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The generalized notion
of noncontextuality
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Problems with the traditional definition of noncontextuality:
- applies only to projective measurements

- applies only to deterministic hidden variable models

- applies only to models of quantum theory
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Problems with the traditional definition of noncontextuality:
- applies only to projective measurements

- applies only to deterministic hidden variable models

- applies only to models of quantum theory

A better notion of noncontextuality would determine

- whether any given theory admits a noncontextual model

- whether any given experimental data can be explained by
a noncontextual model
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A realist model of an operational theory
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A realist model of an operational theory
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A realist model of an operational theory

Preparation
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Generalized definition of noncontextuality:

A realist model of an operational theory is noncontextual if

Operational equivalence Equivalent
of two experimental ——  representations

procedures in the realist model
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Operational equivalence
classes
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Operational equivalence
classes
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Operational equivalence
classes

P is equivalent to P’ if
VYMVYEk :
p(k|P,M) = p(k|P’',M)
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Difference of
Equivalence class
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Example from quantum theory

Different density op’s
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Preparation noncontextual
model

[\

p(A)
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Example from quantum theory
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Example from quantum theory /—\
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Example from quantum theory
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Example from quantum theory

1 1
= 51001 +311) (1

1 1 1
EI = I+) (+ + > =31
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Example from quantum theory

» Tr3[71—.2_(I0) 10) + 1) |1))]

I = Trg[—=(10) |+) + 1) [|-))]
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Example from quantum theory

1 1
= 51001+ A

1 1 1
if _— I+) {(+ + > =) (|
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Example from quantum theory
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Preparation noncontextual
model

[\

p(A)







Example from quantum theory

1 1
= 3100+ A

1 1 1
Ef =2 |4+ (+] + §|—> (-
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Preparation contextual
model
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Preparation noncontextual
model

[\

u(A)
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Example from quantum theory

= Trl5(10)[0) + 1) [1)]
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Example from quantum theory

1 1
= 51001+ 1) (1]

1 L,
[ = S (H+5 1)

Page 31/96



Preparation contextual
model
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Definition of preparation
noncontextual model:

VM : p(k|P, M) = p(k|P’, M)
p(A|P) = p(A|P’)
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Difference of context
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Measurement
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universal noncontextuality
= noncontextuality for preparations and measurements
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Generalized noncontextuality
In quantum theory
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Defining noncontextuality in quantum theory

Preparation Noncontextuality in QT
if P, P'— p then pup(A) = ppr(A) = pp(A)

P
G—_ 0 ey o
© - — A .
_ (A)
p uplA)
— — '




Defining noncontextuality in quantum theory

Measurement Noncontextuality in QT

if M,M’ — {E}} then &y x(\) = & (A) = E€E,(A)

{Ek}
—

M

o

—

§E,(A)
§E,(A)
§E3(A)

§E,(A)
EE,(A)
§E5(A)




Preparation-based proof
of contextuality

(1.e. of the iImpossibility of a noncontextual
realist model of quantum theory)
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Important features of realist models

Let P — u(\)
P — /()
Representing one-shot distinguishability:
If P and P’ are distinguishable with certainty
then p(A) p'(A) =0

—— —
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Important features of realist models
Let P — u(\)
P’ — p'(A)
Representing one-shot distinguishability:
If P and P’ are distinguishable with certainty
then p()) /(A) =0

u(x) / O\ /

\ '\_ _."
\ / .’{

\ / /
\ / \ \
| — A i i - A

Representing convex combination:

If P” = P with prob. p and P’ with prob. 1 —p
mikdien p(A) = p p(A) + (1 —p) p'(A)
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Proof based on finite construction in 2d
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Po e —
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Proof based on finite construction in 2d
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Proof based on finite construction in 2d

{1 e
”"_(00) cacpy = 0
Fa +* 00 -
oa=(21) opop = O
P___-1 =3 1 i-v"f?:
Pb . s Ty = Ilz\-§ g ) TcO¢C — 0
3 _1./3"
P 6 = | _iv3
B ) 41\ 14 - G'a
—24/3
PC > e = —;-V'E &g
3 173 o Oc
Pe « =5} ) ”
P. and P4 are distinguishable with certainty > -
P, and Ppg are distinguishable with certainty
P. and P, are distinguishable with certainty T4

0
0

Ha(/\) ﬂ.—l(’\)
pp(A) pp(A)
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P, and P4 with prob. 1/2 each

P, and Pg with prob. 1/2 each

P. and P with prob. 1/2 each

Pa., P, and P. with prob. 1/3 each
P4, Pp and P& with prob. 1/3 each
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P. and P4 with prob. 1/2 each

P, and Py with prob. 1/2 each

P. and P with prob. 1/2 each

Pa.., Py and P, with prob. 1/3 each
P4, Pg and P with prob. 1/3 each

HaA(A)
HpB(A)
pec(A)
Habe(A)

papc(A)

