviour observed by Gaiotto, Yin
(2007) in other abelian 3D CS-matter theories




In Formulas:
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m%()\) = (QIT)Q}UE(/\)

. S _ = .
u2(A) = >A% log(p)” + O(X* log(N))

3(2m)~4 |
o G, —Z2riln

both sides depend on m%-

= [self-consistent treatment: D'Hokegr,. 198:

e e P N B - L " F A G i g g 'l



Coupling Dependence

- answer: F' = —N?T3f()\)
7C(3 m2(\) m2-(\)
100 =[5+ T (T2
- approximate answer:

7¢(3) 236 . ; . .
o A log(\)? + O(X log(N)?)

) + O(Xlog(A)?)

fapprﬂx{_f\) = |:

o —

il e 2

similar behaviour observed by Gaiotto, Yin
(2007) in other abelian 3D CS-matter theories




Dependence on the Coupling

@

26730 -
26775
26770

2.6765 -

— 10004
02 0.4 0.6 08 1.0

« indicates smooth matching to strong coupling result:

7/2 ==1
shk —F 372__::__"'}
) = |5
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Differences SYM — ABJM:

In \' = 4 super-Yang Mills:

- weak coupling: next-to-leading order correction
non-analytical in the coupling (\3/2)

« 1-loop diagrams defining thermal mass are regular

In N =6 ABJM theory:
- already first non-vanishing correction is non-analytical

in the coupling (A2 log(\)?)-
» self-consistent treatment necessary
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Dependence on the Coupling

pirY

26780 -
26775 ¢
26770

2.6765 -

— 10004
02 04 0.6 08 1.0

- indicates smooth matching to strong coupling result:

x|
(A =|—n"—=+--
fs(A) [ s* 5 }
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Differences SYM — ABJM:

In \' = 4 super-Yang Mills:

- weak coupling: next-to-leading order correction
non-analytical in the coupling (\3/2)

« 1-loop diagrams defining thermal mass are regular

In N =6 ABJM theory:
« already first non-vanishing correction is non-analytical

in the coupling (A2 log(\)?)-
» self-consistent treatment necessary
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Summary of free energy

« We have computed the first non-vanishing quantum
correction to the free energy in ABJM theory on B2 x St.
 The correction is non-analytic in \, and is approximately of
order \2 log(A) -

» The result is consistent with the existence of a smooth
interpolation to the strong coupling region.
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Motivation

IR divergences destroy perturbation theory, so the

free energy calculation is only valid when —log(\) > 1.
Are there other objects which exhibit the same scaling
D = strong coupling?

Yes, various objects:

« Z(S*, N =6) [Drukker, Marino, Putrov 2010]

« Z(S®. N =3) [Herzog, Klebanoyv, Pufu, Tesileanu 2010]
e« Z(R? x SY)=F MS]

- correlation functions of chiral primary operators
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CPO’s in super Yang-Mills

- Lee, Minwalla, Rangamani, Seiberg 1998: conjectured
that n-point functions of CPO’s constant in )\
* D'Hoker, Freedman, Skiba 1998: loop corrections
« Howe, West 1996: superconformal invariants
e Intriligator, Skiba 1998-1999:
- showed that they are invariant under "bonus
symmetry”U(1)y
- conjectured that more correlation functions are
invariant under this U(1)y
- showed that this implies non-renormalization
» Eden, Howe, West 1999: proof of [7(1)y
s (valid for supergravity on AdSs x S?)
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Full Statement:
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2- and 3-point functions of gauge-
Invariant operators corresponding

to KK multiplets in AdS supergravity
are not renormalized
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Chiral Primary Operators:

« 4-multiplet of SU(4) in ABJM:
¥T (2 27 WV e
» chiral primary operators (CPO’s) in ABJM:

Dt C Snjeial sty IE
13 L A L

M symmetric in upper and lower indices and no fraces.
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Correlators

Consider length one, L=1 (maximizes wrapping effects).

- 2-point function:

9(z.y) = (tr [YA @)Y} (@)| tr [YP@)YS(v)])



Tree-level: 2-pt

Free and planar field theory:

2
_ Ay e —
go(T.y) = (7) = 5(050%)

2 r — y|*
—. 1
- == “A < B
go(p) = 5 A" —=(050%)
i p—
_,f1400p
/\;




—

= __,_,_-r"'-

Tree-level: 3-pt

Free and planar field theory:

p 3
e W 1
ho(zx. Y, w) — (rjéi; Er}C— =- r)‘:%f)(_:{’l@) —
' et - S AR N Y r—yllzr— wlly —w
!f . — (5;1 iB _:]‘C' A ol ‘B) 1 =i \3 1
?0[])1.1)*3]— rBL(T'{':i_(E'{'B{ i, T s

VPiP3(p1 + p2)°
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Quantum Corrections

