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Abstract: There has been a growing interest in electromagnetic counterparts to gravitational wave signals. Of particular interest here, are
counterparts to gravitational wave signals from super-massive black hole mergers. We consider a circumbinary disk, hollowed out by torques from
the binary, and provide an analytic solution to its response following merger. There are two changes to the potential which occur during the merger
process. an axisymmetric mass-energy loss and asymmetric recoil kick given to the resulting super-massive black hole. With a brief literature search
we argue that, for fiducial disk values and for black hole spins aligned and anti-aligned with the orbital angular momentum, throughout the majority
of parameter space the mass loss well dominates the effects of the recoil kicks on the circumbinary disk. This, along with assuming vertical
hydrodynamic equilibrium, reduces the problem to one dimension. Using a 1D hydrodynamical code we explore the mgority of parameter space
and describe the different possible flows. In the 1D case, we give analytic approximations for the locations of the first shocks, their strengths, and
the final density after the disk has again reached a steady state. This alows one to determine the temperature jump across the shock front and
determine the observability, modulo the yet unknown disk mass.

Pirsa: 10120019 Page 1/157



EVOLUTION OF
CIRCUMBINARY DISKS
FOLLOWING SMBH
MERGERS:
ANALYTICS & SIMULATIONS

NATE BODE

ADVISOR: STERL PHINNEY
DISCUSSION OF UPCOMING 2 PAPER SERIES




INTRODUCTION: THE SETTING

A long time ago in a galaxy far, far away....
there was SMBH binary merger...

and it radiated grav. waves.
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INTRODUCTION: THE SETTING

A long time ago in a galaxy far, far away....
there was SMBH binary merger...

and it radiated grav. waves.

Fortunately, there was LISA
to detect it...

And LISA told us where
to look in the skv to see it...




INTRODUCTION: THE SETTING

[t's somewhere in a 1deg x 1deg field of view:

Hubble Ultra Deep Field x324
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INTRODUCTION: THE SETTING

It's somewhere in a 1deg x 1deg field of view:

Those are galaxies.
lots of galaxies...
~107 galaxies.

Hubble Ultra Deep Field x324
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INTRODUCTION:

ELECTROMAGNETIC COUNTERPARTS

® This is where EM counterparts come in

1) Using transient survey telescopes like LSST
2) If a galaxy changes luminosity in an expected way the

host is known.
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INTRODUCTION:

ELECTROMAGNETIC COUNTERPARTS

® This is where EM counterparts come in

1) Using transient survey telescopes like LSST
2) If a galaxy changes luminosity in an expected way the

host is known.

But, why would we bother?
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EM COUNTERPARTS: WHY?

An EM counterpart to a GW Signal



EM COUNTERPARTS: WHY?

An EM counterpart to a GW signal ...

® _. finds the host galaxy, helping us understand

1) the D1-z relation to extract 2, and {2A . (Holz & Hughes 05)
2) galaxies having undergone recent mergers (even if we
can’t tell based on morphology)

3) the environs of SMBH binaries.
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EM COUNTERPARTS: WHY?

An EM counterpart to a GW signal ...
® _. finds the host galaxy, helping us understand

1) the D1~z relation to extract Qs and 2. (Holz & Hughes 05)
2) galaxies having undergone recent mergers (even if we
can’t tell based on morphology)

3) the environs of SMBH binaries.

® __learn about accretion disk structure. Good light

curves would allow us to...

1) determine h(r) and therefore csound(r). (Bode & Phinny-in prep)
2) find mass of inner disk.
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EM COUNTERPARTS: WHY?

An EM counterpart to a GW signal ...
® _. finds the host galaxy, helping us understand

1) the Di-z relation to extract 2,; and €24 . (Holz & Hughes 05)
2) galaxies having undergone recent mergers (even if we

can’t tell based on morphology)
3) the environs of SMBH binaries.

® __learn about accretion disk structure. Good light

curves would allow us to...

1) determine h(r) and therefore csound(r). (Bode & Phinny-in prep)
2) find mass of inner disk.

® ... gives an unprecedented opportunity to view all
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WHAT I’M TALKING ABOUT

* To understand the EM signal, we must
understand the source.

