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Statistical Correlations in a Long Chain

We should be able lots about the statistical mechanics of a the long chain with Ising
style interactions. For example, let us calculate the average of the jth spin on a long
chain or the correlations among the spins in the chain. Start from

Z = Tr exp[ 2N1K"J+1";]
o
<o, >=(1/ 2)Tro, exp| 2'; Ko,.0,]
N
<o0,0,.,>=(1/2)Tro,o,., expl zjoKGj”UJ]

Here Tr means “sum over all the N spin-values”. We use periodic boundary conditions. In

this equation all the O’s are numbers, and they commute with each other.

We can make the calculation easier by replacing all the couplings by their expressions in
terms of Pauli spins matrices giving these three calculations as, first,

N
Z=tracer n exp (Eo + ET1) = tracer exp[N (|Zo + ET1)]
=
= (2 cosh K)N+(2 sinh K)N = (2 cosh K)N

The = is an approximate equality which holds for large N. Note that in this limit
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Correlations...Average magnetization

We know the answer: the system has full symmetry between spin up and spin
down so that the average magnetization must be zero. Nonetheless, let’s
calculate

Z<0;> = tracer {exp [-H T(-7)] T3 exp [-H T(N-j+1)] }
Since we can rearrange terms under a trace, as trace (ab)=trace (ba), this
expression simplifies to

= tracer { T3 exp [-H TN] }= tracer { T3 exp [- (K0+K T1)N] }

To evaluate the last expression we must take diagonal matrix elements of t: between
eigenstates of t,. Both such matrix elements are zero. why’ Because T3 acts to change the
value of T1so that T3 [T1=1> = |T1=—1>so that <Ti=1| T3 |T1=1> = <T1=1| |T1=—1>=0.
Therefore the entire result is zero and the average has the value zero, as expected.

> =0

At zero magnetic field, the magnetization of the one-dimensional Ising model is zero.
Thus, this Ising model has no ordered state. In fact no one-dimensional system with
finite interactions has one. This model is always in the disordered phase at all finite
temperatures.
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Correlations of two spins in Large N limit

Let N be large. Z simplifies to Z = exp(NK,+ NK) since the T1=1 term dominates the trace
We start from™

Z <0i0j+>= trace {e-HT T3 T1; eM*1UHTY  for large N

‘Note how the ordering in time converts into an ordering in space.
ince we can rearrange terms under a trace, as trace (ab)=trace (ba), this expression simplifies to
(tracer eNFT) <0;0j4>= tracer {e VT3 T T3},  so that

The Ko term is the same on both sides of the equation. It cancels.

For very large N and smaller r, the T1 =1 term dominates both traces.
Since the effect of t. is to change the eigenvalue of 1, this result is

exp[EN] <O|0j+r>= {exp[EN] exp[-2 Er] }, forlarge N Consequently

<0;0j+~>= exp[-2 Er] , forlarge N iii. 7

The result is that correlations fall off exponentially with distance, with the
typical falloff distance, denoted as § , being the distance between lattice
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Correlation Length

< 00, >=exp(—2rK) =exp (—arlt)
Here ar is distance between the sites of the two spins.

The result is that correlations fall off exponentially with distance,
with the typical falloff distance, denoted as &, being the distance
between lattice points (usually called a) times 1!(2D(K))=1f(2ii).
This falloff distance is very important in field theory, particle
physics, and phase transition theory. In the latter context it is
called the coherence length. It is also called the Yukawa distance
because it first came up in Hideki Yukjawa's description of
mesons. Here, in the one dimensional Ising model, we have a
very large coherence length for large K. Specifically

1/(2K) =&/a — exp(2K)/2 as K —

while is very small in the opposite limit of small K.

Hideki Yukawa

&/a— 1/(—In(2K))as K — 0

Large correlation lengths, or equivalently small masses, play an important role in statistical
and particle physics since they indicate a near-by phase transition or change in behavior.

