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Abstract: N=8 supergravity in 4 dimensions exhibits a surprisingly favorable UV behavior -- it is known from explicit computations that the 4-point
amplitudes in N=8 supergravity are finite up to 4-loop order.

| explain how a &quot;matrix-element approach& quot; can be used to study candidate counterterms for UV divergences in this theory. This
approach both demystifies the finiteness found in previous computations, and predicts finiteness of arbitrary n-point amplitudes in N=8 supergravity

below the 7-loop order. It aso points to the 7-loop 4-point amplitude as the first amplitude whose finiteness is not guaranteed by any known
symmetry of the theory.
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Divergences of gravity theories in D = 4

power counting
@ naive divergence gets worse for larger loop order

@ higher-point amplitudes as bad as 4-point
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Divergences of gravity theories in D = 4

power counting
@ naive divergence gets worse for larger loop order

@ higher-point amplitudes as bad as 4-point

gravity vs. supergravity

@ pure gravity diverges at 2-loops (counterterm: R3)

@ R3 not supersymmetrizable
— pure supergravity theories finite at 2-loops
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Divergences of gravity theories in D = 4

power counting
@ naive divergence gets worse for larger loop order

@ higher-point amplitudes as bad as 4-point

gravity vs. supergravity

@ pure gravity diverges at 2-loops (counterterm: R3)

@ R> not supersymmetrizable
— pure supergravity theories finite at 2-loops

most symmetric 4D gravity theory:
@ N = 8 supersymmetry
@ global SU(8)p symmetry
® in fact: global E;(7) symmetry
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Can N = 8 supergravity be perturbatively finite?

Explicit computations [Bern, Carrasco,Dixon,
@ the 3-loop 4-point amplitude is finite
@ the 4-loop 4-point amplitude is finite
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Can N = 8 supergravity be perturbatively finite?

Explicit computations [Bern, Carrasco,Dixon, Johansson, Roiban]

@ the 3-loop 4-point amplitude is finite
@ the 4-loop 4-point amplitude is finite

@ desired pattern: external st in loop numerators = D. =4 +6/L

Natural questions:

@ are n-point amplitudes also finite at 3- and 4-loops?

@ what can we expect at 5-loops and beyond?
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Can N = 8 supergravity be perturbatively finite?

Explicit computations [Bern, Carrasco,Dixon, Johansson, Roiban]

@ the 3-loop 4-point amplitude is finite

@ the 4-loop 4-point amplitude is finite

@ desired pattern: external st in loop numerators = D. =4+ 6/L

Natural questions:
@ are n-point amplitudes also finite at 3- and 4-loops?

@ what can we expect at 5-loops and beyond?

Methods used to study these questions:

@ Berkovits pure-spinor formalism [Bjérnsson, Green, Vanhove]

@ (Harmonic) superspace [Bossard, Drummond, Howe, Stelle]
@ chiral & real light-cone superspace [Kallosh, Ramond, Rube]

e o1 String theory and automorphism analysis [Green,Miller,Russo ¥s#iove]




Candidate Counterterms

We take a more pedestrian approach, and see how far we get!

Main idea

Shift attention from operators to their matrix elements!
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Candidate Counterterms

We take a more pedestrian approach, and see how far we get!

Main idea

Shift attention from operators to their matrix elements!

Counterterms for L-loop log-divergences
Operator is candidate counterterm if its matrix elements

@ are local at n-point (no poles in momenta)
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Main idea
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Counterterms for L-loop log-divergences
Operator is candidate counterterm if its matrix elements
@ are local at n-point (no poles in momenta)

@ satisfy the supersymmetric Ward- Takahashi Identities
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Candidate Counterterms

We take a more pedestrian approach, and see how far we get!

Main idea

Shift attention from operators to their matrix elements!

Counterterms for [-loop log-divergences
Operator is candidate counterterm if its matrix elements
@ are local at n-point (no poles in momenta)

@ satisfy the supersymmetric Ward- Takahashi Identities
@ satisfy the SU(8) R-symmetry Ward-Takahashi Identities
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Candidate Counterterms

We take a more pedestrian approach, and see how far we get!

Main idea

Shift attention from operators to their matrix elements!

Counterterms for [-loop log-divergences
Operator is candidate counterterm if its matrix elements
@ are local at n-point (no poles in momenta)
@ satisfy the supersymmetric Ward-Takahashi |dentities
@ satisfy the SU(8) R-symmetry Ward-Takahashi Identities
@ are compatible with E7(7)-symmetry, in particular:
im(o...) = 0.
p1—0
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(Single-soft limit (SSL) of any scalar external line © must vanish}”




Counterterms: Overview of possible D?R™ counterterms

irsa: 11010081
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Candidate Counterterms

We take a more pedestrian approach, and see how far we get!

Main idea

Shift attention from operators to their matrix elements!

Counterterms for [-loop log-divergences
Operator is candidate counterterm if its matrix elements
@ are local at n-point (no poles in momenta)
@ satisfy the supersymmetric Ward- Takahashi Identities
@ satisfy the SU(8) R-symmetry Ward-Takahashi Identities
@ are compatible with E;(7)-symmetry, in particular:
m(o...) — 0.
p1—0
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Counterterms: Overview of possible D*R™ counterterms

= | fat ' PR® pE n'

% |0 P’ 'R® 'R D' B
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€ SUSY and R-symmetry constraints

© L constraints at 3, 5 and 6 loops

S

€© SUSY & E;7 constraints at 7 loops
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Counterterms: Overview of possible D*R™ counterterms

= | p'n* W’ PpR*" v’ B

DIOR—'l DSR.‘F D6R6 D--lR? DERS RQ

0
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€ SUSY and R-symmetry constraints

© L constraints at 3, 5 and 6 loops

© SUSY & E;7 constraints at 7 loops and beyond
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€@ SUSY and R-symmetry constraints
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Constraints on n-point matrix elements of D?*R"

