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Classical complementarity
as an epistemic restriction
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Classical complementarity
as an epistemic restriction
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A fact about operational quantum theory:

Jointly-measurable observables = a commuting set of observables
(relative to matrix commutator)
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A fact about operational quantum theory:

Jointly-measurable observables = a commuting set of observables
(relative to matrix commutator)

This suggests a restriction on a classical statistical theory:

Jointly-knowablevariables = a commuting set of variables
(relative to Poisson bracket)
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Continuous degrees of freedom

Configuration space: R™ > (z1,%2,...,Zn)



Continuous degrees of freedom

Configurationspace: R™ = (z1,%2,...,Zn)

Phase Space. L= 32{“ = ($1,P1,$2:P2; e ;mﬂapﬂ) — m
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Continuous degrees of freedom

Configuration space: R™ = (z1,Z2,...,Zn)
Phase space: Q2 = 32?1 = ($11p13I27p21 .- :Iﬂ:pﬂ) —m

Functionalson phasespace: F: Q 3 R
Xp(m) = zy
P(m) = py
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Pi

Continuous degrees of freedom

Configurationspace: R™ = (z1,%2,...,Zn)
Phase space: Q = R2™ 3 (z1,p1,%2,p2, - ..
Functionalson phasespace: F: Q2 - R
Xi(m) = zy
P (m) = py
Poisson bracket of functionals:

F 0G F oG
[F,G]l(m) =Y 1(:)\ :”) - ﬁéﬁ\ﬁ; (m)
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Continuous degrees of freedom

Configuration space: R™ = (z1,22,...,Zn)

Phase space: = R2n 5 (z1,p1,Z2,pP2,--

Functionalson phasespace: F': 2 -5 R
Xp(m) =
Pr(m) = py

FPoisson bracket of functionals:

IF G _ 9F 8G
[F.Gl(m) = X1 (5x:5P — .:()15{ )(m)

The linear functionals / canonical variables are:

F = (114\—1 -+ blp]_ + -+ anXn + bnPn
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Continuous degrees of freedom

Configurationspace: R™ 3 (z1,z2,...,Zn)

Phase space: 2 = R2™ 3 (z1,p1,%2,p92, - - .

Functionalson phasespace: F: Q2 - R
Xi(m) = x,
Pp(m) = py

Poisson bracket of functionals:

: _ IF G 9F 9G
[F, G](m Tf:l(f{)\'ﬁﬁ- :)P ff;\ )(m)

The linear functionals / canonical variables are:

F=a1X1+b0P1+---+anXn+ bnPn
G = C]_.\rl + d]_P]_ + -+ enXn +dnPy

swﬂ:pn) = m

N | an,bnp € R
(1.(11 ..... Cn.d” G R

{FGl(m) = Y4 (a;d; — bjc;) Independentof m A



Discrete degrees of freedom Z;={0,1,...,d -1}

Configurationspace(Zg)™ 2 (z1,z2,...,Zn)

)27}.

Phase space: {2 = (Zg > (z1,p1,Z2,P2,---,Zn,Pn) = M

Functionals on phase space: F : 2 — Zg
Xi(m) =
Pr(m) = py
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Discrete degrees of freedom Z;=

Configurationspace(Za)™ 3 (z1,z2,...,Zn)
Phase space: {2 = (Zd)2” =2 (:rl,pl,:cg,pg, ‘e ,xﬂ,pn) =—
Functionals on phase space: F : 2 — Zg
Xp(m) =
Pp(m) = py
Poisson bracket of functionals:

[F,G](m) =37, (Flm + ez;] — F[m])(G[m + ep;] — G[m])
—(F[m + ﬁpf] — Fm])(G[m + eq;] — G[m])
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Discrete degrees of freedom Z;={0,1,...,d—1}

Configurationspace(Zg)™ 3 (z1,z2,...,Zn)
Phase space: 2 = (Zg)?" 3 (£1,p1,22,P2,- - -, Tn,Pn) = m
Functionals on phase space: F : 2 — Zgy