" Correlation lengeh= a/[2D(K)] =a/(2K)
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Correlation Length

<60, >=exp(—2rK)  =exp (-arl€)
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This falloff distance is very important in field theory, particle
physics, and phase transition theory. In the latter context it is
called the coherence length. It is also called the Yukawa distance
because it first came up in Hideki Yukjawa's description of
mesons. Here, in the one dimensional Ising model, we have a
very large coherence length for large K. Specifically

1/(2R) = &/a — exp(2K)/2 as K — oo

while is very small in the opposite limit of small K.
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Large correlation lengths, or equivalently small masses, play an important role in statistical
and particle physics since they indicate a near-by phase transition or change in behavior.

- L‘é.oog?zcc:nr'rr'&lau:ion length= a/[2D(K)] :aJ(ZE)
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BlochWallsin 1 d

In the Ising model at large values of the coupling, K, the spins tend to line up.

RRRRRRRARRRRRRRRRRRRRAN

However, with a cost in probability exp(-2K) a whole region might flip its
spins, producing a defect called a Bloch wall

e I

This kind of defect produces the decay of correlations in the
Ising model at low temperatures. In any long Ising chain, many
such defects will be randomly placed and ruin any possibility
of correlations over infinitely long distances.

This is the simplest example of what is called a topological excitation, a defect
which breaks the ordering in the system by separating two regions with

different kinds of order. Since ordering is crucial in many situations, so are
topological excitations.

Notice that, at low temperatures, this kind of excitation is much more likely than a
rirsa 10100028iMple flip of a single spin. The wall costs a factor of exp(-2K); the flip costs exp(=4K).
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Renormalization for 1D ising,

following ideas of Kenneth Wilson, this calculation is due to David Nelson and myself

& = Z exp(Wgk{o}) = Z exp(Koyoy + Kosog +---)
e i SN
Rearrange calculation: Rename spins separated by two lattice sites: let H1=01; H2=03,
H3=0s. ....; and sum over every other spin, 02, 04.....

Z = E E exp(Kpyo2 + Koapua + ---) = E exp(w’{u})
1.2, 02,04, Hy.p2.
Note that sum over 02, 0%..... generates only nearest neighbor interactions for

the Y’s
w{U}=const + K" hy o+ K" 2 p3 + ...

K" describes same system as before, with a new separation between lattice sites,
which is twice as big as the old separation. Since the physical system is the

same, physical quantities like the correlation length and the entropy are
unchanged, but their description in terms of couplings and lattice constants has
changed. In particular, the new lattice spacing is a” =2a, but the correlation length
is exactly the same §” = €. Since we know that the correlation length is given by

& = a/[2D(K)], we know that the new coupling obeys a/[2D(K)] = a"/[2D(K")]

we find that the new coupling obeys D(K") = 2 D(K) before we do any detailed
rsafi@mermalization calculations. Since D is a decreasing function of K we know that  rage auiss

the new, renormalized, coupling is smaller than the old one.


