@ must be local
locality <= polynomial in spinor brackets (ij). [ij]
(using 4D spinor helicity formalism p®* = [i)[i|)

@ dimensional analysis: spinor bracket polynomial has degree 2n + 2k
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Constraints on n-point matrix elements of D?*R"

@ must be local
locality <= polynomial in spinor brackets (ij), [ij]
( using 4D spinor helicity formalism pj:“:"' = [)]i] )
@ dimensional analysis: spinor bracket polynomial has degree 2n + 2k

@ must have correct “little-group scaling’:

ik >ty I el > { Jpsge ¢
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Constraints on n-point matrix elements of D?*R"

@ must be local
locality <= polynomial in spinor brackets (ij). [ij]
( using 4D spinor helicity formalism p?‘d = [)]i])
@ dimensional analysis: spinor bracket polynomial has degree 2n + 2k

@ must have correct “little-group scaling’:

i o, =l = ( Jpuge — E% ) inm

@ must satisfy the SUSY Ward-Takahashi identities
@ must satisfy the SU(8)g-symmetry Ward- Takahashi identities
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Constraints on n-point matrix elements of D?*R"

@ must be local
locality <= polynomial in spinor brackets (ij). [ij]

(using 4D spinor helicity formalism p®* = [i)[i|)

@ dimensional analysis: spinor bracket polynomial has degree 2n + 2k

@ must have correct “little-group scaling’:

i), [ =  Jpuge — F S

L}

-\
I}

!

@ must satisfy the SUSY Ward- Takahashi identities
@ must satisfy the SU(8)gp-symmetry Ward-Takahashi identities

Example: R*
Unique — — ++ matrix element: (— — ++)gs = (12)%[34]*

"=NIETV = All others matrix elements fixed by SUSY e




Counterterms: 4-points

J-loop R _\1/

¢ | aYy D' pr* n

7 DSB*“/ D°R> D'R® DR’ RS

R® pR* pR* B

Q0
[:jr—-
o
o
t:jClCJ
m_.!
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Counterterms: R’

3 D“’Rf/ DR
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Counterterms

The 5-point superamplitude of R>

@ Pure-graviton matrix element — — + +— + unique:

(——+++)ps = (12)*[34]°[45]°[53]°.
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Counterterms: R’

3 DIOR:l/ P’ p°r® pR' PR FH
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Constraints on n-point matrix elements of D?*R"

@ must be local
locality <= polynomial in spinor brackets (ij). [ij]
(using 4D spinor helicity formalism p®* = [i)[i|)

@ dimensional analysis: spinor bracket polynomial has degree 2n + 2k

@ must have correct “little-group scaling”:

B diy. > > ()pmge—+ EV Jppepe

@ must satisfy the SUSY Ward- Takahashi identities
@ must satisfy the SU(8)g-symmetry Ward- Takahashi identities

Example: R*
Unique — — ++ matrix element: (— — ++)pe = (12)%[34]*
"=NETV = All others matrix elements fixed by SUSY S




Counterterms: 4-points

¢ | Dny PR pR* B

.-j

7 DSB:‘/ PR bR 't n
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Counterterms: R’

3 D“’Rj‘/ P’R° PR DR’ DR R
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Counterterms (Eivang, Freedm

The 5-point superamplitude of R>

@ Pure-graviton matrix element — — + + -+ unique:

(——+++)rs = (12)*[34]°[45]°[53]°.
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Counterterms r=1v

The 5-point superamplitude of R>

@ Pure-graviton matrix element — — + +— -+ unique:

i__J_J__I_

Vs = (12)*[34]°[45]%[53]°.

e SUSY Ward |dentities completely determine + + + — —:
45>

s = x [34]7[45]°[53]°.

=
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Counterterms [Eivane, :

The 5-point superamplitude of R>

@ Pure-graviton matrix element — — + + -+ unique:
(——++ s = 2Y*BAPIASFIB3F.

e SUSY Ward ldentities completely determine + + + — —:

S T ‘12;4 x [34]°[45]7[53]" .

This matrix elements looks non-local, but is it really?
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Counterterms [Elvans, Freedn

The 5-point superamplitude of R>

@ Pure-graviton matrix element — — + + -+ unique:
(1t e — (12)*'BAPASFB3P.

o SUSY Ward ldentities completely determine + + + — —:
(45)8
(124
This matrix elements looks non-local, but is it really?

x [34]%[45]°[53]°.

—— S —;'JRE =

@ consider a three-line shift [Risager] on +++ — —:
1) — |1) +z[23]|X) and cyclicin 1,2,3.

Under this shift - + + — — has a pole = indeed non-local
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Counterterms

The 5-point superamplitude of R>

@ Pure-graviton matrix element — — + +— -+ unique:
(——+++)ps = (12)*[34]°[45]°[53]°.

o SUSY Ward ldentities completely determine + + + — —:

(45)8
12)4

i\——'——l———}RS —

x [34]°[45]°[53]°.

This matrix elements looks non-local, but is it really?

@ consider a three-line shift [Risager] on ++ + — —:
1) — |1) +z[23]|X) and cyclicin 1,2,3.

Under this shift -+ + + — — has a pole = indeed non-local

rsa: 11010081 There is no N’ = 8 supersymmetrization of R> ! Page 361115







Counterterms [Eivane, :

The 5-point superamplitude of R>

@ Pure-graviton matrix element — — + +— -+ unique:
(——++ e — (12'BAFIASIR3F.

e SUSY Ward |dentities completely determine + + + — —:
{:45:.‘-8

—— [34]°[45]°[53]°.

(Bt —

This matrix elements looks non-local, but is it really?

