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The most general types of
transformations
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Mixture of unitaries
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Mixture of unitaries

p(k) = >=; p(k|i)p(3)

= ¥; Tr(U;pU; E})p;
= Tr(3; piUipU; Ey)



Interaction with another system
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Interaction with another system

p(K) = Tria [ (B @ I€))U0) (o @ r(@)u o)

— Vs [E,ES)Tra (U(sa)(p(s) ® T(a))U(sa)*)]

Pirsa: 11010041



Interaction with another system

Open system
dynamics!
Decoherencel

D@ { E,(:

p(R) = Trua [(BS @ 1)U (5 @ (@)t

= Tr, [ B Tra (0)(p(®) @ (o))

— Tr3 "E}(cs) T(p(s))}

where  T€Y = Tr. (7(%8) (. & +(a)yrr(sa)T) -



A nonselective measurement

(The outcome is unknown)
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irsa: 11010041 Page 13/85



\/’r'i f_'-ﬂ.[l. W

Myl
:)‘©E ¥) = with probability p(k) = (¥|Mg|v)

, M) (N, : — S e \
I} Y)Y CUADN with probability p(k) = (¥|Mg|¥)

p = 35 p(3)|¥s) (¥
o = ¥ p(ilk) EBil¥il e with propability (k) = Tr(pMy)

(il Tk 9:)
.2y — p(kli)p(d)
but  p(ilk) 05y
(3| Mg |93)p(d)
p(k)

irsa: 11010041 Page 14/85



M|
gﬁ—. ¥) —'yﬁﬁ";;.—, with probability p(k) = (¥|Mg|¥)

Il ) (Y| ﬂf;fﬁ"’ & with probability p(k) = (¥|Mg|v)
v € L )

p = 35 p(3)|¥) (¥
p — ¥ p(il k) Nel$a){$allle  \ith probability p(k) = Tr(pfM)

11) lrlk “l{"t)
2y — p(ki)p(d)
but  p(ilk) 63)
(| Mg |s)p(3)
p(k)

| Mg [3)p () Mg |vh;) (9] - o k) = Tr(oM.
oY ;(L) (Tb; nk.%)k with probability p(k) r(oMg)

_ [—Ik“ﬁLzl wilnk
= > p(2) Tr(N.p)

Pirsa: : 11010041 Page 15/85
e pl g

m————




A nonselective measurement

(The outcome is unknown)

k k | 1l k) = 3
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A nonselective measurement

(The outcome is unknown)
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Instrinsic characterization of transformation maps:
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Instrinsic characterization of transformation maps:

1. TGS wips) = Y wiT(p;)
T is convex-linear
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Instrinsic characterization of transformation maps:

1. TQCiwips) = Y wiT(p;)

T is convex-linear

N

Tr(p) =1 = Tr(T(p))=1

T is trace-preserving

3. p ispositive — T (p) ispositive

T is positive (i.e. positivity-preserving)

irsa: 11010041 Page 20/85



Instrinsic characterization of transformation maps:

1. TOCiwips) = Y wiT(p;)

T is convex-linear

N

Tr(p) =1 = Tr(T(p))=1

T is trace-preserving

3. p isposiive — T (p) is positive

T is positive (i.e. positivity-preserving)

p(m) is positive  — ('T(s) o3¢ I(“))(p("“)) s positive

(even when PACOIS entangled)
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Instrinsic characterization of transformation maps:

1. TOSiwips) = Y wiT(p;)

T IS convex-linear

Mo

Tr(p)=1 = Tr(T(p))=1
T istrace-pr

(D

serving

3 p isposive — T (p) is positive

T is positive (i.e. positivity-preserving)

p(52) s positve — (7(®) @ 7(2)) (p(58)) is positive

(even when oo is entangled)
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All maps satisfying these assumptions can be written as:
T(p) = Xk ArpA],

where the A, are linear operators satisfying
You Ay Ay =1

(operator-sum or ‘Kraus' decomposition)
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All maps satisfying these assumptions can be written as:
T(p) = T ArpA;

where the A, are linear operators satisfying
SkALA =1

(operator-sum or "Kraus’ decomposition)

T() = Tk MMy
T() = ¥ nU)U]

— i vPiU;(U] /pi

() = Tra (U9 @@
e AL T Z(j(a)!U(sa) ¢(G))(.)(¢(G) U(SG)“ j(ﬂ)) if 7(a) = :;sgfﬁ 5) (qb("')



All maps satisfying these assumptions can be implemented by
iInteraction with another system

(Stinespring dilation theorem)
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All maps satisfying these assumptions can be implemented by
interaction with another system

(Stinespring dilation theorem)

The Church of the larger Hilbert space
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A given TPCP map can be implemented in many ways

1 1
T(p) = 5p+ 50zp0=
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A given TPCP map can be implemented in many ways

