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Abstract: The average quantum physicist on the street believes that a quantum-mechanical Hamiltonian must be Dirac Hermitian (invariant under
combined matrix transposition and complex conjugation) in order to guarantee that the energy eigenvalues are rea and that time evolution is unitary.
However, the Hamiltonian $H=p"2+ix"3$, which is obviously not Dirac Hermitian, has a real positive discrete spectrum and generates unitary time
evolution, and thusit defines a fully consistent and physical quantum theory.

Evidently, the axiom of Dirac Hermiticity is too restrictive. While $H=p"2+ix"3% is not Dirac Hermitian, it is PT symmetric; that is, invariant under
combined space reflection P and time reversal T. The quantum mechanics defined by a PT-symmetric Hamiltonian is a complex generalization of
ordinary quantum mechanics. When quantum mechanics is extended into the complex domain, new kinds of theories having strange and remarkable
properties emerge. Some of these properties have recently been verified in laboratory experiments. If one generalizes classical mechanics into the
complex domain, the resulting theories have equally remarkable properties.
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Quantum mechanics 1s a strange animal!
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Quantum mechanics

* “Anyone who thinks he can contemplate
quantum mechanics without getting dizzy
hasn’t properly understood it.” — Niels Bohr

* “Anyone who thinks they know quantum
mechanics doesn’t.” — Richard Feynman

 “I don’t like 1t, and I'm sorry I ever had
anything to do with 1t.” — Erwin Schrédinger
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Assumptions of quantum mechanics

» causality

* locality

e relativistic invariance

 existence of a ground state
 conservation of probability (unitarity)
 positive real energies

 Hermitian Hamiltonian
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The point of this talk:

Dirac Hermiticity is too strong an
axiom of quantum mechanics!

—

T means transpose + complex conjugate

» guarantees real energy and conserved probability

(

- but ... isa mathematical axiom and not a
thSiC al axiom of quantum mechanics
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/  Wait a minute...
- this Hamiltonian has

PT svmmeftry! /

>
= parity
- T = time reversal
. 2
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>
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/ Wait a minute...
this Hammltomian has

| PT symmetry!
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THE SPECTRUM OF f=p>ix'(n
1S DISCRETE , REAL , AND
POSITIVE, AND PARIT)Y

Pirsa: 10110055




HEY! whgr
ABovT €= 77/
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Translation:

PT. There is
a network
that ties us
together.

PT. H3 uma rede que nos liga.
A internet.

Comunicacoes



The origimal
discoverers of
PT symmetry:

“It's only performance art,
you know. Rhetoric. They
ased to teach 1t n ancient
ames, hike PT.”

-— Arcadia. Tom Stoppard
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PT in China

GetOnHere #F gl— X
FYSER asarumfuso
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How to prove that the
eigenvalues are real

The proof 1s difficult! It uses
techmques from conformal field
theory and stafistical mechanics:

(1) Bethe ansatz

(2) Monodromy group

(3) Baxter T-Q relation

(4) Functional Determinants
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Broken Pl symmetry in Paris
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PT Boundary

Greatest murder mystery of all time. ..
Extinction of over 90% of species!

Permian era I Triassic era
t

PT Boundary

~
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The P 1 Boundary is a phase
transition — at the classical level

(To be explained at the end of
this talk if there’s time!)
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OK, so the eigenvalues are real ...
But is this quantum mechanics??

« Probabilistic interpretation??
« Hilbert space with a positive metric??
e Unitarity??
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P. A. M. Dirac: Bakerian Lecture,
Proceedings of the Royal Society A (1941)

Negative energies and probabilities should not be considered as nonsense.
They are well-defined concepts mathematically, like a negative sum of
money, since the equations which express the important properties of
energies and probabilities can still be used when they are negative. Thus
negative energies and probabilities should be considered simply as things
which do not appear in experimental results. The physical interpretation of
relativistic quantum mechanics that one gets by a natural development of
the non-relativistic theory involves these things and is thus in contradiction
with experiment. We therefore have to consider ways of modifying or
supplementing this interpretation.
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The Hamiltonian determines its own adjoint

[C,PT] =0,
=3
i, i —(

-Replace T by CPT
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Unitarity

With respect to the CPT adjoint

the theory has UNITARY time
evolution.

