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The generalized notion
of noncontextuality
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Problems with the traditional definition of noncontextuality:

- applies only to projective measurements
- applies only to deterministic hidden variable models

- applies only to models of quantum theory
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Problems with the traditional definition of noncontextuality:
- applies only to projective measurements

- applies only to deterministic hidden variable models

- applies only to models of quantum theory

A better notion of noncontextuality would determine

- whether any given theory admits a noncontextual model

- whether any given experimental data can be explained by
a noncontextual model
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A realist model of an operational theory

Preparation
P

& \1:> pup(A)
@ j — > A\

[ mp(A)dA = 1
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A realist model of an operational theory

Preparation |
P | ;IP(:\)d/\ —
U () pp(N)

@3** | .\

0<&mi =<1
Measurement

M Ykémir(A) =1 for all A

Em,1(A) R _
& (Dg <::> Em2(N) gl E e %

Em,3(A) a = W
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A realist model of an operational theory

Preparation
. P Jup(A)dA =1
i (=) pp(N)

@ 3—- ' > A\

0<éui<1

Measurement )
M Ykémir(A) =1 for all A

Em,1(A) N\ -

B (Dg <:> Em,2(A) i —

Em3(N) = 1 %
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Generalized definition of noncontextuality:

A realist model of an operational theory is noncontextual if

Operational equivalence Equivalent
of two experimental ——  representations

procedures in the realist model
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Operational equivalence
classes
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Operational equivalence
classes
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Operational equivalence
classes

P is equivalent to P’ if
VMVYEk :
p(k|P,M) = p(k|P’',M)
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Difference of
Equivalence class
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Example from quantum theory

Different density op’s



M
Example from quantum theory (2\

1 0 M. \
= 210) (0l + 1) (1 ‘ M, u‘

M
&

—1+)<+|+ O ‘ ﬂ‘
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Example from quantum theory

T"B{\/—(IO )10) +11) [1))]

o1 = (10) [4+) + 1) |-))]

TrB[\/—
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Preparation noncontextual
model

[\

p(A)
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Example from quantum theory

_ TrB[\%(IO) 10) + 1) [1))]

11=

5l = Tral(0) [4) +11) )
|
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Example from quantum theory

1 1
= S+

1 1 1
5’ = wpiia sy > et
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Example from quantum theory

_ Tr;;[\%(ll)) 10) +11) [1))]

l! —

- TrB[\/_(10>|+>+|1 -]
|
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Example from quantum theory

1 1
il 10) (O] + 5 11) (1]

1 1 1
5’ - EH-) (+ + > =28
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Example from quantum theory

- TrB[\%OO) 10) + 1) |1))]

1 1
= Tfn[ﬁ(lo) I+) +11) |-))]

\
\
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Example from quantum theory

1 1
= 510 (0i+§ll)(ll

1 1 1
ST = S H+5 1) (-
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Example from quantum theory

- TrB[%(m) 10) + 1) [1))]

s Tratf(10>|+>+|1 )]
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Preparation noncontextual
model

[\

p(A)
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Example from quantum theory

1 1
= i (O + 5 11) (1]

1 1
[ = S (H+51-) (-
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Example from quantum theory

1 1
= 510 (O] + 5 11) (1]

1 1 1
51' = EH-) e 2 §|—> =
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Preparation contextual
model
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Preparation noncontextual
model

[\

u(A)
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Example from quantum theory

_ Tr,g[\/i—(m} 10) + 1) [1))]

1 51 — T"B['\/-——(]O I+) +11) |-))]
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Example from quantum theory

1 1
= 310 (0!+§I1) (1

1 1
[ = S H+51-) (-
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Preparation contextual
model
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Definition of preparation
noncontextual model:

YM : p(k|P, M) = p(k|P’, M)
p(AIP) = p(A|P')

Page 33/96



A a) Some states of a qubit
e E — @) g
I,"' i .\1 F = \
~—" Nt (b) A preparation noncontextual
piyi(A)
: model of these
—— P4 (M) e i
. C) Taraia ™A *:?
e fy A "tl\‘h—/
g () = (c) A preparation contextual mode
s L1IL, (—)) of these
Q i17aigligh” @
wy S (Kochen-Specker, 1967)
‘ (A) g By (A)
= |,‘\']+_l\ul (A) E/ﬂ—-\] == :;. 0 1_\]4'-_‘_“ (A)
=l“ ku--l;; (1) \ /
/12 \ g - e
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Difference of context
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{lv) (¥l I — |v1)(¥al} {lv1){val, I — |¥1){¥:

/
I — |¥1){(¥1| I — Y1) (¥
.7w2)(w2| + el = ul) (vl + W)

B
Ps
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{|w1)(w1| I— ) (¥al} {lv) (vl I — |[v1) (¥

|W1) V1 I — |¥1)(¥1]
.— [¥2)(¥2| + |[¥3N(¥3l = |wh)(vh| + |vh) (¥
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. {E,I-E}
E= 2[0)(0] +
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Em,1(A) AV .
Em2(A) P oo
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Measurement
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universal noncontextuality
= noncontextuality for preparations and measurements
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Generalized noncontextuality
In quantum theory
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Defining noncontextuality in quantum theory

Preparation Noncontextuality in QT
if P, P'— p then up(A) = upr(X) = pp(N)

P
TN 0 up(\)
) i — | .
P #«p(/\) o
-~ =
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Defining noncontextuality in quantum theory

Measurement Noncontextuality in QT

if M,M’ — {Ei} then &y x(A) = & (A) = EE, (V)

{Ex} M &£, (V) . .
S (Dﬁ <:> §E,(A) sl L A\
{Ex} M

&-El(/\) -\‘—""‘k > /\
. E‘ G S NV s
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Preparation-based proof
of contextuality

(1.e. of the iImpossibility of a noncontextual
realist model of quantum theory)
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Important features of realist models
Let P — u(\)
P’ — p'(X)
Representing one-shot distinguishability:
If P and P’ are distinguishable with certainty
then p()\) /(A\) =0

— — — o

w) /SN ONEY) w) /N ey
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Important features of realist models
Let P — u(\)
P' & u'(X)
Representing one-shot distinguishability:
If P and P’ are distinguishable with certainty
then p()) /(A =0

P

X
5\
f\

/ /
\\\ |ll \.‘ I'I \\
— A | | - A

Representing convex combination:

If P” = P with prob. p and P’ with prob. 1 —p
mikdien p(A) =p p(A) + (1 —p) p'(A)
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Proof based on finite construction in 2d

Pa +« Ya

P-"‘ -— lli’t*l

P, <+« Up
P B - Y B
Pc — Ye

LY,
®
l

11111111

£ 1. D)

(0,1)
(1/2,V3/2)
(v/3/2,—-1/2)
(1/2,-V3/2)
(v3/2,1/2)

Ya L ¥4
Vp L ¥B
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Proof based on finite construction in 2d

Os

T4



Proof based on finite construction in 2d

__f2 0
i 0) cacq = 0
vy = ORLoO —
Pa « 01_l 1./3 i
o o= (s ) seoc = 0
’ i -3
Pg o “*=\-4vi } G
YL :
PC v, 70 - -iv' i )
3 1./3 Og T,
Pc < w=(35%) C
P. and P4 are distinguishable with certainty > o
P, and Ppg are distinguishable with certainty
P. and P are distinguishable with certainty O4
| pa(A) pa(A) = 0
| —  pup(A) up(A) = 0
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P, and P4 with prob. 1/2 each

P, and Pg with prob. 1/2 each

P. and P~ with prob. 1/2 each

P., P, and P. with prob. 1/3 each
P4, P and P& with prob. 1/3 each
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P, and P4 with prob. 1/2 each

P, and Pg with prob. 1/2 each

P. and P with prob. 1/2 each

Pa, P, and P, with prob. 1/3 each
P4, Pg and P with prob. 1/3 each

taA(A)
upB(A)
ec(A)
Habe(A)

papc(A)

1 1
?#a(/\) 2 ?#;\(/\)
— (A — A
%#b( ) + %HB( )
5#:'(’\) + 5#("(’\)
1 1

1
éﬁ-’va('\) = gi‘b(’\) . gﬁ‘f.‘('\)
1 1

$1A0) + SuB() + Zuc)
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1 1
I1/2 = §'Tﬂ+:?'”’l
1 1
(TB C’-(: — i +-_-
2"7.’: 2‘78
)
= —0Oc¢+ —0C
2 i
1 1 1
e — 0 + —(T} + T¢
. o, 3 °'3° 3
E Lt L
— o —(T —F
T a3 A
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g, 1 1
1/2 50{1 + 50‘1
1 1
57 + ~7B
1 " 1
'—fo- — (T
2 "
1 1 1
—0a + —op + —0o¢
O-c' O'b ? a -?i } 31r