b et g el Al e B
















Pirsa: 10100022 Page 52/164



Pirsa: 10100022 Page 53/164



Pirsa: 10100022 Page 54/164



Pirsa: 10100022 Page 55/164



Pirsa: 10100022 Page 56/164



Pirsa: 10100022 Page 57/164



Pirsa: 10100022 Page 58/164



Pirsa: 10100022 Page 59/164



Pirsa: 10100022 Page 60/164



Pirsa: 10100022 Page 61/164



Pirsa: 10100022 Page 62/164



Pirsa: 10100022 Page 63/164



Pirsa: 10100022 Page 64/164



Pirsa: 10100022 Page 65/164



Pirsa: 10100022 Page 66/164



Pirsa: 10100022 Page 67/164



Pirsa: 10100022 Page 68/164



Pirsa: 10100022 Page 69/164



Pirsa: 10100022 Page 70/164



Pirsa: 10100022 Page 71/164



Pirsa: 10100022 Page 72/164



Pirsa: 10100022 Page 73/164



Pirsa: 10100022 Page 74/164



Pirsa: 10100022 Page 75/164



Pirsa: 10100022 Page 76/164



Pirsa: 10100022 Page 77/164



Pirsa: 10100022 Page 78/164



Pirsa: 10100022 Page 79/164



Pirsa: 10100022 Page 80/164



Pirsa: 10100022 Page 81/164



Pirsa: 10100022 Page 82/164



Pirsa: 10100022 Page 83/164



Pirsa: 10100022 Page 84/164



Pirsa: 10100022 Page 85/164



Pirsa: 10100022 Page 86/164



Pirsa: 10100022 Page 87/164



Pirsa: 10100022 Page 88/164



Pirsa: 10100022 Page 89/164



Pirsa: 10100022 Page 90/164



Pirsa: 10100022 Page 91/164



Pirsa: 10100022 Page 92/164



Pirsa: 10100022 Page 93/164



Pirsa: 10100022 Page 94/164



Pirsa: 10100022 Page 95/164



Pirsa: 10100022 Page 96/164



Pirsa: 10100022 Page 97/164



Pirsa: 10100022 Page 98/164



Pirsa: 10100022 Page 99/164



Pirsa: 10100022 Page 100/164



Pirsa: 10100022 Page 101/164



Pirsa: 10100022 Page 102/164



Pirsa: 10100022 Page 103/164



Pirsa: 10100022 Page 104/164



Pirsa: 10100022 Page 105/164



Pirsa: 10100022 Page 106/164



Pirsa: 10100022 Page 107/164



Pirsa: 10100022 Page 108/164



Pirsa: 10100022 Page 109/164



Pirsa: 10100022 Page 110/164



Pirsa: 10100022 Page 111/164



Pirsa: 10100022 Page 112/164



Pirsa: 10100022 Page 113/164



Pirsa: 10100022 Page 114/164



Pirsa: 10100022 Page 115/164



Pirsa: 10100022 Page 116/164



Pirsa: 10100022 Page 117/164



Pirsa: 10100022 Page 118/164



Pirsa: 10100022 Page 119/164



Pirsa: 10100022 Page 120/164



Pirsa: 10100022 Page 121/164



Pirsa: 10100022 Page 122/164



Pirsa: 10100022 Page 123/164



Pirsa: 10100022 Page 124/164



Pirsa: 10100022 Page 125/164



Pirsa: 10100022 Page 126/164



Pirsa: 10100022 Page 127/164



Pirsa: 10100022 Page 128/164



Pirsa: 10100022 Page 129/164



Pirsa: 10100022 Page 130/164



Pirsa: 10100022 Page 131/164



Pirsa: 10100022 Page 132/164



Pirsa: 10100022 Page 133/164



Pirsa: 10100022 Page 134/164



Pirsa: 10100022 Page 135/164



Pirsa: 10100022 Page 136/164



Pirsa: 10100022 Page 137/164



Pirsa: 10100022 Page 138/164



Pirsa: 10100022 Page 139/164



Pirsa: 10100022 Page 140/164



Pirsa: 10100022 Page 141/164



Pirsa: 10100022 Page 142/164



Pirsa: 10100022 Page 143/164



Pirsa: 10100022 Page 144/164



Pirsa: 10100022 Page 145/164



Pirsa: 10100022 Page 146/164



Pirsa: 10100022 Page 147/164



Pirsa: 10100022 Page 148/164



Pirsa: 10100022 Page 149/164



Pirsa: 10100022 Page 150/164



Pirsa: 10100022 Page 151/164



Pirsa: 10100022 Page 152/164



Pirsa: 10100022 Page 153/164



Pirsa: 10100022 Page 154/164



Pirsa: 10100022 Page 155/164



Pirsa: 10100022 Page 156/164



Pirsa: 10100022 Page 157/164



Pirsa: 10100022 Page 158/164



Pirsa: 10100022 Page 159/164



Pirsa: 10100022 Page 160/164



Pirsa: 10100022 Page 161/164



Pirsa: 10100022 Page 162/164



Pirsa: 10100022 Page 163/164



Pirsa: 10100022 Page 164/164