Norms are strictly positive!
Probability 1s conserved!







OK., we have unitarity...
But is PT quantum mechanics useful??

* Revives quantum theories that were thought
to be dead

» Beginning to be observed experimentally
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Lee Model

V—-> N + 8. N +606->V.
= HO = 3 gOHI:

H, my, V'V +myN'N + mgaTa,
H, = VINa+d'N'V.

T. D. Lee, Phys. Rev. 95, 1329 (1954)

|

G. Kallén and W. Pauli, Dan. Mat. Fys. Medd. 30, No. 7 (1P9ag§§lls
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The problem with the Lee Model:




Lee Model

V - N + 8. N +606->V.
H = HO = gOHla

H, my, V'V +myN'N + -m.gafa,
H, = ViINa+d'N'V.

T. D. Lee, Phys. Rev. 95, 1329 (1954)

|

G. Kallén and W. Pauli, Dan. Mat. Fys. Medd. 30. No. 7 (lgggl)
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The problem with the Lee Model:




TAMN M AT S0

: t l e Citmzgers,

" muetriet"=" s REveswes on the Web Froom B=fprenr=< ()
e From H=views: L3
=

MRM7T663% (17.927d) 510X

Kiillen, G.: Pauli W.

On the mathematical siructure of 1. D. Lee’s model of a renormalizable field theorv.
Danske Vid. Selsk. Mar-Frs. Medd. 30 (1355).no. 7. 23 pp.

Lee[Phys. Rev (Z)95(1934). 13291334 MRD064638 ( 16_317b)] has recently suggested perhaps
the first non-tnvizal model of a field theory winch can be explicitiv solved Three pamncles (F..N
and ) are coupled. the explicyt solution bemg secured by allowing reactions ¥ —= N +#& but
forbidding N =V + # The theorv needs convennonal mass and charce renormalizanons which
likewise can be explicitly calculated. The Emzmauzed mﬂplm_ constant ¢ Is conpected to the
wnrenormalized constant g by the relation 5~/ gv™ = 1 — A¢”. where 4 is a diverpent intesral.
This can be made finite by a inroducine a cor—off.

The maportance of I ee’s resuit ies m the fact that Schwmeger (unpublished) had already proved
on very general principles. that the ratio ¢° /g should lie between zero and one. [For published
proofs of Schwnger's resull. see Umezawa and Kamefuchs Progr Theoret Phvs. 6 (1951). 343
553: MRO046306 (13 713d). Killen Helv Phys Acta25([952) 417434 MROOS1156 (14 4351
Lehmann Nuove Cimento (9) 11 (1954). 342357 MROOT2IT56 ( 17.332e): Gell-Mamn and [ ow.
Phys. Rev (2) 95 (1954). 1300-1512: MRO064652 (16.315e)]. The resnilts of [ =e and Schwinger
can be reconciled only if (i) there is a cut-off In Lee’s theory and (11) if ¢ lies below a cntical
value gerj;- The present paper 1s devored o mvestneanion of physical consequences of these Two
condifions are not satisfied.

The anthors discover the remarkable resulr thar iff ¢ > g there 15 exactly one new cigensmare
for the physical | -particie having an energy that is below the mass of the nommal V -pamicle.
It 15 further shown that the S-mainx for Lee"s theory 1s not umitary when g > ¢, and thar the
probability for an mcommg V -parmicle n the normal state and a #-meson. o make a ransition
0 an outgoing V -particle m the new (~=zhost™) state. must be pesanive if the sum of all transition
probabilines for the m-comung state shail add up to one. The possible mplicziion of Killen and
Pauli’s resuits for quanumeelecrodynamics. where in perturbation theorv (¢ /ey)” has a behaviour
similar to (g, g )~ Im Lee’s theory. need not be sressad.
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“A non-Hermitian Hamiltonian is unaceeptable
partly because it may lead to complex energy
eigenvalues, but chiefly because it implies a non-
unitary S matrix, which fails to conserve probability
and makes a hash of the physical interpretation.”

G. Barton. Intreduction to Advenced Field Theory (John Wiley & Sons. New York. 1963)
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PT quantum mechanics to the rescue...