L1

3 3 3

Pad =P e = Fop
o ke T A

By preparation noncontextuality

paaA(A) = ppg(A) = pec(N)
= pabe(A) = paBc(A)
=)

—T A + —OR + -
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T, 1 1

I/2 = 5% 504

: G = %”b“i'%”a

. -

= = 5‘7.-1 -+ 5*—"3 + 50('-
PaA =~ Py > P

~ Pabe = PaBC ) = SpaN) + Al
By preparation noncontextuality = %ub(k) + %pg(k)
taA(A) = ppB(A) = pec(A) - %’”‘"(’\) + %1“"(’\)

= tabe(A) = papc(A) SHa(N) + Sm(N) +égjg,;(,\)
=7(\) 1 1 1

fFv% i Fv N\ i v N



Our task is to find

pa(A), pa(A), pp(A),

:UB(/\)- #r:(’\)- ﬂ('(A).
and v(\) such that

pa(A) pa(A) = 0O
“b(A) #B(’\) =4
pe(A) pc(A) = 0
V) = ZaN) + Zpa)
= ZmO) + up(N)
= %#c'(/\)‘l"%;“('(’\)
1 1 1
= gﬁu(’\) 5 2 g#b(f\) + 5#“(’\)

1 1

1
. = Zpas(0) +=p()) + =pc(N).
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Qur task is to find

pa(A), pa(A), pp(A), i.e., paralleling the
up(A), pe(A), pc(A), quantum structure:
and v()\) such that %
O3 O
pa(A) pa(A) = 0 gady = 0
up(A) up(A) = 0O OO B O
pe(A) pc(A) = 0 ococc = 0 % %
1 1 &
1 1
v(A) = SHa(A) + Spa(N) I/2 = Zoa+504
1 1 11
= Sm(A) +SuB(\) = 3%t 59B
1 1 N
.— 5,11(-(/\)  x 5#("(1\) i 5‘7(‘ T 50'(_'
1 1 1 . 1 1 1
= gﬂla()\) + gﬂb()‘) : 2 5#.:*('\) = e T T %
1 1 1 o 8 1 1
o= 314N + SN + Suc(V). B i



Qur task is to find
pa(A), pa(A), up(A),

uB(A), pe(A), pc(A),
and v(\) such that

pa(A) pa(A) 0
pp(A) up(A) = 0

H(‘(’\) ’J('(’\) = 0
V) = ZaN) + pa)
= ;m)(f\) + ;w;(/\)
= %uc(f\) s %H('(A)
1 1 1
— g.ua(,\) —+ 5‘”"00 -+ é‘l‘-r‘(/\)

1 1

1
s A 5“1(/\) + 5”8(’\) + 5“('(’\) Page 67/96



Qur task is to find

pa(A), pa(A), pup(A),

uB(A), pe(A), pc(A),
and v(\) such that

pa(A) pa(A) 0
pp(A) up(A) = 0

pe(A) P(‘(A) = 0
V) = paN) + oAl
= %#b()\)‘F%HB(/\)
= %uc(z\)+%u('(z\)
1 1

3 3
1 1

1
irsa:1101005-2.= _"I-I(A) + _-"IB(’\) + 5;1(—‘(/\)

3 3

2 )bl %m(}\)

Consider X such that v()\) #0
From decompositions (1)-(3)
pa(N) = 0 or 2v()\)

pp(A) 0 or 2v(\)
pe(A\) 0 or 2v(\)
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Qur task is to find

pa(A), pa(A), pup(A),

uB(A), pe(X), pc(r),
and v(\) such that

pa(A) P:l(’\) 0
pup(A) up(A) = 0

ue(A) pe(A) = 0
V) = paN) + Al
= Zm) + Zup()
= SeN) + Suc()
1 1

3 3
1 1

1
o= =HAA) + zup(A) + 5#('(/\)

3 3

2 S iy épc(/\)

Consider X such that v()\) #0

From decompositions (1)-(3)

pa(A) = 0 or 2v()\)
up(A) = 0 or 2v(X\)
ue(N) = 0 or 2v(X\)

