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Abstract: Guided by idealized but soluble nonrenormalizable models, a nontraditional proposal for the quantization of covariant scalar field theories
is advanced, which achieves a term-by-term, divergence-free perturbation analysis of interacting models expanded about a suitable pseudofree
theory [differing from a free theory by an $O(\hbar*2)$ term]. This procedure not only provides acceptable solutions for models for which no
acceptable solution currently exists, e.g., $\varphi*4_n$, for spacetime dimension $n\ged$, but offers a new, divergence-free solution, for
less-singular models as well, e.g., $\varphi*4_n$, for $n=2,33.
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Proposal for Divergence-Free
Quantization of Covariant Scalar Fields

A Mystery Drama in Four Acts

John R. Klauder
University of Florida
Gainesville, FL
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i ACT 1: What and How

= Seek “faithful quantization” of
interacting scalar fields for all

spacetime dimensions

= Solve high dimension models first
and then extend to lower
dimensions

= Use soluble models as principal
quide
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Three Guiding Themes

= Faithful quantization: Quantizea
classical theory; then the classical
limit of that quantum theory yields
the original classical theory 3

comn e * Three Guiding Themes

= When coupling mnst_ant.cqrij_j &
fails, the free theory is no longe f' |

= Faithful quantization: Quantize a
classical theory; then the classical
limit of that quantum theory yields

the original classical theory

= Quantum corrections should not be
arbitrary but restricted in nature

= When coupling constant continuity
fails, the free theory is no longer
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.' ~ The classical limit of any: :1'
should yield the original classical theory:

=« Classical Hamiltonian  Hii.q)

= Quantum Hamiltonian

SRR The classical limit of any quantum theory
W KPO=HP0: N

i 0y 100+ e ) should yield the original classical theory

L H(P,Q) = HP.O)+17H(Q)

= Classical Hamiltonian H(p,g)
= Quantum Hamiltonian
J(P,0)=H(P.Q)+hY(P.0O.h)
Examples
(i) H(P,0)=:H(P.,O):
(i) H(P,Q)= H(P,Q)+ (perturbation terms)

(iii)y  K(P.0)= H(P.0Q)+hY(Q)
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| Quantum corrections should not be L
arbitrary but restricted in nature :

H(P,0) = H(P.Q)+ 1Y (0)

Make a scale transformation :

rsinyomd Quantum corrections should not be
0 SQ"SQ’ i arbitrary but restricted in nature

X(P.Q)= H(P.Q)+ Y (Q)

Make a scale transformation :

P>S'P. 0->S0., (S>>0
H(SP,SQ)=H(S'P,SO)+1’Y(SQ)
K(P.Q) = 1(P* +mQ%) + g0* + W5 ye ,0°
NTITUTE Favored B: (8%6), =4, p=2, f=-2
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sk Coupling constant continuity may fail i

A= =5 —gx 'l , g20 ' '

Wix=Boos(i+ b)) =W, @

= lign, oW, EW#{x=i|ﬂWﬂtb)|} ]
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Coupling constant continuity may fail

A =[x -x)—gxldt , g0 (ho)

W, {x=Bcos(t+b)} =W, = D

=W, {x=1% Bcos(t+b) |}

ex(T =x"

T = 2 —d
¢ g2 . , 1
Lor- P, G +x7)+2x " Jdiy D

lim, ,,

—x"x") _Z_h,?(x”)[hn(x')— h(—x")]e" p— ﬂ )

n=>0

= S h,(h,NE VT () [x, exp(xh)]
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i Fundamental Features

= Pseudofree model can become more
important than the usual free model

= Perturbation analysis must take place

about the pseudofree model

= T0 determine the pseudofree model,
we may need a new physical principle

= A good physical principle applies to
many models




Outline of Talk

= Covariant nonrenormalizable models
involve a hard-core interaction

= Solve a nonrenormalizable model

= Discover the main physical principle

= Apply this principle to covariant
nonrenormalizable models

= Extend principle to covariant
renormalizable models
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&L Conventional Viewpoint (1)
IfLatticc point keZ" ; latticespacing a
1= }:k[% (B — & )25’”-‘2 +%m§¢§f +

g5 i i Conventional Viewpoint (1)
B | ticc point keZ" ; lattice spacing a

[=%,[Xd —d) a” +1m;d}a" + A ¢ a"

