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Example 1. The impossibility of discriminating non-
orthogonal states with certainty

Consider v
L‘ v,
v-ontic view: Mysterious. No analogue of non-orthogonality.

s-epistemic view: Natural
R H(A) i (A)

e —
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Example 1. The impossibility of discriminating non-
orthogonal states with certainty

Consider v,
L‘ v, )
v-ontic view: Mysterious. No analogue of non-orthogonality.

v-epistemic view: Natural
P H(A) i (A)
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Example 2: Lack of exponential divergence of states
under chaotic evolution

In Newtonian mechanics, exponential divergence of ontic states is the
signature of chaos
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Example 2: Lack of exponential divergence of states
under chaotic evolution

In Newtonian mechanics, exponential divergence of ontic states is the
signature of chaos

In quantumtheory,
v Dy, (D) = @, (0)UU|y.(0))

= (y,(0)|y.(O))
No divergence!
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Example 2: Lack of exponential divergence of states
under chaotic evolution

In Newtonian mechanics, exponential divergence of ontic states is the
signature of chaos

In quantumtheory,
(D)D)

(. (O)UUly,(0))

= (y,(0)|w.(0))
No divergence!

v-ontic view : This is puzzling

v-epistemic view : This is natural, due to Liouville’s theorem

[da (A0 V(4.0 = [ da [ (2.0) {/1,(2,0)
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Example 3: The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|w,).|w. )} implies |¥.)|X) > |¥. ). for s=12
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Example 3. The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|w,).lw.} implies |¥.)| %) > |¥. )y, for s=12
By unitarity, the inner product must be constant
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Example 3: The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|w.),|w.)} implies |W.) x) = ¥.)\y., for s=12
By unitarity, the inner product must be constant
But v, Z:(:w::'lli): }"'W: W:L.

while i , (w e, ) = e, e, )
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Example 3: The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|lw. ).|w.)} implies |¥.)| %) = |¥. ) w.)for s=12
By unitarity, the inner product must be constant

But f# \L (wh V4 ) i !W ¥, )

while; v, |y, (W W ] = !W ¥, '

These are equal iff w, lw,)|=00rl |e orthogonaloridentical
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Example 3. The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|w,).|w. )} implies |¥.)| %) = . )|w. ) for s=12
By unitarity, the inner product must be constant
But (&, [(2 (W NZ ) [ }:f!ﬁ": ¥, ‘

Rl v )) = @ )

These are equal iff |@,|w,)|=00rl |e. orthogonaloridentical

v-epistemic view:
Cloning the set {#,(z), #.(2)} implies #.(z)v(y) > p.(z)p. (y) for s=12
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Example 3: The impossibility of cloning

non-orthogonal states

(C. Fuchs, 1996)
w, )} implies |¥.) )~ |w. )|w.)for s=1,2
By unitarity, the inner product must be constant

Cloning the set {lw, ),

{:W; éw: ‘

But [w, (Z i(#’ 2 ¥ 4 ) n
while,

w. | (. )lw.)) =@ |w.)
These are equal iff (¥, |w,)|=00r1 |e. orthogonaloridentical
L-epistemic view:

Cloning the set {#,(z), 4,(2)} implies .(z)v(y) - p.(2)u,(y) for s=1,2
By Liouville'stheorem, the classical fidelity must be constant
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Example 3: The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|w.).|w.)} implies |¥.)| %) = |¥. ). ) for s=12
By unitarity, the inner product must be constant

But [, |[(z lw.)|z))=|w, |w.)

Wh”e::.wl v, .(W: . ) = |W ¥,

These are equal iff |(w,|w,)|=00r1 |e. orthogonaloridentical

-epistemic view:
Cloning the set {,(z), #.(2)} implies #.(z)v(y) > p.(z)u. (y) for s=12
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Example 3: The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|w, ),|lw. )} implies |¥.)|X) = |¥. |w.)for s=1,2
By unitarity, the inner product must be constant

But |, [(z [{w.)z))=|w |w.)