1 1

T(p) = = -+ 50zP0z

T(p) = (0)(0[6|0){(0] + 1) {1/p[1) {1
] o = (0//0)(0)(0] + (L|p|1)|1)(1]
{/0}{0}, [1}{1|}
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A given TPCP map can be implemented in many ways

T(p) = (0)(0[p0){0] + 1) {1/p[1} {1
s = (0[{0}[0)(0] + {t/p[1)|1)(1
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The complete formalism of operational
quantum theory
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Operational Quantum Theory
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Operational Quantum Theory
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Operational Quantum Theory
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Operational Quantum Theory
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Operational formulation of quantum theory

Every preparation P is associated with a density operator p

Every measurement M is associated with a positive operator-valued
measure {E,}. The probability of M yielding outcome k given a

preparation P is Pr(k|P,M) = Tr(pE})

Every transformation is associated with a trace-preserving completely-
positive linear map p — /-," —TF1(p)

Every measurement outcomek is associated with a trace-
nonincreasing completely-positive linearmap 7, such that

T T
P Pk = Tr[%.lz,)o)] where Tk' (I) = Ej
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Towards an operational
axiomatization of
quantum theory
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Operational formulation of quantum theory

Every preparation P is associated with a density operator p

Every measurement M is associated with a positive operator-valued
measure {E,}. The probability of M yielding outcome k given a

preparation P is Pr(k|P,M) = Tr(pE;)

Every transformation is associated with a trace-preserving completely-
positive linear map p — ;-," —F5ip

Every measurement outcomek is associated with a trace-
nonincreasing completely-positive linearmap 7, such that

o — __Tk(p) fery —
p— P = Tr[}'?].(p)] where 7,/ (I) = E}

No mention of “ohvsical states” or their evolution



Towards an operational
axiomatization of
quantum theory
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A framework for convex operational theories
See: L. Hardy, quant-ph/0101012
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A framework for convex operational theories
See: L. Hardy, quant-ph/0101012
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A framework for convex operational theories
See: L. Hardy, quant-ph/0101012
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A framework for convex operational theories
See: L. Hardy, quant-ph/0101012
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A framework for convex operational theories
See: L. Hardy, quant-ph/0101012
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Preparation Measurement
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Supposethere are K fiducial measurements (pass-fail mmts from
which one can infer the statistics for all mmts)
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A framework for convex operational theories
See: L. Hardy, quant-ph/0101012
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Preparation Measurement
= M

Suppose there are K fiducial measurements (pass-fail mmts from
which one can infer the statistics for all mmts)

Pr(passl M-, P)

Pr(passlMQ, P)
Sp — ;

PI’(pass|MK, P)
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Operational states form a convex set
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Operational states form a convex set

VM, k : p(kIM,P") = w p(k|M, P)+(1—w) p(k|M, P’)
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Operational states form a convex set

VM. k : p(k|M,P") = w p(k|M, P)+(1—w) p(k|M, P")

f(spr) =w f(sp) + (1 —w) f(sSp/)
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Operational states form a convex set

VM. k : p(kIM,P") = w p(kIM, P)+(1—w) p(k|M, P’)
f(spr) =w f(sp) + (1 —w) f(Sp/)

Also true for fiducial mmts, so  Spr = w Sp + (1 — w) Spr
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Operational states form a convex set

VM, k : p(k|M,P") = w p(k|M, P)+(1—w) p(k|M, P’)
f(spr) =w f(sp) + (1 —w) f(sp)

Also true for fiducial mmts, so  Spr = w Sp + (1 — w) Sp
Closed under convex combination—> a convex set
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Convex linearity implies linearity

If f iIs convex linear on opt’l states
R S} w;s; = I(S) — :; ”'a.f(sf) 0 S w S 1 and \__:.' Ww; — 1
Thenfis linear on opt’l states

S = Si a;S; = f(S) — E; “r'f(sr) a; € IK
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Convex linearity implies linearity

If f iIs convex linear on opt’l states
s=>,w;s; = f[f(s)=2;w;f(s;) O<w;<1land ) ;w;=1
Thenfis linear on opt’l states

S=),;q;8; = f(b) =2 ”:'f(sf) a; € K
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Convex linearity implies linearity

If f is convex linear on opt’l states

s=Y,;w;s; = [f(s)=3;w;f(s;) O<w;<1and };w; =1
Thenfis linear on opt’l states
s=3,a;8; = [f(s)=2%;a;f(s;) a; ER

Proof: S = XiaS;
S+S:j'-’.'—:f- :(l_}'.SJ' :S': ‘(l,‘S,‘

.’-—[+
If 15t componentis the 1= ;a
trivialfiducial mmt, then: 1+ 3,/ |aj| = Tier, || = N
= 1 o ‘T“ ‘}'l- = S \;‘- f_‘,. .
Thus: #S+ Xjel_ FSi = Licl, N Si