* One of the more likely prompt EM sources, is
a gaseous disk surrounding the binary.

e [ am presenting both an analytic solution to
and a numerical study of the evolution of
such a circumbinary disk just following
merger.
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DISKS 101: LET’S TALK ABOUT
DISKS
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DISKS 101: LET’S TALK ABOUT
DISKS

e There are several length scales and timescales
that are relevant to disks:

= SCE:IlE' hEightI P = pPo qu\{\i) -}
- dynamical time:
- viscous time:

- merger time:
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DISKS 101: LET’S TALK ABOUT
DISKS

® There are several length scales and timescales
that are relevant to disks:

- scale height: = PXD]\{%)E}

- dynamical time:

e O I 5

- viscous time:

- merger time:
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DISKS 101: LET’S TALK ABOUT
DISKS

® There are several length scales and timescales
that are relevant to disks:

- scale height: p=Po FXDI\{‘i)E}

3
GM

e O - 5

- dynamical time: tay. = ) =V

- Viscous time:

- merger time:
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DISKS 101: LET’S TALK ABOUT
DISKS

® There are several length scales and timescales
that are relevant to disks:

- scale h@lght: P = Po me—) } =
h r
- dynamical time: fun= —— — [ 8
y - T oGy el
. : 1
- viscous time: byise = ~t dyn
a(h/r)?

- merger time:
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DISKS 101: LET’S TALK ABOUT
DISKS

® There are several length scales and timescales
that are relevant to disks:

: v 2 h
- scale hElght: P = pPo exﬂ\(\—) } =
h T
- dyvnamical time: t4m = I
y - ek Vel
: : 1
- Viscous time: T - /r)jfdm (a ~ 0.1)

- merger time:  fmerger X Thigary
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DISKS 102: CIRCUMBINARY

® One of the most likely prompt EM counterparts are
circumbinary disks: -/ @M€
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| DISKS 102: CIRCUMBINARY

= bIisks 43 0
® One of the most likely prompt EM counterparts are
circumbinary disks: . -/ (GM/e) .
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DISKS 102: CIRCUMBINARY
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DISKS 101: LET’S TALK ABOUT
DISKS

® There are several length scales and timescales
that are relevant to disks:

; = h
- scale h@lght: p = pPo e:{q\(\—) } e
h r
- dvnamical time: t4y, = i r
y - ok R el
: . 1
- Viscous time: E e = ~tdyn (a ~ 0.1)
a(h/r)?

= merger time: tmergﬂ‘f X rginan'

irsa: 10120019 Page 34/157



DISKS 102: CIRCUMBINARY

® One of the most likely prompt EM counterparts are

circumbinary disks:
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| DISKS 102: CIRCUMBINARY

® One of the most likely prompt EM counterparts are

circumbinary disks: ‘ /(@M :
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MERGERS: WHAT CHANGES?
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MERGERS: WHAT CHANGES?
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irsa: 10120019 Page 48/157



MERGERS: WHAT CHANGES?

oM
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wk
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MERGERS: WHAT CHANGES?

oM
— < 0.1
M~ bt -

Ukick
Vkick < 3000km/s
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MERGERS: WHAT CHANGES?

oM
S O
N -

Ukick
Vkick < 3000km/s

(aligned)
v S 200km/s
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ANALYTIC SOLUTION:
MERGER WITH A KICK

e Initial conditions determine both mass
loss and kick magnitude / direction.
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ANALYTIC SOLUTION:
MERGER WITH A KICK

e Initial conditions determine both mass
loss and kick magnitude / direction.
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ANALYTIC SOLUTION:
MERGER WITH A KICK

e Initial conditions determine both mass
loss and kick magnitude / direction.
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SUMMARY

T/ Tinner
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SUMMARY

1) Analytic Non-interacting Soln
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SUMMARY

e
\2) Describe where the shocks are.
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SUMMARY

T‘/ Tinner
\2) Describe where the shocks are.

IFI\ e e e e T 1 e R T I
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SUMMARY

4) Describe what happens after shocks.

T‘/ Tinner
\2) Describe where the shocks are.

R e L T Yy e R
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SUMMARY

And we finally show the theory is reflected in a
1D gaseous disk.

irsa: 10120019 Page 60/157



WHERE WE’RE GOING

1) Analytic Non-interacting Soln
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THE DISK’S RESPONSE

® How do we proceed?