Continuum lmit (7>5)(n=4) , (hA=1)

1° - X hoa-I h(x 1 Yd xd™ v
Em MJ - hoa chft;lf’k e Th(x)A(x—v)h(y)d xd"y

Hence the phrase :"Triviality of the ¢* theory"

PERIMETER

RS (nonfaithful quantization). Can we do better?
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For nz5, perturbation theoryleadsto
infinitely many distinct counter terms of

iConventional Viewpoint (2)

For n>35, perturbation theory leads to

infinitely many distinct counter terms of

an ever increasing degree of divergence.

Hence the label: "Nonrenormalizable".

This behavior can be understood

PERIMETER
INSTITUTE

as due to a hard - core interaction.
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Hard-core Behavior (1) -

éonsider the Sobolev - type inequality |
) dx? < CHIVHT +900*)d"x

i Hard-core Behavior (1)

Y

 Free solutions are strictly

Consider the Sobolev - type inequality
(x) d"x}"* <CI{IVAx)] +(x)"}d"x

< A% AarS _ (—w=

i
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‘Quantum implications of the sameinequa ity

A {lé(x)‘d"X}“!
[V +p(x) }d"x
ifn<4 , C=4/3;

li
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Hard-core Behavior (2)

Quantum implications of the same inequality
o) d"x}
AV +o(x)"}d"x
an<d €C€—4IF  da>S5S_ CC—=

Interaction acts partially as a hard - core; the

Iim <€

2 2

interacting theory does NOT converge to the

free theory as coupling constant goes to zero
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i Strategy for Divergences

Dealing with divergences :

Re-active : Repair every outbreak

Pro -active : Remove the source

Each approach may involve different counter terms

(E.g.. Homes located m a flood plain)

May need to guess how to remove the source

PERIMETER
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iBounds on Lattice Averages

[Z,F(d.a)al’ ) =M [[Z,F(d,a)alPe’ " T1,dé,

[Z,F(p.a)al’ ) =Z,a” F(¢.a)---F(d,.a)

[ZoF(p.a)al’ )| <Xa?|(F(4.a)---F(d,.a) )|

<%.a” | (F(4,a)")-(F(8,.a)" ) |'?

F(p.a)’)=[F($.a)’ ¥(p)" I,dg,
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ACT 2: The Study of a Soluble -
Nonrenormalizable Scalar Field

« Classical action for l:he ultralocal scalar
‘quartic interaction is

[ETERLERLT ACT 2: The Study of a Soluble

strictly different
« The absence of a gradient term lead

REEARTRRALSS Nonrenormalizable Scalar Field

= Limited ho mass and coupling ¢
renormalization, qu

(€17 this is a honfa __,m.!igq;

= Classical action for the ultralocal scalar
quartic interaction is

= [{[47(1.x) — my@* (t,x)] — A" (t.x)}dt d*x

= Classical free and pseudofree theories are
strictly different

The absence of a gradient term leads to a
nonrenormalizable quantum model for any
spatial dimension

Limited to mass and coupling constant
e renormalization, quantization is trivial
(CLT); thisis a nonfaithful quantization
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Ultralocal Scalar Models 3'.:?

Classical Hamiltonian; no (V¢)” term;

H =7+ myp*]+ A }d'x

Free ground - state distribution (4 =0)

W (g}) Kexpl-m,| ¢°d’x]

PERIMETER
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i Ultralocal Scalar Models (1)

Classical Hamiltonian; no (V@)  term; ( pf)
—|1I[7T +myp’ 1+ 29 d°x . 2y 20
Free ground - state distribution (A4, =0)

¥, (4) = Kexp[-m,[ ¢ d’°x]
Generator for free distribution (G)

S(h) = Kj‘e_l}f-;@d'x—m. _.'w;d'xnirdtﬁj(_‘_) iz e-_‘m_—- idx
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ety

Periodicspacetime lattice :  size N'=.