But then the RHS of decomposition (4) is

0, 3v(XN), v (N), 2v(\)
#= v(X)

CONTRADICTION
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Aside: justifying preparation noncontextuality by local causality

1 1
—0a + —T A

I/2
/ 2 2

3 ti textuali
Yy preparation noncontexiua |ty PNC for I/2 can be

1 1
v(A) = Eﬂu(/\) . 5#.4()\) justified by local
1 1 '
= L) + Zus) causality
1 1
- iuc(f\) + E“('(’\) But PNC for 5, cannot
1 1 1 be justified by local
||||| 11010052 —= §pj”(/\) + 31!1})(/\) + 31_1{(/\) causality Page 70/96



Also,

Any bipartite Bell-type proof of preparation
proof of nonlocality contextuality

(proof due to Jon Barrett)
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Measurement contextuality

New definition versus traditional definition
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Recall: the traditional notion of noncontextuality:

|W1> 2
‘ X
P lw)\ x1(A) | -
/D vs) A x2(A) -\
" x3(\) Ly
|‘+’1> & |\p" \
2/ _
..-/’, / N (1___,\) \ 1 (’\) - A
|
S v Ys(\) -
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This is equivalent to assuming:

M x1(A)
-JR" -

x-1(A)

v coarse-grain )
measure = '

ly,p) and |ys) s

{|Y1) (Y], I — |¥1)(¥1l}

[‘ M1 o
. —
x-1(A)

B /' coarse-grain )
lv'2) and ')~

B
Pirsa: 10052
\ Iv's) //
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But recall that the most general representation was

— (Dﬁ <:> Ep,(A) ﬁ"'_' S
© Epy(A) -
Therefore:
traditional notion of revised notion of
noncontextuality = noncontextuality for projective
measurements
and

outcome determinism for
projective measurements

irsa: 11010052
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So, the new definition of noncontextuality is not simply a
generalization of the traditional notion

For sharp measurements, it is a revision of the
traditional notion
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Local determinism:
We ask: Does the outcome depend on space-like separated events
(in addition to local settings and 7.)?

Local causality:
We ask: Does the probability of the outcome depend on space-like
separated events (in addition to local settings and 7.)?

irsa: 11010052 Page 77/96



Local determinism:
We ask: Does the outcome depend on space-like separated events
(in addition to local settings and 7.)?

Local causality:
We ask: Does the probability of the outcome depend on space-like

separated events (in addition to local settings and 7.)7

Traditional notion of measurement noncontextuality:
We ask: Does the outcome depend on the measurement context
(in addition to the observable and 7.)?

The revised notion of measurement noncontextuality:
We ask: Does the probability of the outcome depend on the
measurement context (in addition to the observable and 7.)?
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Local determinism:
We ask: Does the outcome depend on space-like separated events
(in addition to local settings and 7.)?

Local causality:
We ask: Does the probability of the outcome depend on space-like

separated events (in addition to local settings and 7.)7

Traditional notion of measurement noncontextuality:
We ask: Does the outcome depend on the measurement context
(in addition to the observable and 7.)?

The revised notion of measurement noncontextuality:
We ask: Does the probability of the outcome depend on the
measurement context (in addition to the observable and 7.)?
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tradit | noti ¢ revised notion of
NR——— IO'..I o - noncontextuality for projective
noncontextuality

measurements

and

outcome determinism for
projective measurements

No-go theorems for previous notion are not necessarily
no-go theorems for the new notion!

In face of contradiction, could give up outcome determinism
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However, one can prove that

preparation outcome determinism for
noncontextuality projective measurements
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However, one can prove that

preparation outcome determinism for
noncontextuality projective measurements

Proof

I"VI »

Xv;(A) | \. —
X1pn (A) P -
( X Y3 ( A)
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We've established that

preparation outcome determinism for
noncontextuality sharp measurements
Therefore:
noncontextuality noncontextuality
_—
and and
preparation outcome determinism for

noncontextuality sharp measurements
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We've established that

preparation outcome determinism for
noncontextuality sharp measurements
Therefore:
measurement

noncontextuality Traditional notion of

and noncontextuality
preparation

noncontextuality
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We've established that

preparation outcome determinism for
noncontextuality sharp measurements
Therefore:
measurement
noncontextuality Traditional notion of
and noncontextuality
preparation

noncontextuality

no-go theorems for the traditional notion of noncontextuality can
" &salvaged as no-go theorems for the generalized notion ™"



