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Example 1. The impossibility of discriminating non-
orthogonal states with certainty

Consider ¥
A .
v-ontic view: Mysterious. No analogue of non-orthogonality.

s-epistemic view: Natural
s H(A) i (A)

= —
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Example 1. The impossibility of discriminating non-
orthogonal states with certainty

Consider L'
v-ontic view: Mysterious. No analogue of non-orthogonality.

s-epistemic view: Natural
R=r p(2) 1 (A)
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Example 2: Lack of exponential divergence of states
under chaotic evolution

In Newtonian mechanics, exponential divergence of ontic states is the
signature of chaos
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Example 2: Lack of exponential divergence of states
under chaotic evolution

In Newtonian mechanics, exponential divergence of ontic states is the
signature of chaos

In quantumtheory,
w, (D). () = (y,(O)U'U|y,(0),

et W'_(O)‘V’;(O) '
No divergence!
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Example 2: Lack of exponential divergence of states
under chaotic evolution

In Newtonian mechanics, exponential divergence of ontic states is the
signature of chaos

In quantumtheory,
w (). (1))

| -W: (0) ‘UIU‘ w.(0),

= (,(0)|w,(0))
No divergence!

v-ontic view : This is puzzling

v-epistemic view : This is natural, due to Liouville’'s theorem

[ (A.0 (2.0 = [ d2\[1(2.0){1,(2.0)
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Example 3: The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|w,).|lw. )} implies |¥.)X) > |¥. )y, ) for s=12
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Example 3. The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)
Cloningthe set {|w. ).|w. )} implies |¥.) X)) = |¥.)w. ) for s=12
By unitarity, the inner product must be constant
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Example 3. The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|lw.).|w.)} implies |¥.)| %) = |¥.)w. ) for s=1.2
By unitarity, the inner product must be constant

But [, |z (w.)2))=w, |w.

- v, |\¥, (.W_ ¥, ): v, ¥, I
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Example 3: The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|w.),|w,)} implies |¥.)| %) = |¥. )|\w.)for s=1,2
By unitarity, the inner product must be constant

Buth(tl/ I)_WW

while)., 1w (w.)lw.)) =G, lw.)|

These are equal iff (@, |#.)=00rl | e orthogonaloridentical
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Example 3: The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|w,).|w.)} implies |¥.)|X) = |¥. )|w.)for s=1,2
By unitarity, the inner product must be constant

But |, [(z[(w.)z))= . \w.)

Whl vl )) = | )

These are equal iff |(¥,|w,)|=00r1 |.e. orthogonaloridentical

L-epistemic view:
Cloning the set {#,(z), #.(2)} implies #.(z)v(y) > p.(z)p.(y) for s=12
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Example 3: The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|lw. ).|lw.)} implies |¥.)|x) = |¥. |w.)for s=1,2
By unitarity, the inner product must be constant

But (¥, (7 C”": NZ ) i ":W: i‘»”: ‘

while

v, |w, w.)lw.))=|w lv.)
These are equaliff |(¥,|w,)|=00r1 | e orthogonaloridentical
-epistemic view:

Cloning the set {#,(z), #.(2)} implies #.(z)v(y) > p.(z)p.(y) for s=12
By Liouville'stheorem, the classical fidelity must be constant
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Example 3: The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|w.).|w.)} implies |¥.)| %) = |¥.)w. ) for s=12
By unitarity, the inner product must be constant
But |, [(z {w.)lz))=|Gw.|w.)

Whil 1w, )Y = |, lw, )

These are equal iff |(w,|w,)|=00r1 |.e. orthogonaloridentical

v-epistemic view:
Cloning the set {#,(z), #.(2)} implies #.(z)v(y) > p.(z)u. (y) for s=12
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Example 3: The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|w. ).|w. )} implies |¥.) X) = |¥.)w. ) for s=12
By unitarity, the inner product must be constant

But |, [(z {w.)lz))= |4, |w.)

while,

v | v )lw.)) =@ |w.)
These are equal iff |(¥,|w,)|=00r1 |.e. orthogonaloridentical
L-epistemic view:

Cloning the set {#,(z), #.(2)} implies #.(z)v(y) > p.(2)p.(y) for s=12
By Liouville'stheorem, the classical fidelity must be constant

irsa: 11010046 Page 14/69



Example 3: The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|w,),lw. )} implies |¥.)| %) > |¥.)w. ) for s=1,2
By unitarity, the inner product must be constant

But [, [(z(w.)lz))=|@w:|w.)