Points k = (k,,....k,) ; spacing a '-'ﬁt'fﬁ-?
|
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i Ultralocal Scalar Models (2)

Periodicspacetimelattice ; size N' =L

Points k=(k,...,k ) ; spacing a ; ¢ =k,

I,(my) =K'[[Z4;a’) "% I,dg,

= K;J*Klpa.spe—m.x'a" K(_\”—l)d’f dﬂ(f?)
I,(my) =O((N"/my)") I,(my) : my, =1+ A

I,(my)=I,(1)—A L)+ AI,(1)/2—--- R
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Ultralocal Scalar Models (3)

Free ground state distribution

Y (9)* o exp[-m,Z;gia’]

Pseudofree ground state distribution
2 ~(N'-R) o
V(@) < {x } exp[-myXig;a’]
K=Yk - R-WN<ax

Mass moments are now finite!
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4L Ultralocal Scalar Models (3)

" Free ground state distribution .

Wi(9)® o« expl-mZigia'] _
Pseudofree ground state distribution

" i Ultralocal Scalar Models (4)

S, (h) — my=ba m

_" = S _:\"_
”K J-eh _?J’?ae mK - a K_(bu_ I)dK dﬂ(’?) "

I} {1ba’ [e"*“e™ " dp/ | >}
=11 {1+3ba’| (€ 11 e dg/ | [

—>exp{}bd’x[[" —1] " dg/ |4} (P)
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i Ultralocal Scalar Models (5)

Old, mmteractin g, ground - state distributi on

¥,y(8)* o exp[— Uy(d.a,h)]

New, mteractin g, ground - state distribution

Py (9) o {7} exp[— Uy(g.a.h)]

Pl b=xm 2 K =S4 1 1=y

By e Ultralocal symmetry dictates proper form
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Ultralocal Scalar Models (6)

1@.a) = 15 @~ 4V i
| +;4‘,z*¢,fa +ARE Zy i | |

i Ultralocal Scalar Models (6)

I(G?f'aaah):%ik(gék_ —¢k)2 I}noz ¢_ a”
+ /‘1)2}\ ;'a” T 1 h—F Z,;_@;'a”
Inverse square field

_2¢ (I—ba® X3 — ba
F:CI’S(' a N a}<
4
PERIMETER = = y BB
REHurE F is independent of A,
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Ultralocal Scalar Models "

Iah) =35, (8 — d)2a> + S E
+ A Zpia" + A0 F zfia_;fa'*
Inverse square field '\
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i A Simple Remark: Cov1

For one vaniable (/7 =[-1, 1])

_—
'I [Gl];l

—ay

For several vanables (p>1)

1 de
J[--’ 5+ 1

Covariant models connect neighboring points.

i

FEiHE Use that fact to eliminate divergence at ¢, = 0.
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Proposed Ground State: Cov 2.

2 4o
éf = :T;Iﬁ[#k e pion H 1= <= ]

Ground state solution

i Proposed Ground State: Cov 2

-

4;35;_ —> :_,-1_1 [¢: + fo;;_mr to k! ¢f—] = ¢1— >

Ground state solution

—U(¢.a.h)/2
&

H:[< ¢n: >](l—-f?a']l 4

Normalization

F(g) =

~U(¢.a.h)

= e '
"l ’ 2 (—ba )/ 2 Hﬁd@"{ —3
F*ESWTEJEE H ;‘_ [ < ¢; >] gl o
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iProposed Lattice Action: Cov 3

I(¢.a,h) =13, (4 — )’ d" +imZ,gla"
+ A bia" + AL F(f)a”

E-—a B, I I<dé S5)
y=(1-ba’)/4 , N'=L

No new parameters; scales as kinetic term
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iProposed Lattice Action: Cov 4

a1 &
[< ¢ >]
: e L& &I
+3(1-ba’) Z;{2 ,,”‘éf - K,
: <o > [<¢ >]
<@ >=ZJ b (Ilp)
. o
1 Okdethuk,)

F.(9)=1(1-ba’)’
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Basic Ingredients: Cov 5

e U(gha )2

e
r!gizm m ]‘ R

. i Basic Ingredients: Cov 5

—U(@.a.fi)/2

e
I,

¥(9) = ¥ (9) =0

lz (é;\ Qf’k ); " EO

i S(]?) = iwj'ez': ::__h__q)__a“ h—I(o.a.h) ﬁdeék ’ (_Z)