\,ﬁ.fhlles_,w1 w, . lw.)) = o o, .'??i;

These are equaliff |(¥,|w,)|=00r1 | e orthogonaloridentical
L-epistemic view:

Cloning the set {#,(z), #.(2)} implies #.(z)v(y) > p.(z)p (y) for s=12
By Liouville's theorem, the classical fidelity must be constant
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Example 3: The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|w, ).|w, )} implies |¥.)|%) — |w. ¥, )for s=12
By unitarity, the inner product must be constant

But |, |(z(w.)2))= |G, |w.)

oot e:*"ﬁ‘: ¥ '(}W: .-:"kw_"_. ] = ‘f}/ v, ‘

These are equaliff |(w,|w,)|=00r1 |e. orthogonaloridentical

v-epistemic view:
Cloning the set {u,(2), #,(2)} implies p.(z)v(y) > p.(2)u.(y)for s=1,2
By Liouville's theorem, the classical fidelity must be constant

But  [d&dy Ju(z)v(») JmGv(y) = [&Jm(z)Jm(z)

while | . | = :
[ &dy Ju@mmEHm) - ([#/mE JmE )
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Example 3: The impossibility of cloning

non-orthogonal states
(C. Fuchs, 1996)

Cloningthe set {|w, ).|w. )} implies |¥. N 2)— W, )y, ) for s=1,2
By unitarity, the inner product must be constant

But |, [(z [(w.)z))=|w |w.)

Wh"ef--;@: w, (w,)lw,))= (w, |lw. ‘

These are equal iff {"fwl v, \ =0orl |e. orthogonaloridentical

v-epistemic view:
Cloning the set {u,(2), #,(2)} implies g.(z)v(y) > p.(2)pu.(y)for s=1,2
By Liouville’'s theorem, the classical fidelity must be constant

BUt [y [0 VG () = [ m(z) m (=)
while _ . | | 7‘
J.d-‘-'-dy v (z) () (z) . (y) = (I‘k\ﬂ‘(:) VA, (:)}

These are equal iff _[dZ-w"':A(Z)V"'#;(Z) =0orl |e. disjointor identical
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Example 4: The Einstein-Podolsky-Rosen effect

SupposeAand B share .

i/f-:__i:- g o wa i e

1 =X\ | o))
')

IfAmeasures |+ :z).|—:
B’s state becomes |+ z) with probability 1/2
— z) with probability 1/2

<4}

If Ameasures {|+x) |—x)]

B’s state becomes |+x) with probability 1/2

—X) with probability 1/2

“‘Steering”
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Example 4: The Einstein-Podolsky-Rosen effect

SupposeAand B share _. A | |
v)=4([+ )+ )+ 2)-= “~ \/ &
L.J.

If Ameasures {+:z).|-z)
B’s state becomes |+ =) with probability 1/2
— z) with probability 1/2
If Ameasures {|+x).|—x)]

B's state becomes |+ ’« with probability 1/2
—X) with probability 1/2

‘Steering
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p(/,./.):zo(/b—/y) A A <[0,L] H

0

If A measures whether A’ € [0. Z-] or not

Her knowledge of B is updated to

—

with prob. 1/2

~ ¥ £ 3L
If Ameasures whether A € [T. T] or not

Her knowledge of B is updated to
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0 L |
j with prob. 1/2
. 2
0 L
—l' with prob. 1/2
0 L A ,
r' —‘ with prob. 1/2
&
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Example 4: The Einstein-Podolsky-Rosen effect

SupposeAand B share A —

| - - <
“N+ ") +=1— "} :

W)= 2|+

If Ameasures {+:).|—

—_
- -

\ 1
.'I. ‘

B’s state becomes |+ z) with probability 1/2
-z ) with probability 1/2

If Ameasures {|+x).|—x)]

i)

B’s state becomes |+ \ with probability 1/2
— ) with probability 1/2
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p(l/f../.):zo(/y—/h) A A <]0,L] H

If A measures whether A’ € [0, Z-] or not

Her knowledge of B is updated to

—

0

with prob. 1/2

0 L _
j with prob. 1/2
./
0 L
If Ameasures whether 4" €[ '—21] or not
) _] with prob. 1/2
Her knowledge of B is updated to —a ="
r' —‘ with prob. 1/2
O L |

irsa: 11010046

Page 22/69



Liouville mechanics with an epistemic restriction iIs
Gaussian Quantum Mechanics

Based primarnly on unpublished work
with Stephen Bartlett and Terry Rudolph
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Liouville mechanics

s P Whatis a good epistemic restriction to apply?
i - look to quantum mechanics
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Liouville mechanics

p(z,p)
\;’f\; » P  Whatis a good epistemic restriction to apply?

