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Abstract: In this talk | will describe my recent work on the structure of entanglement in field theory from the point of view of mutual informatic
will give some basic scaling intuition for the entanglement entropy and then describe how this intuition is better captured by the mutual inforn
| will also describe a proposal for twist operators that can be used to calculate the mutual information using the replica method. Finally,
discuss the relevance of my results for holographic duality and entanglement based simulation methods for many body systems.
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Quantum many body physics
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The many body state
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The many body state
Mean field theory

In the simplest approximation, we may write the
ground state |G) as |G) =~ @, |g;). This works
well for symmetry breaking states.

Pirsa: 10100087



The many body state
Mean field theory

In the simplest approximation, we may write the
ground state |G) as |G) =~ @V, |g;). This works
well for symmetry breaking states.

Topological phases

Mean field theory can fail qualitatively, for example,
in the fractional quantum hall effect.
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The many body state
Mean field theory

In the simplest approximation, we may write the
ground state |G) as |G) =~ @Y, |g;). This works
well for symmetry breaking states.

Topological phases

Mean field theory can fail qualitatively, for example,
in the fractional quantum hall effect.
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Mean fie
In the sim

The many body state
d theory

plest approximation, we may write the

ground state |G) as |G) = @Y, |g;). This works
well for symmetry breaking states.

Topological phases

Mean field theory can fail qualitatively, for example,
in the fractional quantum hall effect.

Entanglement
For a system of N spins, the many body Hilbert
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space is enormous: dim(H;:or) = 2N Most states

are entancled: |G £ @N |o)



Why study entanglement?
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Why study entanglement?

e Entanglement is the raw material from which
all quantum phases of matter of built.
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look in Hilbert space.
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e Entanglement is the raw material from which
all quantum phases of matter of built.

o Understanding entanglement tells us where to
look in Hilbert space.

e [he unknown: a new way to do many body
quantum physics?
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Why study entanglement?

e Entanglement is the raw material from which
all quantum phases of matter of built.

e Understanding entanglement tells us where to
look in Hilbert space.

e [he unknown: a new way to do many body
quantum physics?

We don't really have a choice!



A few concrete questions
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A few concrete questions

Quantum states

Does the entanglement structure of quantum field
theory tell us anything about what sorts of states to

focus on?
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Quantum states

Does the entanglement structure of quantum field
theory tell us anything about what sorts of states to
focus on”?

Theory space

What kind of structure exists on the space of
quantum field theories, for example, can we order
them in some way?’



A few concrete questions

Quantum states

Does the entanglement structure of quantum field
theory tell us anything about what sorts of states to
focus on”?

Theory space

What kind of structure exists on the space of
quantum field theories, for example, can we order
them in some way?

Holographic duality

Does the duality provide access to field theories that
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are in some sense cgeneric?



Outline

Entanglement ABCs
Useful tools
Mutual information
Twist fields

Applications
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Entanglement ABCs

Qutline

Entanglement ABCs
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Entanglement ABCs

Entanglement entropy

pa =1trg(|G)(G|) = Sa = —tra(palog (pa))

Pirsa: 10100087

How does 5S4 behave in a many body system?



Entanglement ABGCs

Renormalization group flow

Z =
é
UV IR
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Renormalization group flow
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UV IR

e« Renormalization group: z labels the length
scale of interest with z = ¢ in the UV and
z — o¢ Iin the IR



Entanglement ABCs

Renormalization group flow

z e
ﬁ
IR

uv

o Renormalization group: z labels the length
scale of interest with z = ¢ in the UV and

z — o0 in the IR

e Renormalization group (RG) transformations
typically flow towards zero momentum i.e.
momentum shell RG
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Entanglement ABCs

Understanding the boundary law

RG transformation
Change z — ze“ giving dl = %Z. The RG

iIntegration measure is = (Iogarlthmlc intervals).
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Entanglement ABCs

Understanding the boundary law

RG transformation
Change z — ze¢ glvmg di = <. The RG

integration measure is = (Iogarlthmlc intervals).