Chiral Primary Operators:
- dimension protected
» but normalization not protected

_') \ 1

— 2 (5458
glp) = {1—(:/\ (0597)
= V P
= . =3 - ’\3 1 A B C A C B
h!pl.pg_} — 7 (1 +d) N [ 2 37 = (OBO(?O‘_E—()C:OBOE)
N/ PiP5(P1 +—P2)°
Contributions:

- 1-100P Order: type (4), (33)

e Dldoon arder tvne (R (AA4AY (A33) (33373)



Vertex Types £

C —iCj|HCqp 1+ C33| €6 T Ca4 T C433 + €3333
o — dl —H de = = (]33 == dﬁ; e dH s % (1433 S (]3333

,\ — =

one-leg contributions

no 1-loop corrections

“n, ~
N i \ - ]
b { L1 —
W w4 -
'_f'/ 4§ J..-' % ; ‘_..-'
& T =]
L
"\\.
L -3
!J
\ N ==
—_— — |
"
irsa: 11020120
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Single Leg Corrections

Compute C1and djy:
* given by scalar self-energy
- extract single leg corrections
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Multiple Leg Corrections

- 2-pt fcn: 2-leg corrections:

a2 o

« 3-pt fcn: 2- and 3-leg corrections:

/




Combinatorics and Loops

/' d>q / d> g / d>q3
= Cg
(3"7)‘3 (2r)* J (2x)% |
/z < {(6), (44), (433), (3333)}

lower-case: after lntegratlon (similar for d;)

Upper-case: before integration: combinatorics determined by
diagrams satisfying the following conditions:

- planarity (large N)

« connectedness (correlation functions)

 no tadpoles (cancelled by counterterms)

 no selfcontractions (vanishes in dimensional regularization)
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e existence (realizable in ABJM theory)



Expectations

- more rewarding than free energy computation in
terms of range of validity

- however, both similar and unique challenges

- free energy: no contribution from (3333)-vertices

- combinatorics: composite operators

» CPO’s: divergent piece cancels

» must work at three loops and extract finite piece
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Example: (6)-vertex

- contributes only to the 3-pt fcn

» before integration:
De = —2(27)°A(q1)A(g2) A(gs)

A{-pinl d1 }A{pinf g2 JA Pin1 T Pin2 T 43)
i | 1

qﬂ

» after integration:
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Example: (44)-vertices

- consider corrections to 2-pt fcn
- diagrams allowed by conditions:

—( ) O D

P4

single-leg vanishes contributes

Cy =12(27)* (g - g3)A(q1) A(g2)A(g3)

Alp+aq)Alq1 +q2 +g3)A(p+¢1 + g2 + g3)
=2 oy 2 92
il 3” eri
a4 = = 2 1 3~ — log(2567>
2/\264_1 = e (—2 + 3y — log(25677))
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Normalization
» Suppose:

OO ~ 1+ eX?
OOO) ~ 1+ dX\°
where (D)is a general chiral primary operator.

«Rescale: @ — (1 +eX?)Owith e =d —e
 Gives a common normalization:

OO) ~ 1+ (3¢ —2d))\?

RS L 2N
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Expectation

« Common normalization:
EXT5 ~ 1| (30— TN

OOO) ~ 1+ (3¢ — 2d) )\

- Known behaviour at strong coupling:
O0) ~ X 12

— “)
OO0) ~ X /2

» Expectation:
Je—2d < ()
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Partial Result
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'If a smooth Interpolation to the strong
coupling behaviour exists, then loop
corrections to n-point functions of
chiral primary operators should satisfy

3c—2d < 0

» Partial result: cp = €1 + €6 + €aq + o33 = —57.4698

E 3 i — T

d, —dy +dg — —97.5758
= 3¢, — 2d, = +22.7422

= KHOWH. (3,333. D_l__l. D_133 Page 71/75
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Summary
» We have been interested in the |
degrees of freedom of ABJM |
theory and their dependence
on the coupling \.

» We have computed the first
non-vanishing quantum correction
in the planar limit both to the free
energy on B2 x S and 3-point fen's
of length one CPQO’s (in progress).

» Indicates the existence of a smooth
interpolation to strong coupling.
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Partial Result
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If 2 smooth interpolation to the strong
coupling behaviour exists, then loop
corrections to n-point functions of
chiral primary operators should satisfy

3c—2d < 0

— ——

d,—d) 1 dg — (568
= 3¢, — 2d, = +22.7422

« Known: (3333. Dyy. Dy33



Normalization
« Suppose:

OO) ~ 1+ X
OOO) ~ 1+ dX\°
where (Dis a general chiral primary operator.

eRescale: @ — (1LeX)Owith e=d —¢
» Gives a common normalization:

XN -1 (G DN

OCRY -1 (02X
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