Meep! Meep!
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GHOSTBUSTING:
Reviving quantum
theories that were thought

to be dead

' '5.
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Pais-Uhlenbeck action

= :/dt 2% — (w] +w3) 2% + wiw:

l\.-‘l\.a

2 2
e

Gives a fourth-order field equation:

z () + (W +wd)z (t) +wiwsz(t) =0

Pl e = = = = = 2 sooEaE s o . . .. = _—— = s e P[5 DS




The problem: A fourth-order field
equation gives a propagator like

1
(E2 + m?)(E2 + m3)

G(E) =

1 1 1
G(E) = — ‘ ; ; :
(E) m3 — m? (Ez—l—mf IEZ—l—m.ﬁ)

GHOST!
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Two possible realizations...

(I) If a; and a> annihilate the O-particle state (1),

a;|2) =0, az|Q2) =0,
then the energy spectrum is real and bounded below. The state |{1) is the ground
state of the theory and it has zero-point energy = (w; + wy). The problem with this
realization is that the excited state a.']ﬂ}__ whose energy is w, above ground state,

has a negative Dirac norm given by (Q|asa)|(2).

(II) If @; and @) annihilate the O-particle state |Q),
a;|Q) =0, al|Q) =0,

then the theory is free of negative-norm states. However, this realization has
a different and equally serious problem; namely, that the energy spectrum is
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There can be other realizations as well!

Calculate the equivalent Dirac
Hermitian Hamultonian:

E==———— e =0 .
H=e%?He%? = — + : -1——'" "+—~.x.:"’w" 2
2 " 22 | 2 g 1429

No-ghost theorem for the fourth-order derrvative Pais-Uhlenbeck
model. CMB and P. Mannheim. Physical Review Letters 100, 110402 (2008)

CMB and P. Mannhemm. Physical Review D 78. 025002 (2008)
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Totalitarian principle

“Everything which 1s not
forbidden 1s compulsory.”
---M. Gell-Mann
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Laboratory verification using
table-top optics experiments!

Observing FE symmetry using optical wave guides:

IIIII

Z. Musslimam, K. Makris, R. El-Ganainy, and D.
Christodoulides, Physical Review Letters 100, 030402 (2008)

K. Maktis. R. El-Ganainy. D. Christodoulides. and Z.
Musslimani, Physical Review Letters 100, 103904 (2008)

A. Guo. G. J. Salamo. D. Duchesne. R. Morandotti. M. Volatier-
Ravat, V. Ammez. G. A. Swviloglou. and D. N. Christodoulides.
Phvsical Review Letters 103, 093902 (2009)

C. E. Ruter, K. G. Maknis, R. El-Ganainy. D. N. Christodoulides.
- M€ geV, and D. Kip, Narnure Physics 6. 19" (’7010) ——




Date: Thu, 13 Mar 2008 23:04:45 -0400

From: Demetrios Christodoulides <demetri@ creol uct edu>

To: Carl M. Bender <cmb@ wuphys wustl.edu>

Subject: Re: Benasque workshop on non-Hermitian Hamiltonians

Dear Carl.

I have some good news from Greg Salamo (U. of Arkansas). His students (who are now
visiting us here n Flonida) have just observed a PT phase transition in a passive AlGaAs
waveguide system. We will be submitting soon these results as a post-deadline paper to
CLEO/QELS and subsequently to a regular journal. We are still fighting agamnst the
Kramers-Kronig relations. but the phase transition effect 1s defimitely there. We expect even
better results under TE polanization conditions. I will bring them over to Israel.

In close collaboration with us. more teams (also best fiends!) are moving ahead m thas
direction. Mot Segev (from Technion) 1s planning an experiment i an active-passive dual
core optical fiber — fabricated in Southampton. England. More expermments will be carmed
later m Germany by Detlef Kip. Christian (his post doc) just left from here with a possible
design. If everytlung goes well. with a bit of luck we mav have an expenimental explosion
mn the PT area. I wish the funding situation was a bit better. So far everyvthing 1s done on a
shoe-string budget (it 1s subsidized by other projects). Let us see_..
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The observed PT phase transition

Figure 4: Expermmental observation of spontancous passive P7-symmetry breaking.
Output transnussion of a passive P7 complex system as the loss mn the lossy wavegmde
arm 1s mcreased. The transnussion attams a numimum at 6 cm .
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Observation of parity-time symmetry in optics