Entanglement “per scale

Local interactions at scale z entangle A and its
environment along the boundary of A.
Entanglement scales as the boundary of A measured

in units of z: (%)d_1
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Entanglement ABCs

Understanding the boundary law

-IR cutoff d—1
L dz
w5

- zp—=1L Gap zr = §



Entanglement ABGs J=cful tocls futat information Twnst helds

Exception: the Fermi surface

CFT on the Fermi surface

Fermions with a finite codimension d. = 1 Fermi
surface violate the boundary law for entanglement
entropy: 5( [_) B kFL IOg L. (woir 200, Kiich-Gioew 2006

The Fermi surface is
a "bundle” of gapless
1 + 1 dimensional

mo d es! (BGS 2000.2010)




Useful tools

Qutline
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Useful toois

Tensor network states

Using the area law

Tensor network states are a class of variational
states that automatically incorporate the boundary
law for entanglement entropy and appear to be in
the right “corner’ of Hilbert space to approximate
ground states of local Hamiltonians.

n— 3
by

O— 3
B

Page 31/89
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Useful tools

Variational states
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Useful toois

Variational states

Quantitative improvement

Tensor network states can be viewed as
entanglement enhanced mean field states for
symmetry breaking phases.
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Emtangiement ABCs Useful tools Mutust information

Variational states

Quantitative improvement

Tensor network states can be viewed as
entanglement enhanced mean field states for
symmetry breaking phases.

Qualitative improvement

Tensor network states can describe topological
phases beyond mean field theory. (coicinwenscs 20
xemiz-Richardrvidal 2000) ONE €aN In principle extract
topological data from tensor network states. (scsuw

2010, Schuch-Cirac-Perer Garcia 2010)
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Useful toals futual info o o bl

Holographic duality: CFT;;/AdS,.;

The emergent radial coordinate plays the role of
energy scale in the field theory. Space and the
emergent radial coordinate are shown.
Entanglement entropy can be calculated in terms of
-« dnimal hypersurfaces in the bulk. . ricems 20



Holographic duality
The master formula

==
4Gy
At large N, the entanglement entropy in the field

theory is entirely controlled by the geometry on the
gravity side.

S
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Holographic duality
The master formula

A
4Gy
At large N, the entanglement entropy in the field

theory is entirely controlled by the geometry on the
gravity side.

-

Strongly coupled entanglement

There are strongly coupled systems that violate the
boundary law for entanglement entropy. The same
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Mutual information

Qutline

Mutual information
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Mutual information

Entanglement entropy: troubles
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Mutual mformation

Cntanglement entropy: troubles

Cutoff sensitive
The bare entanglement entropy is sensitive to the

cutoff €. In an unregulated quantum field theory,
the entanglement entropy is a divergent quantity.
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Mutual information

Entanglement entropy: troubles

Cutoff sensitive
The bare entanglement entropy is sensitive to the

cutoff €. In an unregulated quantum field theory,
the entanglement entropy is a divergent quantity.

Low energy entanglement?

Many body systems are described by effective field

theories at low energy. For studying universal
properties, it would be desirable to isolate as much

possible the low energy structure of entanglement.
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Mutual information

Mutual information
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Mutual informaton

Mutual information

Definition

I(A B) - SA = 55 = SA&U_IB
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Mutual information

Mutual information

Definition

Let A, B, and C denote spatial regions and Opg an
operator localized in region K.
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Mutual information

Mutual information

Definition
I(A. B) = Sa+ Sg — Sag

Let A, B, and C denote spatial regions and Opg an
operator localized in region K.

o I >0
e 7(A.B) > Z(A. Q) if B O C (esrusmim
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Mutual information Twist helds

Mutual information

Definition
I(A. B) = Sa+ Sg — Saug

Let A, B, and C denote spatial regions and Op an
operator localized in region K.

e 7 >0

e 7(A.B) > Z(A. C) if B O C (esruseion

o ||Oall*|O8I[I°Z(A, B) > (OaOp):

=
11

[ Fastings-

Pirsa: 10100087



Mutual information

Universal singularities: CFT;_.;
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Mutual information

Universal singularities: CFT;_;

Dirac fermions
The mutual information for Dirac fermions can be

calculated using methods from conformal field
theory. For two intervals of length L separated by a

. L+x)?
distance x, Z(L.x) = 3 In (x((E Lf_)x))_ Casin-Huerea-Fosco 2005)
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Mutual information Twist fields

Mutual information

Definition
I(A. B) — Sa+ Sg — Saus

Let A, B, and C denote spatial regions and Opg an
operator localized in region K.

e 1 >0
e 7(A.B) > Z(A. Q) if B O C (esruswiton

o ||O4|I?]|O8||°Z(A. B) > (0405):

voit-versiraste-Lirac ZUUS )

g -
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Mutual information

Universal singularities: CFT;_;
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Mutual mformation