- look to quantum mechanics

" A

Quantum mechanics

Uncertainty principle:

A%z A%p — C2, > (R/2)?

Cap = 5(%P + PZ) — (Z)(P)
(A)°Z Tr(Ap) g



Liouville mechanics

VAN | Whatis a good epistemic restriction to apply?

Quantum mechanics

Uncertainty principle:

AzA®p — C2Z, > (F/2)?

Cgp‘p o %(E‘
A

N | \ - look to quantum mechanics

Liouville mechanics with
an epistemic restriction

Uncertainty principle:

AQI'AQP Cfr P > (Tl/2)2:

where

= (z°) — (z)°
Czp = (zp) — (x)(p)

(f(z,p)) = [dxdpf(z,pIulz,p)



Liouville mechanics with an epistemic restriction
Assume:

The classical uncertainty principle (for a single particle in 1D):

The only Liouville distributions that can be prepared are those that
satisfy
- S . v2 2
AzAp—-Czp 2 (R/2)

and that have maximal entropy for a given set of second-order
moments.

irsa: 11010046 Page 27/69



Liouville mechanics with an epistemic restriction
Assume:

The classical uncertainty principle (for a single particle in 1D):

The only Liouville distributions that can be prepared are those that
satisfy
2 a2 2 2
A“xzADp — CI_p > (h/2)

and that have maximal entropy for a given set of second-order
moments.

Among u(x,p) with a given set of second-order moments, Gaussian
distributions maximize the entropy
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Valid epistemic states for one canonical system

- ‘L )

pu(xz,p) =2 0
/ H(J‘. p)d.z‘dp a8y |
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Pure epistemic states "
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Multiplicity of convex decompositions of a mixed epistemic state

iInto pure epistemic states

I
b
o
,

Pirsa; 14010046 1 L "' Page 31/69



Quantum mechanics

Uncertainty principle:

v(p) +ihX >0

Pirsa: 11010046
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Multiplicity of convex decompositions of a mixed epistemic state

iInto pure epistemic states

I
o
o
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Quantum mechanics

Uncertainty principle:

v(p) +ihE > 0

Pirsa: 11010046
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Quantum mechanics

Uncertainty principle:

~(p) +ih= >0 |

- o i - )
Cpray Ay ( P122 Crim
(f-’) =2 (‘.rg..:w_ (‘-"‘3-!’1 &‘”IQ ('_r%.p:
Crai Cppy Oppay AP2
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2 < A ¥ ~y \
A 3| (-rl-!“l (-.rl..rj (-"'l-r”f

Single particle in 1d:

A?r C, -0 -
2 3 T >
(G &%) +in(1 7))z

| L f 1.
2 ( ] A .ll | C‘;r‘.p ; ifrl) 2 O
Cpz + 5272 A<p

A’zA%p-Ci, > (7/2)°
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Quantum mechanics

Uncertainty principle:

v(p) +ihZ >0

2
A 5| Cr21,p1
Cprzy A
Czy21 Crap

(p) =2

Crazy Cpay

L0 —2
1 O

irsa: 11010046
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AN
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Liouville mechanics with
an epistemic restriction
Uncertainty principle:

() 4+ ihE > 0

v(p) =2|C;
(

Crzl.pl _
A P1 (',fgul‘g
(._{Z_PI A 1.2

C P2.P1
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Crpp)
AZp,
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Liouville mechanics with an epistemic restriction

Assume:

The classical uncertainty principle:

The only Liouville distributions that can be prepared are those that

satisfy
v(p) +iRX >0

and that have maximal entropy for a given set of second-order
moments.
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Liouville mechanics with an epistemic restriction

Assume:

The classical uncertainty principle:

The only Liouville distributions that can be prepared are those that

satisfy
v(p) +iRE >0

and that have maximal entropy for a given set of second-order
moments.