[Density plot of surface density of drcumbinary disk
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THE DISK’S RESPONSE

How do we proceed?
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0019

MacFadvyen & Milosavijevic 2006

1) First assume just mass
loss: this is axisymmetric
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THE DISK’S RESPONSE

How do we proceed?
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[Density plot of surface density of drcumbinary disk

0019

MacFadvyen & Milosavijevic 2006

1) First assume just mass
loss: this is axisymmetric

2) Let’s consider a particle in
the disk
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THE DISK’S RESPONSE

How do we proceed?
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[Density plot of surface density of drcumbinary disk

0019

MacFadven & Milosavijevic 2006

1) First assume just mass
loss: this is axisymmetric

2) Let’s consider a particle in
the disk

3) And assume circular orbit
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THE DISK’S RESPONSE

How do we proceed?

Pirsa: 1012

[Density plot of surface density of drcumbinary disk

0019

MacFadyen & Milosavijevic 2006

1) First assume just mass
loss: this is axisymmetric

2) Let’s consider a particle in
the disk

3) And assume circular orbit

4) And find how it responds
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ANALYTIC SOLUTION: INTRO

e What happens to the disk after mass loss?
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e What happens to disk after mass loss?

- f— -
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ANALYTIC SOLUTION: INTRO

e What happens to disk after mass loss?

or oM
.f'n = My

- ——

oM
Y T QDECNQ 1 2_
3 o o(ro) (1+ 232
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e Actually a ring of mass, but moves the same.
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ANALYTIC SOLUTION: INTRO

e What happens to disk after mass loss?

or oM
ro 2 My

— e ——

, oM
Y i QDEC i Q 1 2_
. o(ro) ( + M, )
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ANALYTIC SOLUTION: INTRO

e Actually a ring of mass, but moves the same.

or oM

|
o My

| oM
ﬂagc ol Q l 2_
u(f‘n) ( + M, )
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ANALYTIC SOLUTION: INTRO

e Actually a ring of mass, but moves the same.

or oM
Ir'n 2 .Hlfn

| sM
] : QUEC o Q ]. 2_
ol(ro) ( + ﬂ'fu)

Pirsa: 10120019



ANALYTIC SOLUTION: INTRO

e Actually a ring of mass, but moves the same.

or oM
o = My

oM
D | ose ~ Qn(f‘n) ( 2?'_1&)

Pirsa: 10120019 ' Page 81/157



ANALYTIC SOLUTION: INTRO

e Actually a ring of mass, but moves the same.

or oM
.I o 2 Jlfn

oM
ﬂusc o= Q 1 2—
o(7ro) ( = - J'irfu)
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ANALYTIC SOLUTION:

e Actually an entire disk of mass.




ANALYTIC SOLUTION: INTRO

e Actually an entire disk of mass.
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ANALYTIC SOLUTION: INTRO

e Actually an entire disk of mass.

Qose ~ Qo(ro) (1 + 2%)
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ANALYTIC SOLUTION: INTRO

e Actually an entire disk of mass.
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ANALYTIC SOLUTION: INTRO

e Actually an entire disk of mass.

osc ~ (o) (1 + 2%)
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ANALYTIC SOLUTION: INTRO

e Actually an entire disk of mass.

Qose ~ Qo(ro) (1 = - 2%)
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ANALYTIC SOLUTION

* How do we get an analytic solution?
(First, just mass loss.)
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ANALYTIC SOLUTION

* How do we get an analytic solution?
(First, just mass loss.)

1) Our particle, to first order in eccentricity follows:

. L MY Mo
' \To. —T0 M M Cosjacla)t;
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ANALYTIC SOLUTION

* How do we get an analytic solution?

(First, just mass loss.)

1) Our particle, to first order in eccentricity follows:

oM oM :
r(ro,t) = 1o { (l — v ) 5 tOb[Q(ﬂ)f‘}

2) Then surface density at that particle can be found
using a simple change of coordinates:

Yo(ro) _ Yo(ro)
or | S(T’D._t)

i:}rg

X(r,t) = —

Page 91/157



ANALYTIC SOLUTION

* How do we get an analytic solution?
(First, just mass loss.)