Universal singularities: CFT;_4

Dirac fermions
The mutual information for Dirac fermions can be

calculated using methods from conformal field

theory. For two intervals of length L separated by a
: =1 (L+x)>
distance x, Z(L.x) = 3 In (x(2 L+X)>. Casin- Huerta-Fosco 2005)
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Mutual informaton

Universal singularities: CFT;_;

Dirac fermions
The mutual information for Dirac fermions can be
calculated using methods from conformal field

theory. For two intervals of length L separated by a

: L+x)?
dIStaﬂce X, I(!_. X) == % lﬂ (X((jLi)X)) - [Casin-Huerta-Fosco 2005)

Entanglement “per scale”

Notice that that the mutual information diverges as
x — 0. This logarithmic divergence is a general
feature of conformal field theories. The divergence
is controlled by the central charge of the conformal
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ﬁeld theO ry Cardy-Calabrese 2009)






Pirsa:

eacat it Useful tools Mutual information

Universal singularities: CFT;_4

Dirac fermions
The mutual information for Dirac fermions can be

calculated using methods from conformal field
theory. For two intervals of length L separated by a

: [+x)
distance x, Z(L.x) = % 1In (x((2 L’i)). (Casini-Huerta-Fosco 2005)

Entanglement “per scale”

Notice that that the mutual information diverges as
x — 0. This logarithmic divergence is a general
feature of conformal field theories. The divergence
is controlled by the central charge of the conformal

Page 54/89
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Mutual information

Universal singularities: CF T,

Collision geometry

Consider two flat parallel d — 1 dimensional surfaces
of size Vy_1 (part of A and 9B) separated by a
distance x.

Universal singularity

The mutual information Z(A. B) will diverge as
x — 0. From the boundary law we have

Vi—1
Xd_l i

Ex) =K
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Mutual information

Universal singularities: CF T,

Collision geometry

Consider two flat parallel d — 1 dimensional surfaces
of size Vy_1 (part of A and 9B) separated by a
distance x.

Universal singularity

The mutual information Z(A. B) will diverge as
x — 0. From the boundary law we have

Vi—1
Xd—l :

Itx)—K
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x(y)

Mutual mformation

Other geometries

Generically, colliding
regions will touch only
at a single point giving
I(x) ~ (L&) with
[ . the radius of
curvature. Corners give

a logarithmic divergence
in all dimensions. (scs20m,



Mutual information

Holographic computation

All these scaling laws can be reproduced using
holographic duality. This check provides confidence
and suggests that holographic duality captures well
“"the qualitative features of entanglement.



Twist fields

Qutline

Twist fields
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Twist fields

Field theory computation

Replica trick

The entanglement
entropy for a region
R can be obtained
from a knowledge of
Zr(n) = tr(pp) via
the replica trick:

SR — _anZR(n)|n:1-

Pirsa: 10100087



Twist fields

Twist fields in 1 - 1 dimensions
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Twist fields

Twist fields in 1 -1 dimensions

Single interval

Consider a single interval of length L and

a = 1...., n copies of each field v, (x.7) (7 is
imaginary time). The boundary conditions at 7 = 0
are Yo (xel.7T=0)=Ua(xe L, T=07).
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Twist fieldsin 1 +1

Single interval

Twist fields

dimensions

Consider a single interval of length L and

a = 1..... n copies of each field v, (x.7) (7 is
imaginary time). The boundary conditions at 7 = 0
e (xeLT=0)=v%a(xel,T=0").

Twist fields
Because the replica spacetime is

unexceptional except for the end
the effects of the boundary conc

locally
s of the interval,
itions can be

subsumed into insertions of loca

operators called

~wist fields Zg(n) = (K,(0.0)K,(L.0)),.



Twist fieldsin 1 +1

Single interval

Twist fields

dimensions

Consider a single interval of length L and

a = 1..... n copies of each field v, (x.7) (7 is
imaginary time). The boundary conditions at 7 = 0
are v (xelLT=0)=v,a(xel,7=0").

Twist fields
Because the replica spacetime is

unexceptional except for the end
the effects of the boundary conc

locally
s of the interval,
itions can be

subsumed into insertions of loca

operators called

- prist fields Zg(n) = (K,(0.0)K,(L.0)),.