@ consider a three-line shift [Risager] on ++ + — — :

1) — [1)+ z[23]|X) and cyclicin 1,23

Under this shift -+ + + — — has a pole = indeed non-local

Pisa; 11010081 There is no N' = 8 supersymmetrization of R> ! Page 381115




Counterterms: R’ excluded

I'__)I

pP'rR° DR’ R

~J
tjf}ﬂ
{‘1
t:jt:h
o

3 D“’Rf/ P D'r® ' D #H

Page 39/115
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Counterterms [Eivang, Freedman, MK]

Generalization

@ Recall R>:

/ % F~455}8 2 2 2
(—— 4+ g5 = _121_4 x [34]°[45]°[53]" .

@ Generalization to all n > 5 straight-forward:

/ \ 8

I'. 1- f

y . A n, 2(n—2)
f————f e 15 X [] :

Three-line shift argument works!

Pirsa: 11010081 Page 40/115




Counterterms: R excluded

J3-loop R;l/

D4R 6 DER 7 R 3

=
tjf}ﬂ
A
t:jﬂ‘-.
5

5

‘e DI 'R* bR R R

Qo

tjn—

'JU@
\

irsa: 11010081 Page 41/115



Counterterms (Eivang, !

Generalization
@ Recall R>:
| (45)8
= [34]°[45]°[53]° .

@ Generalization to all n > 5 straight-forward:

(m—1 n)"

12)8

» [”]2(11—2) '

|::‘I.— — _l_ - = = _e_;.: Rn e

Three-line shift argument works!

Pirsa: 11010081 Page 42/115




Counterterms (Eivang, !

Generalization

@ Recall R>:

(45)3

(——++ s = x [34]°[45]°[53]°.

(12)*
@ Generalization to all n > 5 straight-forward:

(n—1, m)°

L,_ S Y = ,. < [”]2(.0—2) :

(12)4

Three-line shift argument works!

@ Fourth order pole = very non-local

= Need at least D® ~ (..)*[..]* to soak up non-locality

Pirsa: 11010081
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Counterterms (eivang,

Generalization

@ Recall R>:

| x (45)°
——F+the = 0 [34]°[45]°[53]" .

@ Generalization to all n > 5 straight-forward:

(m—1, n)3
124

_ — _H" pn ~ x [”]2(:1—2) :

Three-line shift argument works!

@ Fourth order pole = very non-local

= Need at least D® ~ (..)*[..]* to soak up non-locality

Pirsa: 11010061 No MHV R”, D?’R"”, D*R", D°R" operator for n > 5! ruesns




Counterterms: exclusions
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NMHV Counterterms reivane, Fr

NMHV n-point matrix elements of D? R"

@ have more (..) in numerator at NMHV than MHV level

@ Use general solution to SUSY Ward identities [Elvang, Freedman, MK]

e assume local basis amplitudes
e then try to use shift show non-locality of non-basis amplitude
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NMHV Counterterms =1+

NMHV n-point matrix elements of D?R"

@ have more (..) in numerator at NMHV than MHV level

@ Use general solution to SUSY Ward identities [Elvang, Freedman, MK]

e assume local basis amplitudes
e then try to use shift show non-locality of non-basis amplitude

@ A similar shift argument works: 3-line shifton (--- +++ —)

@ less constraining, only double pole for NMHV R”
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NMHYV Counterterms reivane,

NMHV n-point matrix elements of D? R"

@ have more (..) in numerator at NMHV than MHV level
@ Use general solution to SUSY Ward identities [Elvang, Freedman, MK]

e assume local basis amplitudes
e then try to use shift show non-locality of non-basis amplitude

f...___g__|__:}

A
X

@ A similar shift argument works: 3-line shift on
@ less constraining, only double pole for NMHV R”

No NMHV R” and D?R" operators

Page 48/115
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Counterterms: NMHV exclusions
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Counterterms: L < 7 exclusions
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Exclusion bounds

4-point 5 5 7 8 9

thop| B
o ot |
s | DRY| P A

o | Duy| it | A 2
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What about operators?

A-point
RY

5 | DRy

6 | DRY
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counterterms: NMHYV exclusions

3-loop »'R*
4 +°R>
5 +°R°
6 'R’
v ¢‘3 R 8
3 "R’

irsa: 11010081 Page 53/115




Counterterms: N?MHV exclusions

A-point g 10 11

Thep| Hif ,@f" )4?4 2 M g#C R SR
1 | P o gt g g R R
s | D'RY M / ‘ )ﬂ( ),ﬁg M +°R°
6 | DRY M l M / M 'R’
7 | DR/ pHC | DR, # 7B, &R
8 | DRy, DR, +’R’
Conj.. [Elvang, Freedman. MK] ""ﬂ?&

Page 54/115
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Counterterms: beyond N°MHV exclusions

4-pomt

11

Jop| By ﬂ( )4}4 M

g

A

6 D%&M‘M/

s | oay| g |y A

){

L | | A | A

A

o A

T | DR, M DR, M

s | DR, D'R),| DR, DR

The pattern continues!

Coni.: [Elvang, Freedman, MK]
Prefg8f* [Drummond, Heslop, Howe]

D’RS 7,

5| oA

)ﬂy tva/

R‘/ chQ‘/

e
s

e

+R°



Counterterms: below 7-loop level

4-point 5 5 7 8 9 10 11

4 6

som| Rl (T O g o g S A
| | s s o o
s | DRY P AT i 0 g A A
s | DRA DI P T it gt g A
| oy T i

3 Dmﬂf/ DSRf/ Dﬁﬂf/ D%Rf/ Dzﬂ‘f/ Rf/ chg/ +R°

No potential counterterms
with n>4 below 7 loops!
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Counterterms: below 7-loop level
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Counterterms: below 7-loop level

4-pomt 10 11

3-1001)}’{/%)/%}4()4%
N o st

Non-linear supersymmetrizations of R* D'R* and D°R*are UNIQUE!
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Ez7) symmetry and the operators R*, D*R*, D°R*

E;(7) symmetry in N’ = 8 supergravity
@ In N = 8 sugra, E) is spontaneously-broken to SU(8)g

@ The 70 scalars of N’ = 8 are the Goldstone bosons
— amplitudes must vanish in soft-scalar limit

e Continuous Ez7y in N’ = 8 is preserved at loop level!