Measurement-based proof
of contextuality

(1.e. of the iImpossibility of a noncontextual
realist model of quantum theory)
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Proof of contextuality for unsharp
measurements in 2d

Mg, <  {Mg,MN4}
Mp =  {M,Ng}
M, — AN, Ng}
N, projects onto ¥, i1,
MNa+T1y = 1 Mg M
Ny+Ng = I
Ne+Ng = 1
M. My
MMy = O
Mg = 0 MA
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Proof of contextuality for unsharp
measurements in 2d

Ma < {xa(A),xa(N)}

Ma = {Ma, N4} My < {xs(A), xB(AN)}
mb = {My,Np} Me < {xc) xc(MN)}
C - n('. M
o 1ialigl By definition
M, projects onto ¥, 1, xa(A) +x4()) =1
Ma+Ms = I g Ne xp(A) +xB(A) =1
Ny+Np = I xe(A) +xc(A) =1
|_|(. + n(- — I
N, -
l‘laﬂ‘_l = 0
Nfig = 0 Na
l'lcl'l(- —
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Proof of contextuality for unsharp
measurements in 2d

Mg <« {Xﬂ(’\)- X.—‘.(A)}

::“ = {Ma, M4} Mp < {xp(A), xB(N)}
b= AN} Me < {Xe(r)s Xc(N)}
Me <= {NN¢} e
I oraleets ol o By definition
i - a xa(A) +x4(\) = 1
Na+Ny =1 g Ne xp(A) +xB(A) =1
MNy+Mg = 1 xc(A) +xc(A) =1
St == B By outcome determinism for
Me b sharp measurements
I I'IA = ¢
S M, Xa()xa(A) = 0
ﬂbl‘lB- s ‘ xs(Mxg(A) = 0
Pirsa:1:10052( Y(.(A)XC(A) - 8809/96
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M = implement one of My, M; and M, with
prob. 1/3 each, register only whether first or
second outcome ocurred
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M = implement one of M,, M; and M. with
prob. 1/3 each, register only whether first or
second outcome ocurred

M = {3Na+3m,+ 3030+ 30+ 3n0c)
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M = implement one of M,, M; and M. with

prob. 1/3 each, register only whether first or
second outcome ocurred

M o« {3Ma+ 3Ny + 3N, 3MN4+ 3N+ 3N}

M < {3xXaMN)+50N)+H3xe(V), 3xaN)+3x(N)+35xc(V)}
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M = implement one of M,, M and M. with

——

prob. 1/3 each, register only whether first or
second outcome ocurred

M =  {3Ma+3M+3Mc, 304+ 3N+ 3M0c} = {351}
M = 3xa)+H3xMN)+3xe(N), 3x4aN)+3x8(N)+3xc (M)}

ignore the system, flip a fair coin
— 171

Il

M
M
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M = implement one of M,, M, and M. with
prob. 1/3 each, register only whether first or
second outcome ocurred

M > {%na+%nb+%ﬂc,%ﬂ‘4+%ﬂ3+%I‘IC} ={%[,%]}
M — {'};Xa()\)+%xb()\)+%xc(/\),%XA(A)—F%XB(,\)-F%XC()\)}

= ignore the system, flip a fair coin
= {31,531}

M — {33}

M
M

By the assumption of measurement noncontextuality

= 1 1 1 1 1 1 1 1
M>M — {3Xa+ 3Xp + 3Xe: 3X4 + 3xB + 3XC} = {55}
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M = implement one of My, My and M. with

—

prob. 1/3 each, register only whether first or
second outcome ocurred

M = {3MNa+3M+3N., 3N+ 3N+ 3Nc} = (31,31}
M o Bxa)+3xM)+3xcN), 3xa)+Eixs(N)+ixc(W)}

M = ignore the system, flip a fair coin

M < {3111}

. 11

M <= {33}

By the assumption of measurement noncontextuality

}

N| =

MR — {3xa+ 5%+ 3xe 3xa + 3xB + 3xc} = {3
But {0,1},{3,3}.{1,0}.{3.3} # {3. 3}

COINTRADICTION
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The mystery of contextuality

There is a tension between

1) the dependence of representation on certain details of
the experimental procedure

and

2) the independence of outcome statistics on those details
of the experimental procedure