Among valid pn with a given ~, multi-variate Gaussians maximize the
entropy

1(z) = its—amexe (—3(z — @)1z - (2))
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Valid epistemic states for a pair of canonical systems

Uncorrelated distributions

p(xy,p1,x2,p2) = pu(z1,p1) p(x2,p2)

Correlated distributions

_ — _ >
eg. u(r1,p1,72,p2) = 0(x1 — 2)d(p1 + p2)
This corresponds to the entangled state of Einstein, Podolsky and Rosen

b == ey e Sy — o) b))
= [dp1 dp2 6(p1 + p2)|p1)|pP2)
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Valid deterministic transformations

The group of canonical transformations with quadratic Hamiltonian

Only canonical transformations preserve the uncertainty principle
Only quadratic Hamiltonians preserve the gaussianity

[J = I}
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Valid measurements

Sets of indicator functions {5;‘- (1’ [4’) }

&1.(x, p) = probability of k given (x,p)

E(z1,p1)

A
©

9

u(x1,p1,x2,p2)
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Valid measurements
Sets of indicator functions {&i(x, p) }

&1.(x, p) = probability of k given (x,p)

E(z1,p1)

©

L )

9 9

p(xry1,p1,x2,p2)

w(xo,pr) x [dxidpy €(xz1,p1) 0(x1 — z2)d(p1 + p2)
= (2, —p2)
u(z2,p2) x [dridpy §(x1,p1) pu(r1, p1,22,p2)
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Valid measurements for one canonical system




Measurement-induced transformations

Measurexin a
reproducible way
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Measurement-induced transformations

Measurexin a

reproducible way
i
|
|
Iy
nnn
I i | T
il . > P
N800 ——— ]
T T
‘Collapse”

= Bayesian updating
+ uniformly random mixture
of translations o¥ér’p
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Measurement-induced transformations

Measurex in a

Pirsa: 11010046

reproducible way
| |
I\ !
i N
"‘1 +H
Y T
! |
| LI I
— P

———————————————————————————————————————

‘Collapse”
= Bayesian updating
+ uniformly random mixture
of translations o¥ér’p




Measurement-induced transformations

Measurexin a

reproducible way
¢
| .
i 1 T
1 T
i TN
! |
| > P
T eaeae et |
| 1] R | | |
M T
‘Collapse”

= Bayesian updating

Pirsa: 11010046

of translations oVeérp

+ uniformly random mixture



Measurement-induced transformations

Measurex in a
reproducible way

Pirsa: 11010046

I T —

———————————————————————————————————————

‘Collapse”
= Bayesian updating
+ uniformly random mixture
of translations ¢¥éfp




Non-commutativity of measurements

— |/

..................... s
"
Measure X then P

Prepare | X

SR
{| "‘.{‘\bﬂiwﬂ nlx HHHMNH
11}4‘4.:{ ,}{!i,hii H{Hiu”!?iﬂ

’ Measure P then X
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Non-commutativity of measurements

Prepare |-\

4’

Measure P then X
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Note: the evolution is deterministic if the apparatus is treated internally

Internal apparatus

e —

External apparatus Measure x
| / Prepare x

ﬁ
Measure x @ # \ !
= =i
-
9

J o
Q N ’
Unknown disturbance to p nteractby H;nt = Tsys Papp

Final x of apparatus reflects initial x of system
.~ Final p of system reflects initial p of apparatus

=
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The position of the internal-external cut doesn’t matter



Non-commutativity of measurements

-
sy

Measure X then P

Prepare | X

Page 52/69

Measure P then X

a: 11010046
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Measurement-induced transformations

Measurex in a

reproducible way
}
| i
]
1
L]
111
I
! |
, ——
..... | e e .I
T R i
......................................... {1l
I T
‘Collapse’

= Bayesian updating
+ uniformly random mixture
of translations o¥ér’p
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Measurement-induced transformations

Measurex in a

reproducible way
.
|| ﬁ 1 '
) 0
11 1 | ‘
| 1
| HIIEN |
! I |
_..._"-;_?_H'_ _______________________________
_______ e e e
........................................ |
7 T
‘Collapse”

= Bayesian updating
+ uniformly random mixture
of translations oVefp
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Measurement-induced transformations

Measurex in a

reproducible way
|
1
¥
e
0
| T
, Hin
e
W01 ——— ||
el 1 |
4 T
‘Collapse”

= Bayesian updating
+ uniformly random mixture
of translations o¥e&r’p
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Non-commutativity of measurements

L

Prépare \ X)

Measure P then X
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Note: the evolution is deterministic if the apparatus is treated internally

