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Abstract: Quantum Mechanics has been shown to provide arigorous foundation for Statistical Mechanics. Concentration of measure, or typicality, is
the main tool to construct a purely quantum derivation for the methods of Statistical Mechanics. From this point of view statistical ensembles are
effective description for isolated quantum systems, since typically a random pure state of the system will have properties similar to those of the
ensemble. Nevertheless, it is often argued that most of the states of the Hilbert space are not relevant for realistic systems. Thistalk will address this
issue, presenting recent results on the emergence of typicality in the context of matrix product states, a set of physically and computationally
relevant states associated to many-body Hamiltonians.
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A new class of
quantum random states
with applications to
statistical mechanics
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Take-home message ‘

Thermodynamics

' Statistical Mechanics

Quantum Mechanics




« Thermodynamics is a highly corroborated
theory, though phenomenological.

» Stat Mech explains the effectiveness of
thermodynamics.

» How can we explain the effectiveness of Stat

Mech?...ergodicity, principle of equal a priori
probability...but these have to be assumed
most of the time.

» Quantum Mechanics can provide a
justification for the effectiveness of SM

ensemples.




*" Stat Mech from Quantum™®
Mechanics
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Stat Mech from Quantum
Mechanics

ffq

ot
= B - -
o ~ .

|
| e
L g

L]

'

W ]

., P
y
\ f
.
e— l§ r— ™
A LL e it
I l 3 - | 7|
sy —— RS
¥ | &
|
{::-':r.n - :IHQ AT CNEarn a3 :
wd UGS ..AI L .E:.-_'!-I-l-lu!s‘h:. Sl oil d
N J-i-_;- -,- "a.
= T T General canal
random pure siate of the sysiem
- Tl o - o «..-‘I'I-..-E 1
|
]
’
-

Page 8/3¢







From subsystems to particular
states

« Sampling the entire Hilbert space could not be
necessary...

« What if the set of realizable states are just a

small portion of the Hilbert space?

« Would, in this case, a typicality argument still
hold true?
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From subsystems to particular
states

« Sampling the entire Hilbert space could not be
necessary...

« What if the set of realizable states are just a
small portion of the Hilbert space?

« Would, in this case, a typicality argument still
hold true?




Random Matrix Product States

» We want to construct a “small” set of physically
relevant states and check if typicality still apply.

* We focus on MPS.

« We need to define an ensembile of random
MPS.
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Random Matrix Product States

» We want to construct a “small” set of physically
relevant states and check if typicality still apply.

* We focus on MPS.

* We need to define an ensemble of random
MPS.
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Random MPS
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Typicality for RMPS

‘MPS are specified by and exponentially smaller
number of parameters, with respect to a general
state.

Can we have typicality for A-matrices of constant
Size?

*If not how does the size g of the A-matrix has to
scale?
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1)Why y cannot be constant?
2)Why y cannot scale as exp(N)?

1)The size of the matrix A has to scale with the system size,
pecause of the cut-off on the correlations.
2)If y scales like exp(N) then one recovers the general result.
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Numerical evidence for local
observables
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A

JWhy y cannot be constant?
2)Why y cannot scale as exp(N)?
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1)The size of the matrix A has {o scale with the system size,
because of the cut-off on the correlations.
2)If y scales like exp(N) then aone recovers the general result.
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Numerical evidence for local
observables
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Methods

» Use concentration of measure for the unitary
group.
» Provide an upper bound for the fluctuations of
the random variable: _ ,ne2vinit
n<4D NI
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Numerical evidence for local
observables
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Methods
» Use concentration of measure for the unitary
group.

* Provide an upper bound for the fluctuations of

the random variable: . ;o2

Foe

=10 o D &)
I r = &
ypicality for RMPGS . Z ;|‘ I
\
Milman and Schechtm Ao o nite dimension med snaces
~
o ral, alglaty
' Y B ey i
= Page 26/3¢

e of al PRI N29228 (9010 ‘
et b - BT RS e W -l



Results

Ty : |
- -

expectation values
< cpexpl—eye x(N)/N° of local
observables

Typically the RDM
will be closed fo
the canonical state

The average state is the
microcanonical state

(for non-homogeneeus RMPS)
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Comparison with general states:
local observables

Pl f — fl 2 €] < ¢ exp(—c,e ¢ (N )/ N-) ’{ MPS
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of local
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Typically the RDM
will be closed to
the canonical state

The average state is the
microcanonical state
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Comparison with general states:
local observables
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Comparison with general
states:RDM
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Future directions

» Better understanding of the distribution of
RMPS.

» Connections with random Hamiltonians.
» Possible algorithmic applications.
» Stronger bounds.

* Higher dimensions.




Comparison with general
states:RDM

Generalsiates > | Prob| |ps —Qg||; > dge| < 2dge™ ™™
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Future directions

« Better understanding of the distribution of
RMPS.

» Connections with random Hamiltonians.
* Possible algorithmic applications.
« Stronger bounds.

 Higher dimensions.
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Conclusions

« RMPS show measure concentration.

* General canonical principle holds true for MPS,
though in a weaker sense wrt to general states.

* RMPS provides a new “interesting” ensemble of
random states.

> Thanks! >
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Comparison with general
states:RDM
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Results

expectation values
of local
observables

A Typically the RDM
ill be closed to
the canonical state

ne average state is the
microcanonical state
(for non-homogeneous RMPS)
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Random Matrix Product States

« We want to construct a “small” set of physically
relevant states and check if typicality still apply.

+ We focus on MPS.

« We need to define an ensemble of random
MPS.




Random MPS
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