1 1
?ua(f\) + *12;#,1()\)
— A — A
%#h( ) + %ua( )
5#:‘('\) ryr 5#(_"()\)
1 1

1
5#0('\) 3 gﬂb()\) ;- §}t(:(A)
1 1

21A0) + Sup() + Zuc)
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g, 1 1
1/2 Er:ra - 50"_1
1 1
5% =+ >7B
1 1
50}- + 50’(“
1

Ta + —aTp + —0¢

freses

et
—

3 3

Pad 25 Pyg =V
i Pabc = p.—lBC

By preparation noncontextuality

taa(A) = () = pec(N)
= pabe(A) = papc(A)
E=57.0)

os+—op+ —0oc.
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1 1

1/2 = 50’(;4‘50’-4
1 1
= Errb — 50’3
1 1
— 500 + 50(‘
1 1 1
-~ %‘7(1 e 510'}) -+ 5:'}
= 3%a+3oB+ 30
PaAa 2 Ppg>Pg
~ Pabe ~ PABC v(A) = Spa(N) + pa(V)
. _ 1 1
By preparation noncontextuality = Sm(A) +5ps(A)
1 1
taa(N) = up(A) = pec(N) = ) +5uc(N)
1 1

Pirs‘:mf:gbc()\) = papc(N) glia()\) -+ gnb()\) +Pa%5;;(,\)
=7(\) 1 1 1
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Qur task is to find

pa(A), pa(A), pp(A),

u(A), pe(X), pc(),
and v(\) such that

pa(A) #A(A) 0
pp(A) pp(A) = 0

pe(A) pc(A) = 0
V) = Zpa(d) + 2ualN)
= %pb(/\)‘l‘%ﬂ{f('\)
= ZneX) + Zuc)
1 p | 1
= gﬂ-u(’\) -+ 5#5()\) i gﬂr-‘('\)

1 1

1
| = — A — A —pc(A).
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Our task is to find

pa(A), pa(A), pup(A), i.e., paralleling the
up(A), pe(A), po(A), quantum structure:
and v(\) such that %
Op Op
pa(A) pa(A) = 0 gacy = 0
up(A) up(A) = 0O opop = 0O
pe(A) pc(A) = 0 oo = 0 = %
1 1 11 &
v(A) = Sua(N) + S1a(N) /2 = Soaton
1 1 11
= Sm(N) + SuB(N) = 57T ,°B
1 1 N
= Ste(A) +5pc(A) = 3% +50C
1 1 1 . 1 1 1
= Z#a() + Zm(\) + Zpe(N) = 3%t 3%+ 3%
1 1 1 X 1 1
U _ 5““1('\) -+ 5;13(,\) + g,uc-(/\). = 50,4 + 503 -+ *3—0(;49666/96



Qur task is to find
pa(A), pa(A), pp(A).

uB(A), pe(X), pc(X),
and v(\) such that

pa(X) pa(A) 0
pp(A) pp(A) = 0

pe(A) #("(A) = 0
V) = ZaN) + pa)
= ;uh(ﬁ) 4 ;m;(/\)
= %p(-(,\) + %IJ-('(/\)
1 1 B
= gya()\) -+ g;tb(/\) : = 5“('(’\)

1 1

1
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Qur task is to find

pa(A), pa(A), pp(A),
uB(A), pe(A), pc(r),
and v(\) such that

ta(A) #-.4(-'\) 0
pp(A) ug(A) = 0

pe(A) #("‘()\) = 0
V) = paN) + oAl
= %ﬂ-b()\)‘l‘%#B(}\)
= %ﬁc()\)‘i‘%#(“(f\)
1 1

3 3
1 1

1
irsa:11010052= _"t-i(A) + _-"'IB(’\) + gl't(_'(A)

3 3

—pta(X) + =zpp(X) + %uc(«\)

Consider X such that »()\) # 0

From decompositions (1)-(3)

pa(N) = 0 or 2v(X\)
up(A) = 0 or 2uv(X\)
ue(N) = 0 or 2v(X\)
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Qur task is to find

#H(A) ' #4(’\)l #b(’\)r

uB(A), pe(A), pc(r),
and () such that

pa(A) pa(A) 0
pup(A) pp(A) = 0

() pe(A) = 0
V) = paN) + oAl
= Zm) + Zup)
= ZeN) + Zuc()

1 1

3 3
1 1

1
irsa:11010052= 5“-‘1()‘) + —#B(’\) + —3_#('(/\)

3

W, O o épc(/\)

Consider X such that v()\) #0

From decompositions (1)-(3)

#a()\’)
pp(X)
Hr-(x)

0 or 2v(\)
0 or 2v(\)
0 or 2v()\)

But then the RHS of decomposition (4) is

0,3v(X), r(\), 2v(X)
# v(X)

CONTRADICTION
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