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Abstract: To model statistical correlations that violate Bell inequalities (such as singlet state correlations), one must relax at least one of three
physically plausible postulates. measurement independence (experimenters can freely choose measurement settings independently of any underlying
variables describing the system); no-signalling (underlying marginal distributions for one observer cannot depend on the measurement setting of a
distant observer), and determinism (all outcomes can be fully determined by the values of underlying variables).

It will be shown that, for any given model, one may quantify the degrees of measurement dependence, signalling and indeterminism, by three
numbers M, S and I. It will further be shown how the Bell-CHSH inequality may be generalised to a "relaxed" Bell inequality, of the form
<Xy>+<Xy">+<x'y>-<x'y"><=B(l,S5,M), where the upper bound is tight and ranges between 2 and 4. The usua Bell-CHSH inequality corresponds to
I=S=M=0. More generally, the bound B(I,SM) quantifies the necessary mutual tradeoff between I, S and M that is required to model a given
violation of the Bell-CHSH inequality.

Some information-theoretic implications will be briefly described, as well as a no-signalling deterministic model of the singlet state that allows up to
86% experimental free will.</x'y'></X'y></xy'></xy>
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INTRODUCTION

e« (Correlation models

« Plausible assumptions lead to Bell inequalities

— QM 15 not plausible !

« Relaxed assumptions lead to ‘relaxed” Bell inequalities

— how much relaxation to model QM correlations 77

« Singlet state models
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Correlation models

a b
Alice T T Bob
measures X, X
: ; Y measures Y,
with \ i with
outcome a O outcome b
Source

« Collect jomntmeasurement statistics for various measurement settings Vand I”
pla, b | X, Y)

« Modelthe statistics by mtroducing underlying information (eg, about the source),
i the form of a parameter .:

X, Y)=pa,b|X Y, ) p(h
The measured statistics follow by summing over 4, 1.e.,
pla, b | X.X) =/ d) pla b | X Y. X p{a|X, ¥

p(a, b, i X, ¥) (Bayes theorem)

-

Example:
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.= p 1s a density operator, Y and I denote spin in the x and y directions,
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pip| X, F) =6p-ps ), p(a,b| XY, p)=trip EV ®E]



Plausible assumptions for models
p(a,b| X, Y) =/ dr p(a,b|X, ¥, %) plX,T)

Determinism: The underlying variable determines all measurement outcomes

pla, b| X, Y, A)=0 or I

No-signalling: The underlymg marginal distributions are independent ot
distant measurement settings

pla| X, Y, D) =pla|X, Y A, pb| X, Y,A)=pb|X, Y, A

Measurement independence: The measurement settings can be chosen
independently of the underlying variable

o PAXY)=ph X, Y) =pN) | < pAX Y ) =pX.Y) ph) F]ageS/12



A Bell inequality

« If outcomes a, a’, b, b’ of X, X, T, 1" are labelled by 1, and there 15 an
underlying model satistying

(a) determuusm, (b) no-signalling, and (¢) measurement imdependence,
then the measured correlations must satisty

<ab>+<ab'>+<a'b>—-<a'b’> <2 .

- but quantum correlations allow a LHS as much as 221!

« Hence, to model Bell inequality violation by quantum systems, one has to
giveup at least one assumption.

1. Which assumption should we give up ?
- philozophy

2. By how much ?
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Quantifying indeterminism, signalling and
measurement independence

+ Indetermimsm: 71g the smallest number such that

plal X, Y, N € [01] or [1-] 1] 0 1 T .

I=01f and only 1f determinizm holds.

T porp+tS

» Signalling: § 18 the smallest number such that
pla|lX Y, N-pa|lX, YN =8 X
S=01t and only 1t no-signalling holds = =

YorY

*  Measurement dependence: M 1s the smallest number such that
Jd\ |[pN X Y)— ph| X Y)|< M
M=01f and only 1f measurement independence holds

i , A
Note: 1t M=2, then there 12 no overlap:

at most one of the two joint settings J
(X Y), (X' Y’), can be chosen, for any A.

PAXT) PLAXTY
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A relaxed Bell inequality

« [If an underlying model has indeterminism 7, signalling S, and measurement
dependence M, then

<ab>+ <ab’>+<a’b> —<a’b’> <B([,5,M)

e Thisreduces to the usual Bell-CHSH imequality tor /=S=M=0:
B(0,0,0)=2.

» More generally, a violation of the Bell-CHSH 1nequality places constraints
onthe degrees of indeterminisim, signalling and measurement dependence
that must be present. These are determined by the function B(I,S,M).

e Forexample, the maximum quantum violation, withLHS = 2V2 | implies
the constraints

[ > 20%, and/or S =60%, and/or M= 0.28.
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Local and deterministic model of
an entangled state

« Tomodel all spi correlations of a singletstate, 1t 1s known that:
=M=0 = =12 (100% mdeterminismrequired)
[=M=0 = S=1 (100% signalling required)
(more generally, forA/=0, conjecture need S+2/=> /)

« However, in contrast, one does not require maximum measurement
dependence:

[=S=0 = M=028 (onlyl14% of the maximum value)

« Thus, one only has to give up 14% ‘experimental free will’ — measurement
- onossdl€pendence 1s a relatively strong resource for modelling entanglement ... o,



VWhat the model looks like

» Theunderlymg variable 41s a unit 3-vector X V
F b

¢ The outcomes corresponding to measuring spin in '

the x and y directions are given by | Zh
7 4 a = h
™ 7
a=s1gniA.x, b=-sgni.y
* The correlationbetween the underlying variable a=-—>b

and the measurement directions 1s given by

[- EJFI y) forsign A-x=ysign 1.y
PAx, y) = 4
l-x- ; ;
for sign A-x=—sign A-y
| 88,

1/(47) tor mformation purposes
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Information properties

e The correlation between the underlymg variable
/and the joint measurement dir ections (x,v) can

be quantified by the Shannon mutual
information, (A, T).

» Barrettand Gisinhave very recently shown, via
mapping the Toner-Bacon communication

model of the singlet state to a local

determimstic model. that there are models with

IedX, 1) =

e Themodel from the previous slide improves

this to

[(AXY) <
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I bit

log 47—

1/15 bits.

H, . [pN|x v ]

0a [

04t

02 F

'L\_

Barrett-Gisin bound
(1 bit)

{,_- = 1/15 bits

Page 11/12



Conclusions

« Relaxed Bell inequalities quantify the degrees of indeterminisim, no-
signallmg and measurement dependence required tor modelling violations
of standard Bell inequalities

e Theres a local deterministic model of the singlet state, viarelaxing
measurement independence by just 1 4% - corresponding to a correlation
between the underlying variable and the joint measurement settings of no
morethan = /15 bits

» Further work includes: relaxing other Bell imequalities; relaxing EPR-
Kochen-Specker theorems . explormg the singlet state model; relaxing
‘outcome independence’; examining conjectures such as whether any
quantum state has a local deterministic model via giving up no more than
33% measurement independence.
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