1) Our particle, to first order in eccentricity follows:

oM oM ;
r(ro,t) = 1o { (1 + v ) Y LOb[Q({I)fJ}

2) Then surface density at that particle can be found
using a simple change of coordinates:

Yo(ro) _ Xol(ro)

&l St
or (r0,1)

Yilr. 1) =

T

M y M
s Gl ) = (1 + 20&[) OM, {‘? cos[Q(a)t] + 3901‘: Slﬂ[ﬂ(ﬂ’ﬁz]}
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ANALYTIC SOLUTION

e A simple illustrative example: a circumbinary disk with
an 8% mass loss plotted at {};,,,.,f = 10 (noninteracting).
—

ro

Finner

0.5 1 1.5 2 2.9
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ANALYTIC SOLUTION

A simple illustrative example: a circumbinary disk with

an 8% mass loss plotted at {};,,,.,f = 10 (noninteracting).
3

ro

Tinner
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ANALYTIC SOLUTION

® Several key #’s for analytic solution:
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ANALYTIC SOLUTION

® Several key #’s for analytic solution:
1)first caustic should pass r/7ipper at

9 1 . . 3/2
t(flili:iticglillllt‘l‘ — —% SM/M r
9 04Vl /Ivi . / Inner

irsa: 10120019 Page 96/157



ANALYTIC SOLUTION

® Several key #’s for analytic solution:
1)first caustic should pass 7 /7ipper at

t ; " 1 _ . 3/2
caustic* “mner — 5 dj[f‘\[ I'inner

2) density peaks are located at:

Fpeak { Qinnerf‘
27 (Npeal —

2/3
372) } where Njyeax = 1

Iinner
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ANALYTIC SOLUTION

® Several key #’s for analytic solution:
1)first caustic should pass r/Tipper at

. | 3/2

2 1 r 4
Lcaustic Qiunvzer — ~

3 oM / M I'inner

2) density peaks are located at:

g P 2/3
peak __ :-mner' where N e
Tinner {?*ﬂ'(*\peak =3 3/4) } o

3) density peaks travel at velocity:

., peak)
e —\‘rpeak ]‘ ]'

1
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’_ F ANALYTIC SOLUTION: E

MERGER WITH A KICK

Surface density of circumbinary
disk with kick to the left.

oM

— = 0.0133
i ﬂ/fo
ik A
.' UO(Tinner)

QO(Tinner)t — - .:
Tinner — 200% ;
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WHERE WE’RE GOING

\ r / Tinner
4) Where are the shocks?
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THIN DISK APPROXIMATION
(REDUCTION TO 1D)

e Means h(r)/r < 1 (hmeasured from midplane).



THIN DISK APPROXIMATION
(REDUCTION TO 1D)

* Means h(r)/r < 1 (h measured from midplane).

1) Means that pressure, given by hydro. equil. is:

P z) — ;E?Jh‘pl y, z]
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THIN DISK APPROXIMATION
(REDUCTION TO 1D)

* Means h(r)/r < 1 (h measured from midplane).

1) Means that pressure, given by hydro. equil. is:

B o
P(r, z) = ;f}"hgpl r, Z)

2) Remove z dependence by integrating eqns dz:
dp )

e ™ — N\ - (Y1
EY V - (pu) ey V - (Xu)
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THIN DISK APPROXIMATION
(REDUCTION TO 1D)

* Means h(r)/r < 1 (h measured from midplane).

1) Means that pressure, given by hydro. equil. is:

1 ..
Plr. z) = afl“thl' ot

2) Remove z dependence by integrating eqns dz:
ox

)3
2

= 2/ %szﬁhf,@d: — O2p22
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THIN DISK APPROXIMATION
(REDUCTION TO 1D)

e Means h(r)/r < 1 (h measured from midplane).

1) Means that pressure, given by hydro. equil. is:

. | N
r.z)— afl“h“p[ 2}

2) Remove z dependence by integrating eqns dz:

LTS e PE il
= V - (pu) = V - (Xu)
3) For Euler’s Eqns must integrate the pressure

so that

Du, GM VP 7 Uf; Du, GM VP, i vi
irsa: 10120019 == = — ) — — —PRage 106/157
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P e S
ANALYTIC APPLICATION:

EPICYCLIC MACH NUMBER

e Better understand flow by considering radial
Euler equation:

au?‘ au-r GJIﬁnal VPint u’%
ey

or r ¥ r
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ANALYTIC APPLICATION:
EPICYCLIC MACH NUMBER

e Better understand flow by considering radial
Euler equation:

o

dur (0w  GMana VPu: U5

ot W r ¥ o
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ANALYTIC APPLICATION:
EPICYCLIC MACH NUMBER

e Better understand flow by considering radial
Euler equation:

c‘.‘)ur /—(—)U\r‘" GJ[ﬁnal f@ u’%

- |

_ S\ —— : \ g
ot '\ or 2 \ B4
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ANALYTIC APPLICATION:
EPICYCLIC MACH NUMBER