). €] - Automatic Updates

PA‘: (m) Updating your computer is almost complets, You must restart your computer for
the updates o take effect

Poisson bracke] oo youwant m restart your computer now?
[F G](!H) o E | RestartNow | | Restart Later - G[m])
—(FTm T ep] — FIm(Clm + eg] — G[m])
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Discrete degrees of freedom Z;={0,1,...,d—1}

Configurationspace(Zag)™ > (z1,z2,...,Zn)
Phase space: 2 = (Zg)*" 3 (z1,P1,%2,P2;-- - ;Tn,Pn) =m

Functionals on phase space: F': £2 — Zg4
Xip(m) = zy
P(m) = p;

Poisson bracket of functionals:

[F,G](m) =", (Flm + ez;] — F[m])(G[m+ ep;] — G[m])
—(F[m + ﬁp,-] — F[m])(G[m + eq;] — G[m)])
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Discrete degrees of freedom Z;={0,1,...,d -1}

Configurationspace(Zg)™ 2 (z1,z2,...,Zn)
Phase space: 2 = (Zg)?" 2 (£1,p1,Z2,02;- - - ,Tn,Pn) = m

Functionals on phase space: F': §2 — Zg
Xip(m) = zy,
P(m) = p;

Poisson bracket of functionals:

[F,G](m) = Y7, (Flm + ez;] — F[m])(G[m + ep,] — G[m])
—(F[m +ep] — F[m])(G[m + eg] — G[m])

The linear functionals / canonical variables are:
= (11.\'1 + bl P1 + - + (.'lrr‘\'” +- bn Pn al, bl ..... an, bn = rq
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Discrete degrees of freedom Z;={0,1,...,d -1}

Configurationspace(Za)™ 3 (z1,z2,...,Zn)
Phase Space. Sd= (‘%d)zn > (:E.‘L:pl)xQ)pQ: —— Jzﬂ:pﬂ) =m

Functionals on phase space: F' : 2 — Zg4
Xp(m) = zy
P(m) = py

Poisson bracket of functionals:

[F,G](m) = Y"_; (F[m + ez] — F[m])(Gfm + ep;] — G[m])
—(Flm +ep] — Fm])(G[m + eg] — G[m])

The linear functionals / canonical variables are:
F s al"X'l + blpl + - + (ln..\r” + ann (Il.bl. oo UIONA bn e ’..__.-”"
G=c1X1+d1Pi+---+cnXn+dnPn L0 s Cn,dn € Ly

LE&7](m) = z;l_l[F(f’r )C(f’p P F(Pp )C(Er )] Page 197100
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The principle of classical complementarity:

The only statistical distributions that can be prepared correspond
to knowing the values of a commuting set of variables (relative to
Poisson bracket) and that have maximal entropy otherwise.
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Restricted statistical theory of bits
(a.k.a. “the toy theory")
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A single bit X 1

Canonical vanables

aX +bP a,b € Zo Additionis mod2
X, P X+ P
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F

A single bit x 1
=

0 1
- - [)
Canonical varnables

aX +bP a,b€ Zo Additionis mod2
X, P, X+P

Statistical distributions

X known P known X + P known
1 1 | 1
i 0 m : GE' : 0 E Nothing known
0 1 0 1 0 1 54
I P P 0
0 0 0 F

0 1 01 0 1
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Convex combination

1 1 1
x| = I — S+
3 2 2 2
1 1
0 1 _ 2 1,
= AREA R
) (il + =
= — . ; - | —1
yd ¥ 2
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Convex combination

B
01 0 1
P P P
1 | b
— X : X
B GE +I:: O;
o 1 0o 1
P p
- 1 1
. X X
- o - i
01 0 1
P P

States of non-maximal knowledge are mixed
States of maximal knowledge are pure

Fapeers a multiplicity of decompositions
af mivad ctatac into Nniira ctatac

NI NI =N -

1
0) (0 -11) (1
+2
1 :
+) +-+2 —) (—

+i) (4 +§—;; =
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Convex combination

x 1

b
|

x 1
0

01
!’.‘l

Updating your computer is almost complete. You must restart your computer for

the updates o take effect.