While 1 J, w e )) = w, lw,)

These are equaliff |(w,|w,)|=00r1 |e. orthogonaloridentical

-epistemic view:
Cloningthe set {#&,(2), #,(2)} implies #.(z)v(y) > p.(2)u.(y)for s=1,2
By Liouville's theorem, the classical fidelity must be constant

But Id:;dy J (VP m (z)v(y) = J'ar_- VA (2) ()

while . | | :
[ dzdy \[1,(z) () /11, (2) 1 (¥) = Udz VA (2) vﬂ:(:ﬁ
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Example 3: The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|. ).|w.)} implies |¥.)|x) = |w. )|lw.)for s=12
By unitarity, the inner product must be constant
Whl|8|..wi W, :(W’: ., ) is !'TWI v, :"!:

These are equal iff \.fwl v, \ =0orl |e. orthogonaloridentical

-epistemic view:
Cloning the set {,(z), u#.(2)} implies u.(z)v(y) > p.(z)u (y)for s=1,2
By Liouville's theorem, the classical fidelity must be constant

But  [ady [z v(n)VmGEWw(y) = [ mz){m=)
while , —
[ &dy (B m@m) = ([ & mE JmE )

These are equal iff _[dz VA (2)p,(z) =0orl | e disjointor identical
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Example 4: The Einstein-Podolsky-Rosen effect

>
| O

SupposeAand B share .
v)=2{+2 | '

W
)

‘ 3 o —

IfAmeasures |+ :z).|—:

B’s state becomes |+ =) with probability 1/2

— z) with probability 1/2

-\l

If Ameasures ||+ x).|—x)!
+x) with probability 1/2

B's state becomes |+x
|— X, with probability 1/2

“‘Steering”
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Example 4: The Einstein-Podolsky-Rosen effect

SupposeAand B share A

W)= ||+ z)+z)+ |- z)|— 2}

If Ameasures {+z).|-z)!
B’s state becomes |+ =) with probability 1/2
— ) with probability 1/2
If Ameasures {|+x) |—x)|

B’s state becomes :“'““'..' with probability 1/2
|—X, with probability 1/2

‘Steering
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p{/h./h}:z.g)(/h—/_) VY —:[U.L] H

0

If A measures whether A’ € [0. 1-] or not

Her knowledge of B is updated to

—

with prob. 1/2

0

jL

with prob. 1/2

>/

0

If A measures whether 4" € [} f}] or not

Her knowledge of B is updated to

irsa: 11010046

J L

with prob. 1/2

with prob. 1/2
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Example 4: The Einstein-Podolsky-Rosen effect

SupposeAand B share

L ~\ 1 ~\ 1 | ~\
! - [

f/f :"“T gt wapt Z)|
¥ * e

f oy |__ o\
- 13

If Ameasures {|+ o).

B's state becomes |+ z) with probability 1/2

- =) with probability 1/2

If Ameasures {+x).|—x)

B’s state becomes |+ x) with probability 1/2
|— X, with probability 1/2

“‘Steering”
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p(/ﬁ./.):zc)(/h—/_) A4 =[0.L] H

- 0 L
If Ameasures whether 4 €[0.5] ornot

‘ with prob. 1/2

Her knowledge of B is updated to - = 2
j with prob. 1/2
A
0 L

If A measures whether 4" € [}—}‘] or not

with prob. 1/2

Her knowledge of B is updated to —— > A

r' —‘ with prob. 1/2
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Liouville mechanics with an epistemic restriction is
Gaussian Quantum Mechanics

Based primarily on unpublished work
with Stephen Bartlett and Terry Rudolph
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L louville mechanics

~— P  Whatis a good epistemic restriction to apply?
N — look to quantum mechanics
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Liouville mechanics

f,;’f‘} > D Whatis a good epistemic restriction to apply?
\ | - look to quantum mechanics

Quantum mechanics

Uncertainty principle:

> (n/2>2'

P =

A%z A%p — C?

where

Az = < 2y — ()2

Czp = <?f5+ px) — (T)(P)

A= Tr(Ap)



Liouville mechanics

VAN,

ad

Whatis a good epistemic restriction to apply?

. %f ‘, \ - look to quantum mechanics

Quantum mechanics
Uncertainty principle:

A?zA°p — CZ, > (R/2)?
where

A%z = (3°) — (F)?

