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Exact diagonalization of the XXX
(isotropic) Heisenberg spin 1/2 chain

Spnopersors |}

ClearAll[s]|
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Exact diagonalization of the XXX
(isotropic) Heisenberg spin 1/2
chain

spinoperators

ClearAll[S]
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ClearAll[S]|
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ClearAll[S]

S[i ] := PauliMatrix[i]
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soropemos |}

In[139 ClearAll[S]
S[i ] := PauliMatrix[i] / 2;

dim : =
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ClearAll[S]
S[i1 ] :=PauliMatrix([:] / 2;

... dim := Length[S[1]]
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ClearAll[S]

S[i ] := PauliMatrix[i] / 2;

w2~  Length([S[1]]

142} 2

1:1. dim := Length[S[1]]
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sonopermos |

ClearAll[S]

S[i ] := PauliMatrix[i] / 2;

122~ Length([S[1]]

hut{ 1421 2

S
i

dim := Length[S[1]]
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“

ClearAll[S]

S§[1 ] := PauliMatrix[:] / 2;

w2  Length([S[1]]
142 2 1
s(1]
1, (1 '_5
! 0: =X % =3 0
2 2

1:1. dim := Length[S[1]]
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ClearAll[S]

S§[i ] := PauliMatrix[i] / 2;

Length[S[1]]
hut{ 142 2 |
! s[1]
1 1 ’
hut]14 0, —?0 4=+ 0}
2 2
Length

141 dim := Length([S[1]]
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soropemos |}

ClearAll[S]

S[i ] := PauliMatrix([i] / 2;

{142 Length([S[1]]
hut] 142 2 |
I S(1]

1 1 ’
ut{ 143 ':'01_'r"_r 0

2 2

o144 L.ngth[{!r b}]
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ClearAll[S]

S[i ] := PauliMatrix[i] / 2;

Length[S[1]]

Length([{a, b}]

hut] 144 2

dim := Length[S[1]]
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S[i ] := PauliMatrix[i] /2;

Length([S[1]]

hut{ 142 2

s[1]

Length[{a, b)]

hut{ 144 2

dim := Length[S[1]]
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S[1 ] := PauliMatrix([1] / 2;

>  Length[S[1]]

Length[{a, b}]

hut] 144 2

dim := Length[S[1]]

dim -1

spin :=
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Length([S[1]]

Length([{a, b}]

hut] 144 2

dim := Length[S[1]]

dim - 1

spin :=
- 2
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Length([S[1]]

Length([{a, b}]

bt 144 2 —

dim := Length[S[1]]

dim-1

spin :=
. 2
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S[i ] := PauliMatrix[i] / 2;

Length[S[1]]

Length([{a, b}]

ut{144)= | 2

dim := Length[S[1]]

dim - 1 Page 87/328
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S[i ] := PauliMatrix[i] / 2;

dim := Length[S[1]]

dim - 1
2

spin :=

S[1].8[2]
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Spimoperators )

ClearAll[S]

In[14 S§S[i1 ] := PauliMatrix[i] / 2;

141 dim := Length[S[1]]

. dim-1
TR RIEL spain =

s[1].s[2]
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Spimoperators )

ClearAll[S]

In[14 S[i ] := PauliMatrix[i1] / 2;

1417~ dim := Length[S[1]]

dim - 1

In[145 spin :=
2

s[1].8[2] - S[2].S[1]
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Spinoperators ||

ClearAll[S]

S[i ] := PauliMatrix[i] / 2;

w141~ dim := Length[S[1]]

dim -1

spin :=
" 2

S[1].S[2] - S[2].S[1] = I S[3]|
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Soopermors )

ClearAll[S]

S[i ] := PauliMatrix[i] / 2;

dim := Length[S[1]]

dim - 1

spin :=
- 2

S[1].S[2] -S[2].S[1] = IS[3],]
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Spin operators

ClearAll[S]

S[i ] := PauliMatrix([i] / 2;

(1:1. dim := Length[S[1]]

dim - 1

N 145 s in -
" 2

S[1].S[2] - S[2].S[1] = I S[3],
S[1].8[2] - S[2].S[1] = I §[3],
S[1].S[2] - S[2].S[1] = IS[3]
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Spinoperators )

ClearAll[S]

-]

S[i ] := PauliMatrix[1] / 2;

dim := Length[S[1]]

dim- 1

spin :=
2

S[1].8[2] - S§[2].S[1] = I §[3],
S[2].S[3] - S[3].S8[2] = I§[1],
S[3].S[1] -S[1].S[3] = I S[3]
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Spin operators

ClearAll[S]

S[i ] := PauliMatrix([i1] / 2;

s  dim := Length[S[1]]

dim - 1

(145 spin :=
" 2

And[S[1].S[2] - S[2].S[1] = I S[3],
S[2].S[3] -S[3].S[2] = IS[1],
S[3].S[1] -S[1].S[3] = IS[2]
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Spin operators

ClearAll[S]

S[i ] := PauliMatrix[i] / 2;

(141 dim := Length[S[1]]

dim - 1

spin :=
” 2

And [
S[1].S[2] - S[2].S[1] = IS[3],
S[2].S[3] -S[3].S8[2] = IS[1],
S[3].S[1] -S[1].S[3] = IS[2]]
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Soopermors )

ClearAll[S]

S[i ] := PauliMatrix[i] / 2;

dim := Length[S[1]]

dim - 1

spin :=
. 2

check :=|And |
S[1].8[2] -s[2].8[1] =IS[3],
S[2].S[3] -s[3].8[2] =1IS8[1],
S[3].S[1] -S[1].8[3] =IS[2]]
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spinoperators |