Do you want to restart your computer now?

Restart Now | FRestart Later

e
"I -« [N
0 1 0o 1
P P

States of non-maximal knowledge are mixed
States of maximal knowledge are pure

Fhepeeqs a multiplicity of decompositions
of mivaed ctataec into niire oftatac

1
0) (0 -11) (1
) (O] + >

F

—+1) {
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Convex combination

x 1
Om

x 1

I
-
) =

x|
OE
0 1

!)

States of non-maximal knowledge are mixed
States of maximal knowledge are pure

Pharegs a multiplicity of decompositions
af mivad ctatac Into niira ctatac

-

1
iais oo
+1) (41| 4+ —1
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The possible epistemic state space
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The valid epistemic state space




The valid epistemic state space

Pirsa: 11010047 Page 30/100



0)

The valid epistemic state space

ms zs
N — /"'I ....................... |+i)

1)
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Valid reproducible measurements:

Any commuting set of canonical variables

X P X + P
\-1 -
o of
0 1
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\Valid reversible transformations:

Those that preserve the Poisson bracket / symplectic inner product:
The group of symplectic affine transformations (Clifford group)

for m € 2
m+— Sm + a

where [Su, Sv] = [u,v] Symplectic
and a € $2 Affine (Heisenberg-Weyl)

- All 24 permutations of the four ontic states
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\Valid reversible transformations:

Those that preserve the Poisson bracket / symplectic inner product:
The group of symplectic affine transformations (Clifford group)

for m € 2
m— Sm + a

where [Su, Sv] = [u,v] Symplectic
and a € $2 Affine (Heisenberg-Weyl)

- All 24 permutations of the four ontic states
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A 3-cycle
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A pair of 2-cycles
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Reversible transformations:

airs of 2-cycles 3-cycles

2-cycles

AN

5y
%

445 G4
ot g
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Reversible transformations:

airs of 2-cycles

+
Jﬁ'

3-cycles

Symmetries of the
tetrahedron under
rotations and
reflections

2-cycles

bk G+

identity

+



Reversible transformations:
3-cycles 2-cycles

airs of 2-cycles

identity

‘<%*\7" 1 ‘%}

e — -

“ Automatic Updates

the updates o take effect

Al

Do you want 1D restart your computer now?

Updating your computer is almost complete. You must restart your computer for

Restart Now

i Restart | ater
b

N § 7

Symmetries of the

tetrahedron under %’
rotations and

reflections




Reversible transformations:

airs of 2-cycles

5 )
%

3-cycles

44 b
Feb b

- “F =7 <P

b -4

Symmetries of the
tetrahedron under
rotations and
reflections

2-cycles

identity

n



Irreversible transformations:

Example:

PN

I
e

CcX

|
+

CX
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Updating the epistemic state after a reproducible measurement

Suppose no disturbance

But this is too much
knowledge!
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Updating the epistemic state after a reproducible measurement

Suppose no disturbance

But this 1s too much
knowledge!

imilarly,
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Updating the epistemic state after a reproducible measurement

Suppose no disturbance

But this is too much
knowledge!

imilarly,

eproducibility implies a final epistemic state E
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Updating the epistemic state after a reproducible measurement

Suppose no disturbance

But this i1s too much
knowledge!

imilarly,

eproducibility implies a final epistemic state E

So we must assume that :|: or -I-:I occurs
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Updating the epistemic state after a reproducible measurement

But this i1s too much
knowledge!