[Bossard, Hillmann, Nicolai]
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Ez7) symmetry and the operators R*, D*R*, D°R*

E;(7) symmetry in N' = 8 supergravity

@ In N = 8 sugra, B is spontaneously-broken to SU(8)g

@ The 70 scalars of N’ = 8 are the Goldstone bosons
— amplitudes must vanish in soft-scalar limit

e Continuous Ez(7y in N’ = 8 is preserved at loop level!

[Bossard, Hillmann, Nicolai]

4 point matrix elements

(.Jpe = stux MEF2(— — +4)
/ = 2 I_2 . 2 sugra
\eree /) DARY — (5 = 5 -+l )Stu p M4 (— = ——)

; DER: = (53 2 13 o U3) Stu X MiugTa(— = ——)
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Ez7) symmetry and the operators R*, D*R*, D°R*

Ez(z) symmetry in N = 8 supergravity

@ In N = 8 sugra, Ez7) is spontaneously-broken to SU(8)g

@ The 70 scalars of N’ = 8 are the Goldstone bosons
— amplitudes must vanish in soft-scalar limit

e Continuous Ez(7y in N’ = 8 is preserved at loop level!

[Bossard, Hillmann, Nicolai]

4-point matrix elements

(- Ype = stux M= — +4)
{....:}04&"4 — (5 = = f =1 )SI'U X M::ug,‘ra( — ——)
( )pepe — (5 L L a')stmx M= (— — —+)




Counterterms: R*

4M/MMMMMM
s | DRY P A0 0 A0 g 0 A
s | DRy PR P T 0 g g A
;| oiry g Dny, g By, s iw, A

3 D“’Rf/ DSRf/ Dﬁﬂf/ D4Rf/ Dzﬂf’/ Rf/ chQ‘/ +R°
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R* at 6-point NMHYV level re1vang, mc

Desired matrix element
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R* at 6-point NMHYV level r1vang, mx

Desired matrix element

Direct computation

need non-linear N = 8 SUSY completion of R* = very hard problem!

Pirsa: 11010081 Page 65/115




R* at 6-point NMHYV level re1van

Trick: Use

@ Recall effective action

Seft = Ssc—20"°((3)e*?R*—((5)a”e ' D*R* +2a/°¢(3)?e **D°R* +. ..
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R* at 6-point NMHYV level re1vang, mx

Trick: Use

@ Recall effective action
Seft = Ssc—20%((3)e*?R*—((5)a”e ' D*R*+2a"°¢(3)°e*°D°R*+. ..

e BUT: global symmetries of \' = 8 supergravity broken for o’ £ 0

xplicit
E7(7) (133 generators) = O(6.6) (66 generators)

spontaneous | 70 GSB 36 GSB | spontaneous

SU(8) @it sy(4) x SU(4)
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R* at 6-point NMHYV level re1vang, mc

Trick: Use

@ Recall effective action
Seff — SSG_Q‘ }.’32 (3)6—6”_‘-Rd—_g(S)GISE—lUGDﬂ-R4_|_%{_}fﬁ{;(3)ze—lﬂoD6R4+' -

@ BUT: global symmetries of N = 8 supergravity broken for o’ £ 0

E7(7) (133 generators) e O(6.6) (66 generators)
spontaneocus | 70 GSB 36 GSB | spontaneous
SU(8) 2t sy(a) x SU(4)

e €9?R* coincides with R* at 4-point, but not for n > 4

Pirsa: 11010081 Page 68/115




R* at 6-point NMHYV level re1vang, mc

SU(8) broken = of e%R*

ﬁm<ﬁ%++——kmy:&qmﬁ%f.|mﬁﬁ;++——%wﬁ:&

pr—0 P1—
- e 4\ 4
QEQﬁﬁ++——Lwy:&WMM%;.
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R* at 6-point NMHYV level re1vang, mc

Trick: Use

@ Recall effective action
Seff = SSG_2”;3M (B)E—ﬁr} Rf—l_g(S)afSe—lDrj D4R4—|—§Ofﬁ&_(3)26‘_120D6R4—|—. =

e BUT: global symmetries of N = 8 supergravity broken for o’ £ 0

E7(7) (133 generators) — O(6.6) (66 generators)
spontaneous | 70 GSB 36 GSB | spontaneous
SU(8) "2t sy(4) x SU(4)

@ e°?R* coincides with R* at 4-point, but not for n > 4
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R* at 6-point NMHYV level rE1vang, mx

SU(8) broken = of e%R*

: = 4 ep\ 4
hmﬂ (CePe++— ) _sspe =06 % B4} (56) ",

pL— ’“

pllir——n{] <;5§5+—|—__>E—EWR¢ —1 &

i I = K —= 4,." \ 4
pllugﬂ (orBe++——) _cpue — 3 BAT (56}
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R* at 6-point NMHYV level re1vang, mc

of e R4

: == T— 4,4 : i =
J:TD {r*g“f-*g — = = _>e—6c.:ﬂ¢ — 1 [34] a56f : plj_ITﬂ <r’5r*5 T _>E—6¢R¢ =0.
lim (prde++— —Y e — ¢ PAP (55"

Essential ingredients [see also: Dixon, Brédell
@ 6-point open-string tree amplitudes [Stieberger]

@ KLT to obtain closed-string tree ampltiudes
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R* at 6-point NMHYV level re1vang, mc