Crp = 5(ZP + pZ) — (Z) (D)

(A)"= Tr(Ap)

Liouville mechanics with
an epistemic restriction

Uncertainty principle:

A%zA%p - C7, > (R/2)?)

where

= (z°) — (z)*
Cz.p = (zp) — (z)(p)
(f(z,p)) = [ dzdpf(z, pSilz, p)



Liouville mechanics with an epistemic restriction

Assume:

The classical uncertainty principle (for a single particle in 1D):

The only Liouville distributions that can be prepared are those that
satisfy
- B v2 2
AzAp—-Czp 2 (R/2)

and that have maximal entropy for a given set of second-order
moments.
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Liouville mechanics with an epistemic restriction

Assume:

The classical uncertainty principle (for a single particle in 1D):

The only Liouville distributions that can be prepared are those that
satisfy
A2zA%p— C2, > (R/2)?

and that have maximal entropy for a given set of second-order
moments.

Among u(x,p) with a given set of second-order moments, Gaussian
distributions maximize the entropy
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Valid epistemic states for one canonical system

; -'\\
Fi \
-

- lu.

pu(z,p) > 0
[ pu(x,p)dxdp = 1
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Pure epistemic states ‘
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Multiplicity of convex decompositions of a mixed epistemic state

Into pure epistemic states

I
b

+
+
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Quantum mechanics

Uncertainty principle:

v(p) +ihX >0

Pirsa: 11010046

Az.f‘l (,r P1 (...:'l,rz (-'.rl.,w:
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Multiplicity of convex decompositions of a mixed epistemic state

Into pure epistemic states

I
b

+
b
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Quantum mechanics

Uncertainty principle:

v(p) +ihZ > 0

Pirsa: 11010046
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Quantum mechanics

Uncertainty principle:

v(p) +ihXZ >0

(-‘a”l ] A2Pl (-'jll " (';11 P2
(f)) =2 ('r':..rl ('.r‘j.p] Azf’g ('.rg. y,
Yy Y ' .

Cnai Cppy Oppay AP2

(0 —1 o)
1 0
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/ 2 " . -
A L1 (.I‘1.;11 (.rl..rz (-"l-!‘j

Single particle in 1d:

A2.I' (_‘{' p : O —].
e h >
2(G. ag) o)

| > 28 o _ Ly
2( .' A .Il. C_r.p . 2? I) 2 0
Cpz + jiTI A“p

A*zA%p—Cs, > (F/2)°
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Liouville mechanics with
an epistemic restriction

Quantum mechanics

Uncertainty principle: Uncertainty principle:
+(7) + ihE > O - ~y(p) +ihE > 0
(Azfl (',r21.pl (‘.rl..rj ('.I'l.pg — (Azfl (‘.r:_%.pl (j,l'l..l"} Cr, 1.2 -
) Cprzy AP (;» x2 Cprps Cprzy A°m1 («}gurfv (m P2
(P) =2|C I9,I1 C I9.p1 AN ('_r:)_.;r_j ) (ﬂ) =2 ('.rg..rl ('.rg.pl A L9 (.r%pg
(p'}.z Cpf: ) (p'} I AQPQ CP?-J'I CP?-PI CPE-IE A<py
| = \
(0 —1 - o -3 )
1 O 1 O
W6 0 -1 2 = 3 =3
1 O 1 O
\ ) \ )

H(-T1 -y s TS \



Liouville mechanics with an epistemic restriction

Assume:

The classical uncertainty principle:

The only Liouville distributions that can be prepared are those that

satisfy
Y(p) +ihX > 0

and that have maximal entropy for a given set of second-order
moments.
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Liouville mechanics with an epistemic restriction

Assume:

The classical uncertainty principle:

The only Liouville distributions that can be prepared are those that

satisfy
Y(p) + iR >0

and that have maximal entropy for a given set of second-order
moments.

Among valid p with a given ~, multi-variate Gaussians maximize the
entropy

1(2) = GairexP (—3(z — (2)T7 71z — (2)))
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Valid epistemic states for a pair of canonical systems

Uncorrelated distributions

pu(xy,p1,x2,p2) = p(x1,p1) p(x2,p2)

Correlated distributions
——— | E
eg. pu(z1,p1,72,p2) = 370(z1 — x2)d(p1 + p2)
This corresponds to the entangled state of Einstein, Podolsky and Rosen

) = [dxq dxo (1 — x2)|x1)|22)
= [ dp1 dp2 6(p1 + p2)|p1)|P2)
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Valid deterministic transformations

The group of canonical transformations with quadratic Hamiltonian

Only canonical transformations preserve the uncertainty principle
Only quadratic Hamiltonians preserve the gaussianity