Christian E. Riiter’, Konstantinos G. Makris?, Ramy El-Ganainy?, Demetrios N. Christodoulides?,

Mordechai Segev" and Detlef Kip'*

One of the fundamental axioms of quantum mechanics is
associated with the Hermiticity of physical cbservables’. In
the case of the Hamiltonian cperator, this requirement not
only implies real eigenenergies but al so guarantees probabil ity
conservation. Interestingly, a wide class of non-Hermitian
Hamiltonians can still show entirely real spectra. Amons these
are Hamiltonians respecting parity-time (PT) symmetry- 7.
Even thoug h the Hermiticity of quantum cbservables was never
in doubt. such concepts have motivated discussions on several
fronts in physics, incduding quantum field theories®, non-
Hermitian Anderson models® and open quantum systems™ 7,
tc mention a few. Although the impact of PT symmetry in
these fields is still debated. it has been recently realized that
optics can provide a fertile ground where PT-refated notions
can be implemented and experimentally investizated™ ™. In
this letter we report the first cbservation of the behaviour
of a PT optical coupled system that judiciously invoives a
complex index potential. We cbserve both spontanecus PT
symmetry breakingz and power csailations viclating left-right
symmetry. Our results may pave the way towards a new
PIr L UPPT- synthetic materials with intriguing and unexpected
Mlhtrdy on m fizht propazation and

oy, . ) En——

(& > eg), the spectrum ceases to be real and starts to involve
imaginary eigenvalues. This signifies the onset of a spontaneous PT
ssmmetry-breaking, that is, a “phase transition” from the exact to
broken-PT phase™.

In optics, several physical processesare known to obey equations
that are formally equivalent to that of Schrodinger in quantum
mechanics. Spatial diffraction and temporal dispersion are perhaps
the most prominent examples. [n this work we focus our attention
on the spatial domain. for example optical beam propagation
in PT-symmetric ¢ potentials. In fact, such PT “optical
potentials’ an be realized through 3 judicious inclusion of
index guiding and gain/oss regions™“*. Given that the complex
refractive-index distribution = x) = mg{x) 412 x) plavs the role of
an optical potential, we can then design a PT -symmetric svstem by
satisfying the conditions mg(x) =ryi —x) andm (X ) =—mi —x).

In other words, the refractive-index profile must be an even
function of position x whereas the gain/loss distribution should be
odd Under these conditions, the electric-field envelope E of the
optical beam is governed by the paraxial equation of diffraction’*:
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Pump beam
niensy/phase e
R — \ Amplirude mask
VORA s
- o . W Bveguides
P e R |

- s r—f"/ Z

- = - Signal beam

1L~

i = i
1

-

K\'.

Y Lhiem mobate
CCD carmera Brearm =plitier Objective lens
Figure 2 | Experimentalset-up. An Ar' (aser beam (wavelength 514.5 nm) iscoupled inte the arms of the structure fabricated on 2 photorefractive
LiNBOs subsirate An amplitude mask blodks the pump beam from entering channe! 2, thus enabling two-wave mixing gain oenly inchannel 1. A CCD
camera is used to manitor both the intensity and phases at the autput.
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NATURE PHYSICS po::10.1038/NeHYsisis
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Figure 3 | Computed and experimentally measured response of a
PT-symmetric coupled system. a. Nurmerical solution of the coupled
equatians (1) describing the PT-symmetric sysiem. The left (right) pane
shows the situation when light is coupled into channmel T {2). Red dashed
nes mark the syrmmetry-oresking threshold. Above threshold, ight is
predaminantly guided in channel 1 experiencing gain, and the intensity of

se. 10110085 channels 1 and 2 depends solely cn the magnitude of the gain. SRR

b, Experimenizily measured { normalized) intensities at the ouiput facet



Another experiment...