Internal apparatus

External apparatus Measure x -

g / Prepare x

Measure x L

ﬁ -— . |\
Q | ., .
| B~ \ 44444444444444444444
9 o N\ |
Unknown disturbance to p Interact by Hint = Tsys Papp

i
., Final x of apparatus reflects initial x of system
—— " Final p of system reflects initial p of apparatus
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The Einstein-Podolsky-Rosen argument

|L'> — I (1.1_']_ d;l‘2 (5(.1'1 = .I_‘2)|.I'1>|.I‘2>
= [ dp1 dp2 6(p1 + p2)|p1)|P2)

On particle 1, measure either X or P
Outcomes for measurements of X or P on particle 2 become certain
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1 = =
u(xy,p1,x2,p2) = 70(z1 — 2)d(p1 + p2)

u(z2,p2) = +

p2
Initially A is completely ignorant of 2 : .............

.
If A measures x on 1, she infers x of 2 |\ ________ " p2
o
|
If A measures p on 1, she infers p of 2 \ P2
o |

"R 5°@¢cision does not affect the reality at 2, Page 59/69
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The Wigner representation

Weyloperators  w(u,v) = exp(—ivx — iup)
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The Wigner representation

Weyloperators w(u,v) = exp(—ivZ — iup)

Pointoperators A (x,p) = (—2%72 [ dudv exp(ive + iup)w(u,v)
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The Wigner representation

Weyloperators w(u,v) = exp(—ivZ — iup)

Pointoperators A(z,p) = (—2%72 [ dudv exp(ive + iup)w(u,v)

Wigner representation Wj5(z,p) = Tr[pA(z. p)]
We(z,p) = Tr[EA(z,p)]
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The Wigner representation

Weyloperators w(u,v) = exp(—ivx — iup)

Pointoperators A(z, p) = (—2}_) [ dudv exp(ive + iup)w(u,v)

Wigner representation Wj5(z,p) = Tr[pA(z. p)]
We(z,p) = Tr[EA(z,p)]

[ dzdpW5(z, p)Wg(z, p) = Tr[pE]

This can be generalized
W5(z1,p1,%2,p2) = Tr[pA(z1,p1) @ A(z2,p2)]
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Gaussian quantum mechanics

Gaussian state p: one that has a Gaussian Wigner rep'n

Wp(2) = GoymazeP (—2(z — @) 1z - (2)))
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The Wigner representation

Weyloperators  w(u,v) = exp(—ivT — iup)
Pointoperators A(z,p) = (jilij? [ dudv exp(ivz + iup)w(u,v)

Wigner representation Wj5(z,p) = Tr[pA(z, p)]

We(z,p) = Tr[EA(z, p)]
[ dzdpW5(z, p)We(z,p) = Tr(pE]

This can be generalized
W5(z1,p1,22,p2) = Tr[pA(z1,p1) ® A(z2,p2)]
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Gaussian quantum mechanics

Gaussian state p: one that has a Gaussian Wigner rep'n

Wp(s) =y s—172€xP (—3(z — (2))T7~1(z — (z)))
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Gaussian quantum mechanics

Gaussian state p: one that has a Gaussian Wigner rep'n

. 1 1 PR 7y )
Wy(z) = (27)"/ 2] [L >E€XP (_’E(Z — () (z)) )

Note: <."’Ij’.:kﬁi>ﬁ — <.'.I'kp!>”"', therefore ) (5) o ﬁ‘([t—ﬁ)

Therefore, the Wigner rep'n satisfies the classical uncertainty principle
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Gaussian quantum mechanics

Gaussian state p: one that has a Gaussian Wigner rep'n

Wy(x) = Gryiara®® (-3 — (77— (@)

Note: <ﬁkﬁz> — <-’7'A‘P{>H'{-} therefore Y(p) = ’}"([-'1-'5)
Therefore, the Wigner rep'n satisfies the classical uncertainty principle

Gaussian measurements and transformations: preserve Gaussianity
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Gaussian quantum mechanics

Gaussian state p: one that has a Gaussian Wigner rep'n

Wi(2) = GrymamzeP (—3(z — @) 7 1(z ~ (2)))

Note: <§-;kﬁf>ﬁ= <-Tkpl>n'ﬁ therefore Y(P) = r'(”"vﬁ)

Therefore, the Wigner rep’'n satisfies the classical uncertainty principle
Gaussian measurements and transformations: preserve Gaussianity

One can prove

Theorem: Liouville mechanics with an epistemic restriction is
empirically equivalent to Gaussian quantum mechanics
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