SU(8) broken =

Jim (2ePe ++— =) oo = 6 x [34]°(56)",

!

pllm{] (et +— ) e =0,
s

- e = 4 4
Jim, (orPr++ — =) _sops = 3 % [34]"(56)" .

o)

e T
e

Essential ingredients [see also: Dixoen,
@ 6-point open-string tree amplitudes [Stieberger]
@ KLT to obtain closed-string tree ampltiudes

@ Solution to SUSY Ward identites [Elvang, Freedman, MK]
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R* at 6-point NMHYV level re1vang, mc

SU(8) broken = of e%R*

= — 4 ; '-,4 . B s
;:]1[21{] {rfgw:g = _>E—54.'.:~R¢ =6 X [34] 96) " . pll'TG {r*'Srs"_"_ - _>e45¢R¢ =0,

: — —— 44
,QE‘U (ordr ++ — —) _sops = 3 % [34] (56)" .

Essential ingredients [see also: Dixon, e

o~y
el

)
(9]

y

@ 6-point open-string tree amplitudes [Stieberger]
@ KLT to obtain closed-string tree ampltiudes
@ Solution to SUSY Ward identites [Elvang, Freedman, MK]

tree-level SU(8)-violating operator vs. 3-loop SU(8)-invariant operator

How can this possibly help to extract soft-limits of R*?
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R* at 6-point NMHYV level re1vang, mx

@ decompose matrix elements by irreps of SU(8)
@ take singlet = matrix elements of SUSY and SU(8)-invariant op.

@ R* is the unique such operator of right dimension
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R* at 6-point NMHYV level rz1vang, mx

@ decompose matrix elements by irreps of SU(8)
@ take singlet = matrix elements of SUSY and SU(8)-invariant op.

e R* is the unique such operator of right dimension

Single-scalar soft limit of R*
singlet contribution from SU(8)-averaging:

- 1 _ e I8,
(PPH—) e = e PaPatt—)oope e PFPF ) sopet e (PsPot+——) sope
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R* at 6-point NMHYV level rz1vane.

@ decompose matrix elements by irreps of SU(8)
@ take singlet = matrix elements of SUSY and SU(8)-invariant op.

@ R*% is the unique such operator of right dimension

Single-scalar soft limit of R*
singlet contribution from SU(8)-averaging:

U 1 16, _ 18 \

35“"5“"ngT >ﬁwn4‘£<¥f€f:—+——>&%ﬁ4+i{;sfs++ ) -

- 6 ¥ APy
— | O ——— — — — e 34 ‘56}
Jim (¢ ) e z [34]°(56
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R* at 6-point NMHYV level re1vang, mc

@ decompose matrix elements by irreps of SU(8)
@ take singlet = matrix elements of SUSY and SU(8)-invariant op.

@ R* is the unique such operator of right dimension

Single-scalar soft limit of R*
singlet contribution from SU(8)-averaging:

<~r7 e — 35 \rﬁg'EgT+__;Eéan4_E \PEPET T ) bopa ™ 35 \r5r5‘|"|_ T boRA

. 6 P P
—a i (,_,————‘) — ——[34}1°(56) £ 0.
P}_ITU’ /R4 5[ ] -

R* violates continuous Ez()

- R4
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=5 explams 3-loop finiteness of ' = 8 supergravity!

ruled out as counterterm




R* at 6-point NMHYV level re1vang, mx

Automorphism analysis of [Green, M:
@ SUSY constraints on moduli dependence of fgs(2)R* in string theory
@ simplest in D = 10, infer lower D through consistency conditions
@ leads to Laplace equation for fga(yp) on Ez7)/SU(8), in D = 4:

3. i)

D14 5 5678

A+42)fu(p) =0, A= + 34 inequiv. perms| + ... .
R
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R* at 6-point NMHYV level re1vang, mx

Automorphism analysis of [Green, Mill
@ SUSY constraints on moduli dependence of fgs(2)R?* in string theory
@ simplest in D = 10, infer lower D through consistency conditions
@ leads to Laplace equation for fga(yp) on Ez7)/SU(8), in D = 4:

'S 'S,
DIZ3% 5 568

(A +42)fu(p) =0, A= [ + 34 inequiv. permﬁ} + .

Matching soft-limits

6 |
use soft-limit result <;f— - _>R4 = —z [34]4{56_)4
to reconstruct SU(8)-invariant fga:
6
fra(p) = 1 — = [p'2*27°"® + 34 inequiv. perms]| + ..

5
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R* at 6-point NMHV level r=1.

Automorphism analysis of [Green, Miller, R
@ SUSY constraints on moduli dependence of fgs(2)R* in string theory
@ simplest in D = 10, infer lower D through consistency conditions
@ leads to Laplace equation for fga(y) on Ez(7)/SU(8), in D = 4:

'3, i)
D123 g 56T

A+42)fa(p) =0, A= 34 inequiv. perms| + ... .
( Re

Matching soft-limits
6 |
use soft-limit result <;f— + — _>R4 = —z [34]4~-f,"36}4

to reconstruct SU(8)-invariant fga:

6 : :
fra(p) =1 — £ [£13%°°"® 1+ 34 inequiv. perms| + ...




E7(7y excludes 3-loop counterterm R*

Pirsa: 11010081

: | : o o
D'RY M/( ﬁ(),ﬁg o
6R/M)'ﬁg / ﬁ( MM M
viry P vy pA wy R iny A

Dlﬂﬂf/ DSR:_/ Dﬁﬂf/ D4Rf’/ DZR?"/ Rf’/ ¢RQ‘/ +2R°



Counterterms: D*R*

6 D‘?R;‘/MM{/MMMM
7 DSBf/M D*Rf/y"{ R}, )ﬂ’ ¢ZR§’/M

3 D“’Rf/ DSRf/ Dﬁﬂf/ D*Rf/ Djﬂ‘f/ Rf’/ chg/ R’
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D*R* at 6-point NMHYV level

g, Freedman, MK, Moral

works again!