¢ Better understand flow by considering radial
Euler equation:

! ._ G \[hnal .

e Take ratio of kinetic term to pressure term:

M2 — kinetic term ( oM /My ) 2

h(r)/r

Pirsa: 10120019 Page 110/157
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P e J |
ANALYTIC APPLICATION:

EPICYCLIC MACH NUMBER

e M. tells us about how a given peallfi evolves in
time. Keeping in mind that A7 = e

pressure term

M, < 1: acoustic limit

M, ~ 1 : perturbations become shocks rapidly

M, > 1: pressureless limit
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ANALYTIC APPLICATION:

PARAMETER SPACE
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ANALYTIC APPLICATION:

PARAMETER SPACE
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ANALYTIC APPLICATION:

PARAMETER SPACE
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WHERE WE’RE GOING

T/ Tinner
\2) Describe where the shocks are.
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ANALYTIC APPLICATION:

DEVIATION TIME

e When will a real gaseous flow deviate from our
non-interacting solution?

Particle's path starting r=1 for em= 0.001 and h/r=0.0032
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B
ANALYTIC APPLICATION:

DEVIATION TIME

e When will a real gaseous flow deviate from our
non-interacting solution?
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P e
ANALYTIC APPLICATION:

DEVIATION TIME

e When will a real gaseous flow deviate from our
non-interacting solution?

1) When M, < 1/2, then

EE E Kl

t e o o - = 2 “dwn
. 3 h/r Qr) Sh/r “a
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P e S |
ANALYTIC APPLICATION:

DEVIATION TIME

e When will a real gaseous flow deviate from our
non-interacting solution?

1) When M, < 1/2, then

] T A |

tdev = ST,
& Shirir)y 3hjz 2

2) When M., 2 3, then

TN LR
dev ~ Ccaustic — 3 511[/11[ dyn
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ANALYTIC APPLICATION:

PARAMETER SPACE

™ ™ ™ "-1-1-"-1—"— ™ ™ T T 1-"-1-1";' ™
by
Q"f«‘-‘
.
-
i,
=0
a1 - =
- --\"\ -
L%t
.;C\".-
-
-

N
o
> _
001 [ . ]
: - o : :
&“&
*Lr-"
&
& |
\G{b- 3
4\;} *.\D J-\?*;-.-
am i [ INNNN T GRS N BN N 3 s s PO S S L
0.001 -
Pirsa: 10120019 0.001 0.01 0.1 Page 120/157



P e
ANALYTIC APPLICATION:

PARAMETER SPACE
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P o R
ANALYTIC APPLICATION:

PARAMETER SPACE
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WHERE WE’RE GOING

T/ Tinner
\2) Describe where the shocks are.

I T e R e e T ] o A R I
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P P
ANALYTIC APPLICATION:

SHOCKS AND FINAL DENSITY

e Shocks can go no slower than the density peaks
on which they form

1) So shocks have Mach number
1 1
3-‘( \pf_ als 3/4) h/f‘

'ﬂ[ﬁhﬂck (*'\?peak ) 2
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P e e E e
ANALYTIC APPLICATION:

SHOCKS AND FINAL DENSITY

e Shocks can go no slower than the density peaks
on which they form

1) So shocks have Mach number

1 1
N>
hock (Vpeak) < 37 (Npeak — 3/4) h/r

2) Using relations from previous slides we can write:

2 when M, <1
A[shock s
M., when M, 2 3
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ANALYTIC APPLICATION:
PARAMETER SPACE
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ANALYTIC APPLICATION:
PARAMETER SPACE
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WHERE WE’RE GOING

4) Describe what happens after shocks.

T/ Tinner
\2) Describe where the shocks are.

e e R e o Ty e .
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ANALYTIC APPLICATION:
SHOCKS AND FINAL DENSITY

 The viscous time is always much longer than
the deviation time, so angular momentum
should be conserved.

* Surface density after shocks have passed and
particles of circularized

1) Conservation of angular momentum then gives:

SM\ 2

irsa: 10120019 Page 129/157




SUMMARY

7) How does this compare to real gaseous disks?