“Enhanced magnetic resonance signal of spin-polarized Rb

Atoms near surfaces of coated cells™
K. F. Zhao. M. Schaden. and Z. Wu
Phvsical Review A 81, 042903 (2010)
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And another experiment...

ypontaneous P'I-symmetry breakdown in superconducting weak
inks

V. M. Chtchelkatchev. A. A. Golubov, T. I. Baturina. V. M. Vinokur

rXiv:1008.3590v2 [cond-mat.supr-con]. submitted on 21 Aug 2010 (v1). last revised 1 Sep 2010(v2))

\bstract: We formulate a description of transport mn a superconducting weak link n
xrms of the non-Hermutian quantum mechanics. We find that the apphed electric field
xceeding a certain critical value change the topological structure of the effective non-
lermitian Hamltoman of the weak Iink m the Hilbert space causing the panty
eflection — time reversal symmetry (PT-symmetry) breakdown. We derive the
xpression of the critical electric field and show that the PT-symmetry breakdown gives
ise to the switching mstability in the current-voltage charactenistic of the weak link.
aking mto account superconducting fluctuations we quantitatively describe the
xpermmentally observed differential resistance of the weak link m the vicimty of the

_ Pirsa: 10110055 ©  Page 72/116
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And yet another...

pontaneous Parity—Time Svmmetry Breaking and Stability of Solitons
n Bose-Einstein Condensates

‘henva Yan, Bo Xiong, Wu-Ming Liu
arXiv:1009 4023v1 [cond-mat.quant-gas|. submitted on 21 Sep 2010)

\bstract: We report explicitly a novel famuly of exact PI-symmetric solitons and
urther study their spontaneous PT symmetry breaking. stabilities and collisions
Jose-Emstem condensates trapped in a PI-symmetric harmonic trap and a Hermute-
raussian gain/loss potential. We observe the significant effects of mean-field
ateraction by modifying the threshold point of spontaneous PT symmetry breaking
1 Bose-Emstem condensates. Our scenario provides a promising approach to

tudy PT-related umiversal behaviors in non-Hermitian quantum system based on the
nanipulation of gamn/loss potential in Bose-Einsten condensates.
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OK, but how do we interpret a
non-Hermitian Hamiltonian??

Solve the quantum brachistochrone problem...
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Classical brachistochrone

- Newton
- Bernoulhi

- Leibniz

- L'Hopatal
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Classical brachistochrone
is a cycloid

Grax*itatiOI,lQeLG,lla
field
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Quantum brachistochrone

1) = |p) = e )

Constraint: @ — Emax — Frnin
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Hermitian case
5 re |
= ( B ) (r, 5. u, & real)
re u
H = 'g'f* +u)l + %i.r.‘(f'[l

- T
n=—{2rcosf.2rsinf.s — u) w-=(s—u)" +4r
(' =K g —3 1 O
: == ) % i 0 ) 0 -1

exp(i¢o-n) =cos¢dl +isindo-n
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[pp) = e TRy

becomes

e cE — i sin =
= 2h W 21
a = E--?r!_n*ufrl.fh
b

2h . w|b
= ATCSIN —
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Minimize t over all positive r
while maintaining constraint

w® = (s —u)* + 4r°.

Mimimmum evolution time:

wT = 2h arcsin|b)

Looks like uncertainty principle but 1s merely
rate times time = distance
[f a =0 and b = 1. the smallest time required

“) IS

p 1
to transiorm [n) to the orthogonal Htélt*‘( 1

| — | —
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Non-Hermitian PT-symmetric
Hamiltonian

. -
= ( = —ib ) (r. s. 6 real)

. re

T is complex conjugation and P = (? ,;)

real if s° > rsin“#

1 ( 1 SIN ¥ 1 )
C = —
COS ¥ 1 —1 SII ¥




Exponentiate H

H = (rcosf)l + ?u;mn.

where
2 —
n=—(s.0.irsin@)
&

3

B 4-‘.-‘3 — -'er ::',iu:3 g.

c—imyn (1) _ e~reostih [ cos(4f — a)
0 COS & =] :-.-111( —

1 {0
The pair of vectors used in the Hermitian case. |¢7p) (f.] and |vF) (,*)_ are
not orthogonal with respect to the CP7 inner product. The time needed for |¢;
to evolve il'“" lvp) is t = (20 — w)h/w. Optimizing this result over o indicates that

the optimal time 7 is ZERH'*
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The bottom line...

What does PT symmetry really mean?
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Interpretation...

Finding the optimal PT-symmetric
Hamiltonian amounts to constructing
a wormhole in Hilbert space!
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“The shortest path between two
truths in the real domain passes
through the complex domain.”
-- Jacques Hadamard
The Mathematical

Intelligencer 13 (1991)
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Overview
of talk:
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