Twist fields

Twist fields in higher dimensions
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Twist fields

Twist fields in higher dimensions

Extended operators

Where the twist fields were point like in 1 +1
dimensions, they become line operators in 2 + 1
dimensions and surface operators in 3+ 1. The

twist fields are defined by tr(p%) = (K,[R]) ..
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Twist fields

Twist fields in higher dimensions

Extended operators

Where the twist fields were point like in 1 +1
dimensions, they become line operators in 2 + 1
dimensions and surface operators in 3+ 1. The

twist fields are defined by tr(p%) = (K,[R]) ..

Twist field ansatz =~
| introduce a vector field © in terms of which the
higher dimensional twist field is

K,[R] = exp (L\n/ mn - 5)
JoR
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Twist fields

Twist field correlators
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Twaist fields

Twist fields in higher dimensions

Extended operators

Where the twist fields were point like in 1 +1
dimensions, they become line operators in 2 + 1
dimensions and surface operators in 3+ 1. The

twist fields are defined by tr(p%) = (Ku[R]) .-

Twist field ansatz =~
| introduce a vector field © in terms of which the
higher dimensional twist field is

K,[R] = exp (f}\n/ n- 5)
JoR
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Twist fields

Twist field correlators
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Twist fields

Twist field correlators

Gaussian correlations
To get a feeling for the formalism, we make the

unrealistic assumption of Gaussian correlations for
©. This assumption cannot be true in general, but it
does capture the short distance singularity structure.
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Twist fields

Twist field correlators

Gaussian correlations
To get a feeling for the formalism, we make the

unrealistic assumption of Gaussian correlations for
o. This assumption cannot be true in general, but it
does capture the short distance singularity structure.

0@ correlator
The two point function for o is taken to be
f ' 5"
(@ (X)()J(O» = |X|2(d_1)
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Twist fields

Entanglement entropy
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Twist fields

Entanglement entropy

Setup

Note that A, must vanish as n — 1, but we assume
that A2 has a finite first derivative there. The

assumption of Gaussian correlations for o permits
calculation of the expectation value of K,|R].

~On{ Kol = 222 [ i (o0
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Twist fields

Entanglement entropy
Circle d = 2

The formula given above for the entanglement
entropy is divergent. Regulating the divergence

gives S = cli% + & + O(e).
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Twist fields

Entanglement entropy
Circle d = 2

The formula given above for the entanglement
entropy is divergent. Regulating the divergence

gives S = cl% + ¢ + O(e).

Sphere d = 3 _

Here we find S = ¢ (5)2 + clog (£) + O(e). Note
the logarithmic term, related to anomalies in 3 + 1
dimensions.
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Twist fields

Entanglement entropy
Circle d = 2

The formula given above for the entanglement
entropy is divergent. Regulating the divergence

gives S = cl% + & + O(e).

Sphere d = 3

Here we find S = ¢ (L) + ¢ log (£) + O(¢€). Note
the logarithmic term, related to anomalies in 3+ 1
dimensions.

Corners
The formula also glves a Iogarlthm[c correction for
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Twaist fields

Cntanglement entropy
Circle d = 2

The formula given above for the entanglement
entropy is divergent. Regulating the divergence

gives S = qé + ¢ + O(e).

Sphere d = 3

Here we find S = ¢ (L)2 + ¢ log (£) + O(e). Note
the logarithmic term, related to anomalies in 3 + 1
dimensions.

Corners
The formula also glves a Iogarlthmlc correction for
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Twnst felds Applications

A few applications

RG monotones
Can one identify quantities that are monotonic

under RG flow? There is some evidence that
entanglement “per scale” as measured by the
mutual information provides such a monotone.

( Mivers-Sinha 2010. BGS 2010)
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Twist fields A pplications

A few applications

RG monotones
Can one identify quantities that are monotonic

under RG flow? There is some evidence that
entanglement “per scale” as measured by the
mutual information provides such a monotone.

[ Myers-Sinha 2010. BGS 2010)
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A few applications

RG monotones
Can one identify quantities that are monotonic

under RG flow? There is some evidence that
entanglement “per scale” as measured by the
mutual information provides such a monotone.

[ Myers-Sinha 2010. BGS 2010)

Verifying holography
We must know to what extent predictions of the

duality can be trusted in more ordinary situations.
The basic structure of quantum information and

entanglement appears to be captured qualitatively
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A few applications

A pplications
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