[) = P
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Valild measurements

Sets of indicator functions {&i(x, p)}

&1.(x, p) = probability of k given (x,p)

§(z1,p1)

WA
-

9

pu(x1,p1,22,p2)

irsa: 11010046 Page 41/69



Valid measurements

Sets of indicator functions {&i(x, p)}

&1 (x, p) = probability of k given (x,p)

§(z1,p1)

©

——

9 9

u(x1,p1,72,p2)

;1(‘1'2, [_;2) s 3 l ('f.l‘]_([pl E(.I‘]_.p'l) (5(.:"1 - .1'2)5(1)1 <+ [)2)
= §(z2, —p2)

oirea: 11010005 14 ('1'2- 1’2) x | dzydpq 5(-"1' Pl) ;1(.1‘1 y P15 L2, 1)2) Sy



Valid measurements for one canonical system
&x(z,p) > O
Sk &k(z,p) =1 VaVp

e e A e mmm -

__-.._,__4__..,_

___________

________

———————

| ;' ~ il ll|| llm
gjl- < "*|| i!!! IIIHL H

:L |IIII ling

o d tu *:l 141 - |

-.-—-.-.—4—4—-.—-..——q..—-.—,—-n.-.—-.—,.—-.\-.——f--.-.._——\.—.,-.-




Measurement-induced transformations

Measurex in a
reproducible way
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Measurement-induced transformations

Measure x In a

reproducible way
i
| ' !
| l| 1
T L
| 11
. ]
I NI
! > P
U101 .
I
‘Collapse”

= Bayesian updating
+ uniformly random mixture
of translations oVéf’p
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Measurement-induced transformations

Measure x In a

reproducible way
A
| |
I | |
W ]
E ‘ i! |
n "
| .
> P
e |
4 r T
‘Collapse”

= Bayesian updating
+ uniformly random mixture
of translations d¥Vér’p
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Measurement-induced transformations

Measure x In a

reproducible way
)
I .
I. H i
a |
5 1
| |
] |
- P
e T
‘Collapse”

= Bayesian updating
+ uniformly random mixture
of translations oVéfp
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Measurement-induced transformations

Measurex in a
reproducible way

e e e e e s S s i~ e s i s s - |

————————————————————————————————————————

‘Collapse”’
= Bayesian updating
+ uniformly random mixture
of translations oVéfp
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Non-commutativity of measurements

——————————

Prepare | X

Pirsa: 11010046
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Measure P then X
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Non-commutativity of measurements

'fl

= ,_,r"‘,l"_r_,.t_'l—..-

Prepare \ X

.....
nnnnnnnnnnnnnnnn

1 % (L] ]
MM 'u‘l‘. ‘|__|.“-1.‘|-. |

QPR
Measure P then X
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Note: the evolution is deterministic if the apparatus is treated internally

Internal apparatus

External apparatus Measure x P
g - r Prepare X |
Measure x - o a \
Q- \
\\“'--E_ ________________________
9 Q S | )
Unknown disturbance to p nteractby Hint = Tsys Papp

Final x of apparatus reflects initial x of system
Final p of system reflects initial p of apparatus

s
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The position of the internal-external cut doesn't matter



Pi

Prepare |-\,

IIIII : 11010046

Non-commutativity of measurements

l“iull_\w Ju

{HH UL

....... "'.LL'?'
} ! W* } } 1"t|17++|'1-

mw

Measure P then X
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Measurement-induced transformations

Measurex in a

reproducible way
\
' !
I h
[ —
I
» |
l | |
> D
-....}- .................................
4 r T
‘Collapse”

= Bayesian updating
+ uniformly random mixture
of translations d¥é&fp
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Measurement-induced transformations

Measurex in a

reproducible way
\
I I u
1| ]
| ]
& m
I |
| ' .
£L T
‘Collapse”

= Bayesian updating
+ uniformly random mixture
of translations oVefp
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Measurement-induced transformations

Measure x in a

reproducible way
}
|' / ‘ |
1 {
11 1 I !
w m
| | I
| |
. > P
S
4 r T
‘Collapse”

= Bayesian updating

Pirsa: 11010046

of translations d¥Véfp

+ uniformly random mixture



Non-commutativity of measurements

------------------

——————————————————

Prepare |-\, NRRR A NISSSSSARREE

S IMHEHNNHRH N

'1‘|‘;'=i:llki\ii'i‘;'i_}1‘isL“':Ir':
r.