INSTITUTE
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BE porturbation Expansion: Cov'

r,l,m:ﬂ{ il}ﬂ ?J.{A*BIC exp[-D]L

i Perturbation Expansion: Cov 6
(h) ZMj‘exp[A—B—C—D]H;\_dgzﬁk : =

_yr CDM i piom exp[- DI, dd,
= KD'm' -

=Z"Lha"; B=1mZ g;a"; C=A2, . a"
D=1%.[(¢ —#) a +iF, (¢)]a” oc=k+I+m

m o

R (4 B'C™)| < |(4°)
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& Approximate Ground State: C7

iApproximate Ground State:

K o EbAba

[T 871

\P_i(.?ﬁ): =

b =K1, Tif =k, g =1
[[Zia’ 1Y, (9) 11, dg,

-2 nd na’lh K'( baN'-1)

T.[xJ, 721 dx dp(n)
kL& g

= e
=> 7 &
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Fixing the Constants: Cov 8
Tofix 2 7 (S’ PG Tidd |
Tofix mg: JImZidia’l’ V@) Mg

B sl i Fixing the Constants: Cov 8

Result; ((ABATV)SN s

Tofix Z: Z?[[Zihd.a’]” V(o) I,dg,
To fix my : [[miZidia’ ) ¥(¢) I,dg,

Tofix A : [[AZiéia’] P(4) M,dg,

- r——1/2 nylp _
Result : ([Z7 XA d.a <o

Result : ([myZ, ¢,a"]7 )<

PERIMETER
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Result : ([A,Z.¢.a"]”) <
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i Fixing the Constants: Cov 9

[ImTiia’Y ¥, (4)" TT,dg,
-k I'nA na’ /.  paN_1

e
- a5 Ak du(n)
HA—[Zka_;'Uf_]H s

— Kl "a"x"

< mi¥a” [(N'a®™")? . my, = N'(ga)" m’

Result : ([m X . g7a"]?)<x



' * Fixing the Constants: Cov 10
Pl[Zhga’ ] Y(g) Mydg, :Z=N"">(qa)""

[[m.Z.¢a’ )’ V(@) .d. - m; = N'(ga) ' m’

[AZigia’ ) Y(P) M dg, 2 =N"(qa) >4

:mézkgﬁ;a” ] p < Q0 ; Z}né = fn: !’[L\T'(qcﬁl)s]

AZbid’1? )< 5 Z72y=A/[N'(ga)’]
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ACT 4: Commentary
Response to Critics

= RG? The continuum limit with suitable
inverse square fields is nontrivial

= SUSY and SS? Designed to eliminate
traditional divergences; not needed

= Effective theory? Maybe; more likely a
nonfaithful quantization

= Fermions? Under investigation
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Extension to Other Models

= For n<5 the classical pseudofrecand
free theories coincide. Use of the counter /
term is still allowed. Advantages: |
« Local products are from the OPE rather
than normal ordering ;
« Recall that : ¢h(x)" : s notpositive

e Extension to Other Models

« All divergences disappear

= For n<5 the classical pseudofree and
free theories coincide. Use of the counter
term is still allowed. Advantages:

= Local products are from the OPE rather
than normal ordering

= Recall that gzﬁ(,\‘): - is not positive
while the OPE square /s positive; thus the
OPE appears to be more physical

= All divergences disappear

PERIMETER
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__ i Frequently Asked Questions

= Is it a "different” theory? No, since
there are no new terms under field
scaling: ¢ > S¢, 7> S '

= As the quartic coupling goes to zero,
why is the result not the free theory?
Because the “hard core” remains.

= How does one calculate things? Perhaps
the best way is by Monte Carlo studies.




__ i Possible Applications

= Applies to any scalar field, e.q.,
M -n—F =1 = ——F i T &

1

= Principle may work for quantum gravity.
Cosmological constant term should
be the counter term. May well lead to
a different “zero-point” energy.
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Summary

= Add a fixed counter term that is 7
dependent and scales as kinetic term

= Determine parameters by self
consistency in continuum limit

= Leads to divergence-free perturbative
formalism about pseudofree model

which contains the counter term
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Further Questions?

Thank You

s "1 i Further Questions?

Thank You
&
Mercl
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