Suppose no disturbance

o

imilarly,

un

eproducibility implies a final epistemic state E

So we must assume that :|: or EH occurs

snfil: B 5

Pirsa: 11010047 Page 48/100




Coherent superposition

10

|1
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Coherent superposition

|0
An equal superposition of |0 and |1 is obtained by :
implementing on |0
the square root of a U that maps one to the other _: -
R{n) R (-TI) - S _____________________ -
—1
11
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Coherent superposition

|0
An equal superposition of |0 and |1 Is obtained by :
implementing on |0 |
the square root of a U that maps one to the other o |-
R, (m) R, (-m) |-i *r _________________ |+i
Ry(n2) R,m2) R,m2) R,(-n2) wA
I+ |- |+ |-i
11

An equal superposition of m and m Is obtained

by implementing
the square root of a P that maps one to the other

S
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Coherent superposition

An equal superposition of |0 and |1 is obtained by
implementing on |0
the square root of a U that maps one to the other

R, () R, (-m) -

R,(n2) R,(n?2) R,(n2) R (-n2)

* - |+ |-

An equal superposition of m and m Is obtained

by implementing
the square root of a P that maps one to the other

| | A

4
iy

. e

| I | | $|
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Coherent superposition

An equal superposition of [0 and |1 is obtained by
implementing on |0
the square root of a U that maps one to the other

R, (n) R, (-n) i
R(n2) R,m2) R®2) R.(n2)

i+ |- |+ |-

An equal superposition of m and m IS obtained

by implementing
the square root of a P that maps one to the other

v

A
v

4

v
S
O Om
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Coherent superposition

An equal superposition of [0 and |1

implementing on |0
the square root of a U that maps one to the other

R, (-m)
R.(-n2) R,(n?2

An equa| SuperpOSi Do you want D restart your computer now?

R, (n)

by implementing

the s

quare root of

%ﬁ

Pirsa: 110

10047

1 &
on

Updating your computer s aimost complete. You must restart your computer for

the updates to take effect.

Is obtained by

JUlc

|0

|1

Restart Now

Restart Later J
o
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Coherent superposition

|0
An equal superposition of |0 and |1 is obtained by
implementing on |0
the square root of a U that maps one to the other - |
R, (m) R, (-n) ) -t ;» ........................... |+
R,(n2) R, (n2) R,(m2) R, (-n?2) |+
I+ - |+i -i
11

An equal superposition of m and m Is obtained
by implementing

the square root of a P that maps one to the other

- 1 1

.
| .

e e

=

A
v

P

e —

g
B ]

I—r—|{,—‘
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irsa:

Suppose the basisisavband evd
where a # b #* ¢c # d.

(ad)(bc) (ac)(bd)
(acdb) (abdc) (abcd) (adcb)
aVc bvd bV c aVd

11010047
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Interference

Quantum theory:

repare 0) measure I-I-—: get 50/50 probabilities

Prepare l':' measure :+ .!—:’2: get 50/50 probabilities

Prepare —— U'i+;_l'.i measure }‘+—: get 100/0 probabilities

v =

oy theory:

repare m measure B get 50/50 probabilities
Prepare “ measure B

Prepare E measure H

Superposition is neither “or” nor “and”
but “one possibility from each set’.

get 50/50 probabilities

get 100/0 probabilities

Pirsa: 11010047
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Suppose the basisisaVvband evd
where a # b # c # d.,

(ad)(bc)
(acdb) (abdc)
aV c bvd

Coherent superposition:

A set of binary operations that take two pure states to a third

(aVb) 41 (cVd)
(avb) 42 (cvd)
(avb)+3(cvd)
(avb) 44 (cVvd)

Pirsa: 11010047

(ac)(bd)
(abcd) (adcb)
bV c aVd

(acdb)(aV b) =a Ve
(abde)(avb) =bVvd
(abed)(aVvb) =bVe
(adeb)(aVvb) =aVvd
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Interference

Quantum theory:

repare 0 measure {+).|—)} get50/50 probabilities

Prepare § measure :+.}.}—i: get 50/50 probabilities

Prepare —— 0) +:liii measure :‘+':. —)}  get 100/0 probabilities

v =

oy theory:

repare m measure B get 50/50 probabilities
Prepare “ measure B

Prepare E measure B

Superposition is neither “or” nor “and”
but “one possibility from each set”.

get 50/50 probabilities

get 100/0 probabilities

Pirsa: 11010047
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A pair of bits