Recall:

Seﬂf = SSG _2{}!3«{;(3)8—60 Rd—'&.._ (5)” 5 e—lﬂr."anl R4—|—%{} :“6{:(3)28—12@ D6 R4_|_
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D*R* at 6-point NMHYV level

Fraadm=an VK M
PLC L

e T — i = mmw - .|—.'-.:

works again!

Seft = Ssc—20°((3)e*?R*—((5)a”e "’ D*R*+3a"°((3)°e*?D°R* +. ..

Using
@ Stieberger’'s open string 6-point amplitudes
e KLT
e SUSY Ward identities
@ SU(8)-averaging
@ uniqueness of D*R*

gIves:
— = 6 ;
im (++——2F) page = — 7[12]4*34}4 ) s

Pirsa; 11010081 P6 _D
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D*R* at 6-point NMHYV level

- - AXFTS |
g r d n K Moral
= . J . W . o et s, L1 = Ak b a o e e

D*R* continuous E;(7

— D*R* ruled out as counterterm

= predicts 5-loop finiteness of N = 8 supergravity!

soft-scalar limit with automorphism analysis

12 :
fpapa(p) =1 — 7;1234-.;5678 E satisfies (A +60)fpage(p) =0.

Indication of 5-loop finiteness from different considerations

@ explicit superspace construction of Ez7)-invariant ops
[Howe, Lindstrom; Kallosh; Bossard, Howe, Stelle]

@ pure-spinor formalism [Green, Russo, Vanhove]

Pirsa: 11010081 Page 86/115

@ light-cone superspace [Kallosh, Ramond, Rube]




Ez(7) excludes 5-loop counterterm D*R*

4-pomt

o] AT A S 5 A
L | P G S A
s | PG A i S 5 A
o | Dnly pHE P T o A A
1| DRl P RS, P By Rl

3 Dmﬂ;‘/ DSRf/ Dﬁﬂf/ D“Rf/ Djﬂ‘f’/ Rf/ chg/ 'R’
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Counterterms: D°R*

Pirsa: 11010081



D°R* at 6-point NMHV level

isert lvang, Freedman, MK, Moral

Using
@ Stieberger's open string 6-point amplitudes
e KLT

@ SUSY Ward identities
@ SU(8)-averaging

gives:
; ~ 33014 MLZ 3
1<J
BUT: im (++——¢0@) (120pegey . F lim (++——pP) pegs .
ps—0 =22 ps—0
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D°R* at 6-point NMHV level

= =t

- = — x AATT 4 . —
leisert 1 Freedman, MK, Morale:

Seff = Ssc—20°((3)e®?R*—((5)a”e '’ D*R*+20/°((3)?e T D°R*+. ...

Various contributions to 6-point closed string amplitudes at O(a’®):
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D°R* at 6-point NMHV level

: - T rr=7r Fracdm=an MK Mar=a]l a
LG LOGEL | d Vally , | gl Wi, LAV, UiVl al

Seit = Ss¢—2 a’3(¢ (3)e g RLL—C(S){} e lUnD‘qu'—% Lfﬁ‘.ﬁ(?x)ze_lz""'DﬁRLl—l—. =

Various contributions to 6-point closed string amplitudes at O(a’®):

. S pr* )oy: & i
h+——a|, = > & - %—< i X
¥

g 7
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D°R* at 6-point NMHV level

Bei=zert USITIO Fraadmai VK Mar=
Lidfo Laici b . e 4 AL s I S s e

™
e L S

Seﬁ = SSG_z*’.}Jrag (3)(:"_6":'1‘:?4—(:(5){}'!5&_10@5)4}?4—;r e (3)29_12"'106R4_§__ .

j =
Various contributions to 6-point closed string amplitudes at O(a’®):

local 6-point O(a'®) terms in the SUSY completion of R* are problematic!
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D6R at 6—point NMHYV level

a1 eart | ST E . MW F;,,.
Mo b - J & L b . o

o T 55(3—2r1f'3a.\(3)e_6"-'R4— '_"(5){} e lU”D‘iRél—iu ;[3)28_12"'-'96R4—l—
Various contributions to 6-point closed string amplitudes at O(a’®):

(++ — — ©P) =

b sl
o b

local 6-point O(a/®) terms in the SUSY completion of R* are problematic!

"=N&&d to extract soft-limit of independent D°R* operator only! ==
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HV level

MK Mor

g }(Ra}z — pole terms + local .

@ use Feynman diagrams to compute pole terms

@ fix local terms by imposing SUSY WI's and Bose symmetry
= uniquely determines all 6-point matrix elements

@ take single-soft scalar limit of (++——¢F)(gey2

Pirsa: 11010081
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D°R* at 6-point NMHV

level

FraaAdm ] MK

-— -
= | =TI
AN e ¥ CLELE o L AL ool

T Morale

The dependent (R*)? contribution to the soft limit:

= i o — 1 4 4 3
pL.TD-.&————?-T-D(Rﬂz = —&[12]*(38)* ) "7
I<j
Recall:
: ,r y _-i.'a 4
ffj

Subtracting the dependent contribution, we obtain:

lim (+—+——027) pege = —32[12]" 34%45 :s,j
ps—0 |
i<J
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D6R at 6-point NMHYV level

- -—
A=t = T 1

| van T

u 1 AT - 1
AT aT ' s ' Ieh o |
e W CALLE e Ve Nl DAL T L L S Alh u e dh A .