Measure P then X
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Note: the evolution is deterministic if the apparatus is treated internally

Internal apparatus

External apparatus Measure x I
g " Preparex
Measure X ) '. ‘
ﬁ - -
Q \ |
““\\‘_.---x-“ ________________________
Unknown disturbance to p nteractby Hjpnt = Tsys Papp

—

., Final x of apparatus reflects initial x of system
—— " Final p of system reflects initial p of apparatus
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The Einstein-Podolsky-Rosen argument

A B

) = [dxq dxo §(x1 — x2)|x1)|22)
= [ dp1 dp2 d(p1 + p2)|p1)|P2)

On particle 1, measure either X or P
Outcomes for measurements of X or P on particle 2 become certain
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1 - -
u(zy,p1,22,p2) = 70(z1 — 22)d(p1 + p2)

u(xo, pr) = %-

Initially A is completely ignorant of 2

If A measures x on 1, she infers x of 2 \ 11)2

If A measures p on 1, she infers p of 2 \ P2

"R'5°@¢cision does not affect the reality at 2,

Hem w el w vazmers slenoasrd s salamsnoarmtes ol renslidns
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The Wigner representation

Weyloperators w(u,v) = exp(—ivT — iup)
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The Wigner representation

Weyloperators  w(u,v) = exp(—ivZ — iup)
Pointoperators A(z,p) = ﬁg [ dudv exp(ive + iup)w(u,v)
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The Wigner representation

Weyloperators w(u,v) = exp(—ivZ — iup)

Pointoperators A(z,p) = (—2%7? [ dudv exp(ivz + iup)w(u, v)

Wigner representation  W5(z,p) = Tr(pA(z, p)]
Weg(z,p) = Tr[EA(z,p)]
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The Wigner representation

Weyloperators  w(u,v) = exp(—ivx — iup)

Pointoperators A(z,p) = (—2}72 [ dudv exp(ive + tup)w(u, v)

Wigner representation W5(z,p) = Tr(pA(z,p)]
Wg(z,p) = Tr[EA(z,p)]

[ dzdpW5(z, p)Wg(z, p) = Tr[pE]

This can be generalized
W5(z1,p1,22,p2) = Tr[pA(z1,p1) @ A(z2,p2)]

irsa: 11010046 Page 63/69



Gaussian quantum mechanics

Gaussian state p: one that has a Gaussian Wigner rep'n

Wy(z) = 5—12%P (—5(z — (2))T71(z — (2)))
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The Wigner representation

Weyloperators  w(u,v) = exp(—ivx — iup)
Pointoperators A(z,p) = C?le)j [ dudv exp(ivx + tup)w(u,v)
Wigner representation W5(z,p) = Tr(pA(z, p)]
We(z,p) = Tr[EA(z,p)]
[ dzdpW5(z, p)Wg(z, p) = Tr[pE]

This can be generalized
W5(z1,p1,22,p2) = Tr[pA(z1,p1) @ A(z2,p2)]
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Gaussian quantum mechanics

Gaussian state p: one that has a Gaussian Wigner rep'n

Wi(@) = Goytame® (-3 — @)z - @)
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Gaussian quantum mechanics

Gaussian state p: one that has a Gaussian Wigner rep'n

Wo(2) = GrywamzeP (—3(z — @) 1(z ~ (2)))

Note: <-?'kﬁ!>ﬁ = (--"AHP”H'” therefore Y(P) = '?'(”',75)

Therefore, the Wigner rep'n satisfies the classical uncertainty principle
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Gaussian quantum mechanics

Gaussian state p: one that has a Gaussian Wigner rep'n

Wp(2) = poshrzex (—3(z — 2)Tr~1(a — ()

Note: <-?kﬁ[>ﬁ . (.1'}";)!)”-!_} therefore Y(P) = ":(”‘}TE)
Therefore, the Wigner rep'n satisfies the classical uncertainty principle

Gaussian measurements and transformations: preserve Gaussianity
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Gaussian quantum mechanics

Gaussian state p: one that has a Gaussian Wigner rep'n

Wo(2) = GrywamzexP (—3(z — @) 1(z — (2)))

Note: <PA[3Z> s <.l'kp[>”'{-’ therefore ﬂ;‘(ﬁ PR Hf(ll'—i)‘)

Therefore, the Wigner rep'n satisfies the classical uncertainty principle

Gaussian measurements and transformations: preserve Gaussianity

One can prove

Theorem: Liouville mechanics with an epistemic restriction is
empirically equivalent to Gaussian quantum mechanics
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