Canonical variables a1 X1 + 01 P; + a>X> + b P> ay,by.ar.bn € Zo

X 1 e — | I ' I
0 I

_ 00 01 10 11
0 1 (X.P)
fi
b, 4
! | 11
. (X1.P1) 10
| 01
. 00
Py 00 01 10 11
(X2, P)
X
2 B,
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- : 00 01 10 11
0 1 (X.P)
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| e 00 01 10 11
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| g 00 0110 11
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| — 00 01 10 11
0 1 (X.P)
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1 vanable known

X1 known P> known
11 11
(X1.P1) 10 (X1.P1) 10
01 01
00 00
000110 11 0001 10 11
(X9, P) (X9, P»)

2 vanables known

X1 and P> known

11
(X1.P1) 10
01
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1 vanable known

X1 + X2 known P71 + P> known
11 11
(X1,P1) 10 (X1.P1) 10
01 01
00 00
0001 10 11 0001 10 11
(X2, P) (X2, P2)

2 vanables known

X1+ X9 and P; + P> known

11
(X1,P1) 10

Page 66/100
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uncorrelated

If A measures E_ B
0)0)— |+)0
correlated
If A measures 1 ]
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uncorrelated

If A measures

“ Automatic Updates

Updating your computer is almost complete. You must restart your computer for
the updates o take effect

Do you want 1D restart your computer now?

Restart Now | Res%amr J

If A measures

—=(10)j0)+[1j1})] > |+ )|+)



uncorrelated

If A measures
0)/0)— |+)0)
correlated X
If A measures T
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Epistemic states of non-maximal knowledge

Uncorrelated

==

£
e
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Epistemic states of non-maximal knowledge

Uncorrelated

51 @ |4)(+]

Correlated

| ® |+)(+]

110)(0] @ 0)(0| 3!
(= ® [—) (-]

+ 5[1)(1| ® |1)(1]

irsa: 11010047
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10) ® |0) + —=|1) ® |1)

WA 1
W) = —=| —=

‘quantum correlation”

p = 3]0)(0| ® |0)(0] + 5|1)(1| ® |1)(1]

“classical correlation”

A distinction between
maximal and nonmaximal correlation
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‘quantum correlation”

p = 3]0)(0| ® [0)(0] + 5|1)(1| ® |1)(1]

“classical correlation”

A distinction between
maximal and nonmaximal correlation
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Local transformations: conjunction of permutations on each system

- _{"}_ = I Takes uncorrelated to
- >
N < " uncorrelated
ng 1y B! <—:F :rkt 1 correlated to correlated

Uap=U®Up
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Local transformations: conjunction of permutations on each system

T
noon

T

Joint transformations:

Pirsa: 11010047

>

::t Takes uncorrelated to
uncorrelated

}ICI; correlated to correlated

P

lilB == (...‘ 5 l-'B

Can change the degree of correlation

Uap#U,p,®@Upg
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Joint transformations

.- - - . | -
—_
> || «— 5 %

-1
T

?

1

4

Pirsa: 11010047
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Valid reproducible measurements:

Any commuting set of canonical variables
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No Cloning

uantum: A cloning process
oraset {|v;)} satisfies
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No Cloning

uantum: A cloning process
oraset {|v;)} satisfies

verlaps are:
1|4) (0]0) |2 # | (1|4+) (1|4) |2
1/2#1/4

ut unitary maps preserve
verlaps, therefore this map is
ot unitary
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No Cloning

uantum: A cloning process Toy theory: A cloning process for
oraset {|Y;)} satisfies aset {(a; Vb;)} satisfies
i) Ix) — ;) |¢;) (a; Vb;)-(evd) — (a; Vh;)-(a; Vb;)
xample: {|1).|4+)}
1|00 — |1)|1
+)10) — |[+) |+

verlaps are:
1|4) (0]0) | %= | (1]|4) (1|4) |2
1/27#1/4

ut unitary maps preserve
verlaps, therefore this map is
ot unitary
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No Cloning

uantum: A cloning process Toy theory: A cloning process for
oraset {|v;)} satisfies aset {(a; Vb;)} satisfies
[¥i) [x) — [¥q) |¥i) (a; Vb;)-(cvd) — (a; V) - (a;Vb)
xample: {|1).|4+)} Example:
1)|0) — |1)(1)