2 3 - 5

| \
_E-;JJUIUJU \/\4
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SIMULATION

e Written a 1-D Lagrangian finite-difterencing leapfrog
scheme evolving the four coupled fluid equations:
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SIMULATION

e Written a 1-D Lagrangian finite-differencing leapfrog
scheme evolving the four coupled fluid equations:
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SIMULATION

e Written a 1-D Lagrangian finite-difterencing leapfrog
scheme evolving the four coupled fluid equations:

1 @)
= E - iy ir erzvc"'{ﬁ”‘l-t“um‘”:'ma;-“—i
! Dt r2 ) r
|
t=0 e X ® X 3 X ] X G- - [ ] X

1
t= ~3 Q Uy Q Uy Q Uy o, iy Q Uy Q Uy
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SIMULATION

e Written a 1-D Lagrangian finite-difterencing leapfrog
scheme evolving the four coupled fluid equations:

(2)
(2)
E- D Dr
F—1 X X - e N
T T T,,/ Dt Dt
: ®
| — ‘:)- U, iy ir B - G Mgaal V(Fne + Q) = “’_i
: T T 'r/ DE e ¥ r
t=0 e X e TP ] X ® X S [ ] X

1
B 5 Q U, Q U, Q Uy Q i, Q Uy Q Uy

Pirsa: 10120019 Page 134/157

m, T, Up«— _"'21 Pi.ll’h €,




SIMULATION

e Written a 1-D Lagrangian finite-difterencing leapfrog
scheme evolving the four coupled fluid equations:

£ . .1+ ‘De D1 om/or:
iQ = =¥l 0z Ut dl—— - :
 haend D S eiiing S,
@
t=1 : X Kl X ® -~ X L Drag o
B T Y=
5 | =’ 5 :
t == "5 Q U, f Ly f [F R __G_‘fﬁn‘l _.v{Pmt +Q} _Lu_;::
G T T 5 V DT o z T
i=0 e X . X . X 2 X S [ ] X

1
= _E Q Uy Q Uy Q Uy Q Ly Q Uy Q Uy
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ANALYTIC APPLICATION:
PARAMETER SPACE

|
=
4
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SIMULATION: RESULTS

Ratio of densities.
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SIMULATION: RESULTS

Ratio of densities.
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SIMULATION: RESULTS

Ratio of densities.
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SIMULATION: RESULTS

Ratio of densities.
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ANALYTIC APPLICATION:
F PARAMETER SPACE

i LW RS VIR
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SIMULATION: RESULTS

Ratio of densities.
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ANALYTIC APPLICATION:
PARAMETER SPACE
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SIMULATION: RESULTS

Ratio of densities. OM
¥ ¥ ® ¥ ] §® ¥ ¥ ¥ L | T T '| 1 '| L] T ' T ey : (-}-[_]]_
1.2 2 M

— hir)/r =01

1.1

f

. 7

1

T A
L2 , = 14 ‘

1.1 -

e o N A e — _—:
%u'g‘.—%*l'*“%l'k?%ffL% —— | ;
012 | r=21 3
1.1 3

1

IIIIllllllllllrlT lllllllrl'llrlr]l ]Illlllll![!F!Fll

0.9
1.2

—

1.1

IIIIIIIITITIF

1

Pirsa:ﬂ?ﬁo‘fi_!?l Lo REY A N T 1
0 1 2

Page 144/157




SIMULATION: RESULTS

Ratio of densities. SM
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SIMULATION: RESULTS

Ratio of densities. SM
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SIMULATION: RESULTS

Ratio of densities.
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CONCLUSION

T/ Tinner



CONCLUSION

Analytic Non-interacting Soln

irsa: 10120019 Page 149/157



irsa: 10120019

CONCLUSION

r / Tinner

=

Described where the shocks were.
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CONCLUSION

T/ Tinner
\ Described where the shocks were.
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CONCLUSION

Described what happens after shocks.

T‘/ Tinner
\ Described where the shocks were.
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CONCLUSION

And we showed the theory is reflected ina 1D
gaseous disk.
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OBSERVABILITY?

47 \/E _
Fu = Bu “Lf.lTrni ane
V31+ /e (T iy )

2.

| ey, - e : - - |
‘Here € = is the probability per interaction that the photon will be absorbed
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OBSERVABILITY?

time (hrs)
E—— 5M
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