The dependent (R*)? contribution to the soft limit:

! . A — L 4 '&4 3
pL'To"‘*_"*“““R‘”E = —L[12]*(34)* ) "s7.
1<J
Recall:
5 . / e 4
p[;r_no‘n_i____"rvr”{e-lszﬁR‘")av = [12 34) Z Sjj
1<J
Subtracting the dependent contribution, we obtain:
lim _.___;.‘:_ D6R4 — 12]4 4\"425 -

pe—0
i<j

e D°R* violates continuous E7(7) = ruled out as counterterm

@ predicts 6-loop finiteness of ' = 8 supergravity!
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@ consistent with automorphism analysis [Green,Miller,Russo,Vanhove]




E7(7) excludes 6-loop counterterm D°R*

1 | DRy P DR, P B, & iR, B

3 D“’Bf/ DSRf/ D"‘Rf/ D4Rj/ D%R‘f/ Rf/ cmg‘/ 2
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Counterterms: E;(7) exclusions for L < 7

3-loop

Pirsa: 11010081

4-point 5 6 7 g 9 10 11

— EI_T -}_‘ j 6 y

P O
PO A o o A A
o i 7 i oA A
DRy, PR DR, PR Ry e,

Dmﬂf/ DSRf/ Dﬁﬂf/ D4Rf/ Dzﬂf/ Rf’/ qug‘/ R’

No potential counterterms below 7 loops!




Q SUSY & E;7 constraints at 7 loops and beyond
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Counterterms: L > 7, multiplicities

4-pt 5-pt O-pt 7-pt S-pt 9-pt 10-pt
= - _—
T B DeR* D°R™ D*R® DR RS /Rg 42 RE
Pl mnv 2% NMHV Ix NZMHV 4 NIMHV
. v 2 ny2
% hion DYrR* DR D°R® DR’ D°R® R® &*D°R®
1% MHV 1% MHV 3% NMHV 3% NMHV 83 NZMHV 8 % NZMHV 25 x N3 MHV
o = [ e 2,
Dl._R4 DlDRS DERE DURI D4Rg D._R'Q Rlﬁ
9-loop| >.muv 1x MHV 12 NMHV 14 NMHV 117 x N"MHV 123 x N“MHV 780 x N2MHV
2% MHV 7 % NMHV 36 x NZMHV

Two methods to determine multiplicities

@ explicit construction of general superamplitudes

e gives all matrix elements explicitly
e BUT: inefficient, runs out of steam for high dim or high n

Pirsa: 11010081
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Counterterms: L > 7, multiplicities

4-pt 5-pt 6-pt 7-pt 3-pt 9-pt 10-pt
7-loo D°R* E°R D°R® D°R? R HRE & R8
Pl muv 2% NMHV 33 NZMHV 43 NIMHV
B_Iuﬂp DlDR4 DBRE DERU Dﬂer D?_RE RQ i_'.f‘; DZRB
1% MHV 1x MHV 3% NMHV 3% NMHV 8x NZMHV g x NZMHV 25 x N3 MHV
3 r | { " ]
Dl._RLl DIDRD D8RE DER{ D4RE D._RQ Rl{}
9-loop| 2« mHv IxMHV  12xNMHV  14xNMHV  117xN°MHV  123xN°MHV  780x NSMHV
2% MHV 7 % NMHV 36 x NZMHV

Two methods to determine multiplicities

@ explicit construction of general superamplitudes

e gives all matrix elements explicitly
e BUT: inefficient, runs out of steam for high dim or high n

@ BETTER: adapt methods of [Beisert, Bianchi et al.] to ' =8

@ enumerate irreps in symmetric tensor products of field multiplet
e gives multiplicities of local operators, but not their detailed form
rsmuoies @ also works for ops in the 70 of SU(8) = candidate soft limitsheions




Counterterms: L > 7, multiplicities

4-pt 5-pt 6-pt 7-pt 8-pt 10-pt
= L 9
el PR° PR DR DR" RS SR #*RE
P 1 x MHV 2 x NMHV Ix N“MHV 4 NFMHV
8 I DlDR-“-l DERE DﬁRﬁ D-‘-'.LR? DERE RQ {_I?_ DERS
—100 = .
P 1x MHV 1:x MHV 3= NMHV 3 x NMHV 8x N-MHV 8% NZMHV 25 % N3 MHV
DIERil DIDRE DSRﬁ Dﬁﬁ? D4R8 DERQ Rl{}
g‘lﬂﬂp 2x MHV 1x MHV 12 NMHV 14x NMHV 117 % NZMHV 123 x NZMHV 780 % N2MHV
2x MHV 7 x NMHV 36 x N-MHV

The infinite tower of 7-loop counterterms

@ there are infinitely many local supersymmetric operators for L =7

@ one operator for each singlet in the symmetric product of n 70's
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Counterterms: L > 7, multiplicities

4-pt 5-pt 6-pt 7-pt g-pt
| DR D' D' DRY RS HR* % R®
Pl mHv 2% NMHV 33 NZMHV 4% NP MHV
8 Inﬂ DlDer DSRE DERE D-‘-'.LRT DERB F'?g {__.If; DERS
L 1 MHV 3% NMHV 3% NMHV 8% NZMHV 8% NZMHV 25 % N MHV
leﬁ,ﬂi DIGRE DSRE DER? D4R8 DERQ Rl{}
O-loop| 2. v 1% MHV 12 % NMHV 14 NMHV 117 % N2MHV 123 x NZMHV 780 x N2MHV
2 % MHV 7 % NMHV 36 x NZMHV

The infinite tower of 7-loop counterterms

@ there are infinitely many local supersymmetric operators for L =7

@ one operator for each singlet in the symmetric product of n 70's

@ for n > 4, these ops violate E;7, at leading order
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Counterterms: L > 7, multiplicities