1 x Y,
_T'f(g) -+ SJEI_ Tf'—f(s,v) — E:EI+ _{"f(sr)

flel — SN .. fla.)
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Convex linearity implies linearity

If f is convex linear on opt’l states
s=Y,wis; = f(s)=2;wif(s;) O0<w;<1and3;w,

Lal

Thenfis linear on opt'l states

o — E;’ a;S; = f(b) w— S; “r'f(sr') Qy;

-

M
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A convex operational theory

TN
Preparation Measurement
P M
sp €S Mk € R
“‘operational states” ‘operational effects”

positive cone

Pr(k|P,M) =ry/.-Sp
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Operational classical theory

S canbe any probability distribution

S = a simplex
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Operational classical theory

S can be any probability distribution

S = a simplex

I canbe any vector of conditional probabilities

R = the unit hypercube

(p(1),2(2),2(3)) (p(pass|1),p(pass|2),p(pass|3))
0.01) | 0,0,1)1 0,1,1)
(1,0,1) (1,1,1)
\0.19) 000 ||
(100 ,L— (1,0,0) (0,1,0)
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Operational quantum theory

Recall: The Hermitian operators on a Hilbert space of dimension d
form a real Euclidean vector space of dimension d?

S can be any trace one positive operator
S = the convex set of such operators
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Operational quantum theory

Recall: The Hermitian operators on a Hilbert space of dimension d
form a real Euclidean vector space of dimension d?

S can be any trace one positive operator
S = the convex set of such operators
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A little bit of axiomatics

Suppose one takes as given that
S = the convex set of positive trace-one operators
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A little bit of axiomatics

Suppose one takes as given that
S = the convex set of positive trace-one operators

Suppose one assumes that every logically possible measurementis
physically possible

Allow all{r;} suchthat r.-s >0 VYs&€ S
YrlM-S=1 VseS
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A little bit of axiomatics

Suppose one takes as given that
S = the convex set of positive trace-one operators

IDle measurementis

)

L

Suppose one assumes that every logically pos:

physically possible
Allow all{r;.} suchthat r.-s>0 Vse S
YT -S=1 Vses$

The real vector space is the space of Hermitian operators
Theinner productis (A4.B) = Tr(AB)

Each S is a density operator p
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A little bit of axiomatics

Suppose one takes as given that
S = the convex set of positive trace-one operators

Suppose one assumes that every logically possible measurementis
physically possible
Allowall{r.} suchthat r.-s>0 Vse S
YeTf-S=1 VseSs
The real vector space is the space of Hermitian operators
Theinner productis (A4.B) = Tr(AB)

Each S is a density operatorp

Eachset {Fr} is a set of Hermitian operators {E}
r.-s = (Ep,p) = Tr(ELp) < theformofthe Bornrule
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A little bit of axiomatics

Suppose one takes as given that
S = the convex set of positive trace-one operators

Suppose one assumes that every logically possible measurementis
physically possible
Allow all{ry} suchthat r,-s>0 Vse S
YETF-S=1 VseS
The real vector space is the space of Hermitian operators
Theinner productis (A,B) = Tr(AB)

Each S Is a density operator p

Eachset {Fr} is a set of Hermitian operators {E}}
r.-s = (Eg,p) =Tr(ELp) < theform ofthe Bornrule

wenoma Allow all { E.} suchthat Tr(Exp) 20 Vp e S(H) e
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A little bit of axiomatics

Suppose one takes as given that
S = the convex set of positive trace-one operators

Suppose one assumes that every logically possible measurementis
physically possible
Allow all{r.} suchthat r.-s >0 Vs& S
YEl-S=1 Vses
The real vector space is the space of Hermitian operators
Theinner productis (A,B) = Tr(AB)

Each S is a density operator p

Eachset {F } is a set of Hermitian operators { E }
r.-s= (Eg,p) =Tr(ELp) < theform ofthe Bornrule

Pirsa: 11010041 A”OW a” {Ek} SUCh that Tr(EAp) 2 0 Vp G S(H) Page 80/85

T =g e % - 2 = A\ - YA\



Tr(pEL) >0 Vpe S(H)

SrTr(pEL) =1 Vpe S(H)
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Tr(pEL) >0 Vpe S(H)

S Tr(pEr) =1 Vpe S(H)
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Tr(pEL) >0 Vpe S(H)

> (Y|EplY) >0 V[U) e H

. . is a positive operator

S Tr(pEr) =1 Vpe S(H)

> (Y| Q. Ex) |¥) =1 V|¢) e H
> 2 kB =1
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Tr(pEL) >0 Vpe S(H)

GIE ) >0 V) € H

. E}. is a positive operator

S Tr(pEr) =1 Vpe S(H)

—> (W {S!‘_ Ef‘, 2 197) — J_ i) & H
> D Er =1

The logically possible measurements correspond to the POVMs!
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