+)[0) — |+)[+)

verlaps are:
(1]4) (0|0) |2 = | (1|4) (1]4) |2
1/27#1/4

ut unitary maps preserve
verlaps, therefore this map Is
ot unitary
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No Cloning

uantum: A cloning process
oraset {|Y;)} satisfies

¥i) 1x) — %) [¥i)

ample: {|1),|+)}
1)10) — |1)[1)
+)[0) — |+)|+)

verlaps are:

(1]4) (0]0) |2 # | (1|4) (1|4+) |2

1/2 £ 1/4

ut unitary maps preserve
verlaps, therefore this map Is
ot unitary

Pirsa: 11010047

Toy theory: A cloning process for
aset {(a; v b;)} satisfies

(a; Vb;)-(evd) — (a; Vh;)-(a; Vb;)
Example:

Overlaps are: 1/2%1/4

But permutations preserve
overlaps, therefore this map is
not a permutation
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The EPR effect

IfA measures {|0). 1)} —\ lf']i{*:_ - lfﬁr-llﬁ-: — |0 \'ﬁ' with prob. 1/2
N 131y with prob. 1/2

IfA measures {+).|—)} J—' 0)0) + 1'?"1'-'; — |[+)+)  with prob. 1/2

with prob. 1/2
If A measures E ? A

-

with prob. 1/2

with prob. 1/2

If A measures H ﬁ — with prob. 1/2
Pirsa: 11010047 Page 86/100
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Teleportation
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Teleportation
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Teleportation

{lv™), |[vT), |o7), |dald
f____,-"-w-..,_____‘- - L] # ILIC -

Updating your computer is almost complete. You must restart your computer for
the updates o take effect

=] Do you want tD restart your computer now? ————

Restart Now Restart Lalaf |
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Teleportation




Consider the stabilizer theory for qubits

Itis possible to define a discrete Wigner function for qubits

But: This Wigner function can be negative for qubit stabilizer states
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Consider the stabilizer theory for qubits

It is possible to define a discrete Wigner function for qubits

But: This Wigner function can be negative for qubit stabilizer states

The restricted statistical theory of bits is similar but not
equivalent to the Stabilizer theory for qubits
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The EPR effect

IfA measures {|0).|1)! —[lo}o}+[1)1}] — [0} 0}

-

#

1 [
el

IfA measures {|+).|—)F T

LY
— b

If A measures E ?
If A measures E E
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E
—~

— (1)1

00} +(1)1)) = |+)|+)

iy

i R R

with prob. 1/2
with prob. 1/2

with prob. 1/2
with prob. 1/2

with prob. 1/2

with prob. 1/2

with prob. 1/2

Page 93/100

with prob. 1/2



No Cloning

uantum: A cloning process
oraset {|Y;)} satisfies

[¥i) [x) — |¥i) [¥i)

xample: {|1),|4+)}
1)|0) — |1)]|1)
+)10) — |+ |+)

verlaps are:

(1]4) (0]0) |2 &= | (1]|4) (1|4) |2

1/2 % 1/4

ut unitary maps preserve
verlaps, therefore this map Is
ot unitary
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Toy theory: A cloning process for
aset {(a; v b;)} satisfies

(a; Vb;)-(evd) — (a; Vbh;)-(a; Vb;)

Example:

=i
i

Overlaps are: 1/27#1/4

But permutations preserve
overlaps, therefore this map is
not a permutation
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The EPR effect

IfA measures {/0).|1)] _—(lo}o)+[1)1})] > |0 ‘I_I
—> lfﬁ.l'?
fAmeasures {|+).|-)} 7z |010)+LiL))—=>+)+)

If A measures E ?
If A measures E ﬁ
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=)

i R

with prob. 1/2
with prob. 1/2

with prob. 1/2
with prob. 1/2

with prob. 1/2

with prob. 1/2

with prob. 1/2
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with prob. 1/2
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