4-pt 5-pt 6-pt 7-pt g-pt
T | )
| DR’ DR  D'R® DRT RS R »*RE
Pl mHv 2% NMHV 3% NZMHV 4% N3MHV
B I DIDRLI DBRE Dﬁﬁ;ﬁ D-‘-lRT DERE RQ {_rﬁ DP_RS
== ﬂﬂ ry h |
Pl vHv 1x MHV 3 x NMHV 3 NMHV 8x NZMHV 8 x NZMHV 25 % N2 MHV
DIER*“-! DlDRE DBRE DER? 94R3 DERQ Rlﬂ'
O-loop| 2. mnuv 13 MHV 12 % NMHV 14x NMHV 117 3 NZMHV 123 x NZMHV 780 % N2MHV
2% MHV 7% NMHV 36 x NZMHV

The infinite tower of 7-loop counterterms

@ there are infinitely many local supersymmetric operators for L =7

@ one operator for each singlet in the symmetric product of n 70's

@ for n > 4, these ops violate E7, at leading order

= D®R* is the only potential 7-loop counterterm
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Counterterms: E;(7) exclusions for L <7

Pirsa: 11010081



D3R* at 6-point NMHYV level

AT A
'i'F ] W
LAl n

b rTraog

'-|"H
oy | Ll

=T

Seet = Ssc — 2a/°((3)e*?R* — ((5)a” ' D*R* + 2a/°¢(3)*e™**D°R"

SU(8)-averaging the closed-string amplitude gives:

2
i, () oo =212 3 T 5+ 5 (2 3) ]

pg—0
i<<j i<j
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Counterterms: D®R*

3 Dmﬂ;‘/ DSRf/ Dﬁﬂf/ D4Rj/ Dzﬂ‘f’/ Rf’/ chg‘/ R’
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D3R* at 6-point NMHV level

an =T Ean =T
- ek Tl

& = e —
5= | v =i ¥ L, J {

Recall:
S = Sse —2a”¢(3)e™ R — ((5)a"e" D' R + 2o (3 ¢ D°R*

3
LN DPR ..

SU(8)-averaging the closed-string amplitude gives:

2
= = B ond 4 2
lim TT——PP) (140 DIRY) pyy = —2[12]"(34) E Z L %(Z 5,}-) ] )

ps—0 o —
i<j =<J
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D3R* at 6-point NMHYV level

Er..r £ BT = T A (R M 7 P— | ¥
|[Beisert, Elvang, Freedman, MK, Moral:s

Recall:
Seff = SSG — 2&!’3{;{3)5—5$ R4 _ L:(S)QFEE—IQ::H D4R4 4 %r_}rﬁg(g)ze—lﬁd} D6R¢

P Y ST .
;|r;__{|!'r)El DURJl—..,,

P | 1t

SU(8)-averaging the closed-string amplitude gives:

im (++——pF) o popey, = —2[12°38)° 23 i+ £( X 5) |-

ps—0 — —
i<j <J
BUT:  lim (+4+——¢@)(c14opspsy,,, # lim (++——0P)psgs .
P50 : ps—0

@ Unlike D°R%: no contamination from lower orders in o’
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DBR at 6-point NMHYV level

an . MK M

= == = S 3 E
21 rc, Blvang rFreedm orale

Recall:
Sesr = Ssc —20%((3)e**R* — ((5)a”e" D' R* + 3a"°((3)*¢**D°R*

1 T —y —Lidleh g ~4
L THNEDPR® ... .

SU(8)-averaging the closed-string amplitude gives:

2
hm {__|____T?"JE:::{E_I4@D’ERd'}avn- = —2 ]_2] 34 |: Z SU' T —(Z 55) l :

pg—10
i<j i<j
BUT:  lim (++——0@) (1sopigsy... = lim (++——0F) poge -
pe—0 B pe—0

@ Unlike D°R*: no contamination from lower orders in o

e BUT: D3R* is not unique at 6-point! 3 2 independent D*R® ops!
= -
Pirsa: 11010081 lim (++——9P)prs = [12]4{ 34}‘1 [Cl Z 5;: T CE( Z SE) } “Page 111/115

ps—0 = —
i<J =<J




D3R* at 6-point NMHYV level

| Be 1saert vang. .:‘r‘____-.jj_:n_ - MK ) Moral

==

—-— W el

@ adding D*R® appropriately gives vanishing 6-point soft-scalar limits

@ consistent with continuous Ez(7y up to 6-points
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D3R* at 6-point NMHYV level

n, MK, Mo

@ adding D*R® appropriately gives vanishing 6-point soft-scalar limits
@ consistent with continuous Ez(7) up to 6-points

@ next test: 3-point

7-loop 4-pt 5-pt 6-pt 7-pt 8-pt 9-pt 10-pt
e D°R* DR™ D'R®° D°RT R® oRE o° R®
g 1 MHV 2 NMHV 3% N2 MHV 4xNIMHV
;"'.sofc / soft / soft
H>D°R* HDR® oR®
?U 2% & Bx

Can one add R® to make 8-point soft limits vanish?

@® non-linear 7-loop Ez7-invariant may or may not exist
pisa: 11010081 [Bossard, Howe, Stelle; Howe, Lindstrom; Kallosh] Page 113/115




Summary and Outlook

Summary

@ There are no L < 7 candidate counterterms in N = 8 supergravity

@ — inifinte tower of 7-loop local susy operators,

BUT they violate E7(7) at leading order, except for '3 i
= 4-point finiteness implies all-n finiteness at L =7

@ D®R* is consistent with continuous Ez(7), at least up to 6-points
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Summary and Outlook

Summary

@ There are no L < 7 candidate counterterms in N’ = 8 supergravity

@ — inifinte tower of 7-loop local susy operators,

BUT they violate E7(7) at leading order, except for D2 R*
= 4-point finiteness implies all-n finiteness at L =7

e D®R* is consistent with continuous E7(7), at least up to 6-points

Open problems

e Is D3R* consistent with Ez(7y up to all orders?

@ for L > 7: new mechanism needed for finiteness
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