ClearAll[S]

S[i ] := PauliMatrix[i] / 2;

dim := Length[S[1]]

dim - 1

2

spin :=

check := And |
S[1].8[2] -s[2].8[1] =IS[3],
S[2].S[3] -S[3].8[2] =IS[1],
S[3].S[1] -S[1].8[3] =IS8[2]]
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Smopermors )

ClearAll[S]

S[i]] := PauliMatrix[i] / 2;

dim := Length[S[1]]

dim - 1

spin :=
. 2

check := And |
S[1].8[2] -s[2].S[1] =IS[3],
S[2].8[3] -S[3].8[2] =1IS8[1],
S[3].S[1] -S[1].8[3] =IS[2]]

Pirsa: 10090078 Page 99/328




I Mathematica File Edit Insert Format Cell Graphics Evaluation Palettes Window Help

Soopermors )

ClearAll[S]

S[i ] = PauliMatrix([i] / 2;|

dim := Length[S[1]]

dim - 1
spin :=

check := And|
S[1].8[2] -S[2].8[1] =IS[3],
S[(2].S[3] -S[3].58[2] =1IS8[1],
S[3].S[1] -S[1].8[3] =1IS8[2]]
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ClearAll[S]

S[i ] = PauliMatrix[i] /2

- |

PauliMatrix|i]
2

..  dim := Length[S[1]]

dim- 1

spin :=
" 2

check := And |
S[1].S[2] -s[2].8[1] =1IS8[3],
S[2].S[3] -S[3].8[2] =1IS8[1],
S[3].S[1] -S[1].8[3] =1IS8[2]]
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spinoperators )

uti 1

ClearAll[S]

S[i1 ] = PauliMatrix([i] / 2|

PauliMatrix|i]
2

iy  dim := Length[S[1]]

dim - 1
2

spin :=

check := And |
S[1].S[2] -Ss[2].8[1] =1IS8[3],
S[2].S[3] -S[3].58[2] =1IS8[1],
S[3].S[1] -S[1].8[3] =1IS8[2]]
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“

Spmopermors ]

ClearAll([S]
S[i ] = PauliMatrix([i] / 2;
dim := Length[S[1]]

dim - 1

spin :=
" 2

check := And |
S[1].S8[2] -s[2].8[1] =IS[3],
S[2].8[3] -S[3].58[2] =1IS8[1],
S[3].S[1] -S[1].8[3] =IS[2]]
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Spimoperators )

ClearAll[S]

S[i ] = PauliMatrix([i] / 2;

In[141 dim := Length[S[1]]

dim -1
2

In{14¢ spin :=

check := And |
S[1].8[2] -S[2].8[1] =IS[3],
S[2].S8[3] -S[3].58[2] =IS8[1],
S[3].S[1] -S[1].8[3] =IS[2]]
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Smopermors )

ClearAll[S]
S[i ] = PauliMatrix([i] / 2;
dim := Length([S[1]]

dim - 1

spin :=
o 2

check := And |
S[1].S[2] -S[2].8[1] =IS8[3],
S[2].S[3] -S[3].8[2] =1IS8[1],
S[3].S[1] -S[1].8[3] =IS[2]]

dim
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Spin operators

ClearAll[S]

S[i ] = PauliMatrix([i] / 2;

Inf141 dim := Length[S[1]]

dim - 1

spin :=
" 2

check := And|
S[1].8[2] -s[2].8[1] =IS[3],
S[2].8[3] -S[3].8[2] =IS8[1],
S[3].S[1] -S[1].8[3] =IS[2]]
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Spin operators

ClearAll[S]

S[i1 ] = PauliMatrix([i] / 2;

dim := Length[S[1]]

dim-1
2

spin := i

check := And |
S[1].8[2] -s[2].8[1] =IS8[3],
S[2].S[3] -S[3].58[2] =1IS8[1],
S[3].8[1] -S[1].8[3] =IS[2]]

Pirsa: 10090078 Page 107/328




I Mathematica File Edit Insert Format Cell Graphics Evaluation Palettes Window Help
MY TR © S o T o R TR
Spin operators

ClearAll[S]

S[i ] = PauliMatrix([i] / 2;

dim := Length[S[1]]

dim - 1

spin :=
” 2

check := And |
S[1].S8[2] -S[2].8[1] =IS[3],
S[2].S[3] -S[3].8[2] =IS8[1],
S[3].S[1] -S[1].8[3] =IS[2]]
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ClearAll[S]

S[i ] = PauliMatrix([i] / 2;

dim := Length[S[1]]

dim -1

spin := =

check := And|
S[1].8[2] -sS[2].8S[1] =IS[3],
S[2].8[3] -S[3].8[2] =1IS8[1],
S[3].8[1] -s[1].8[3] =IS[2]]
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Spin operators

ClearAll[S]

S[i ] = PauliMatrix([i] / 2;

dim := Length[S[1]]
dim - 1

spin :=
» 2

check := And [
S[1].S[2] - S[2].S[1] = I S[3],
S[2].S[3] - S[3].S[2] = IS[1],
S[3].S[1] -S[1].S[3] = IS[2]]
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Spinoperators )

397  ClearAll([S]

S[i1 ] = PauliMatrix([i] / 2;

dim := Length[S[1]]
dim - 1
2

spin :=
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Spin operators

ClearAll[S]

S[i ] = PauliMatrix([i] / 2;

dim := Length[S[1]]
dim - 1
2
check := And |
S[1].S[2] -S[2].8[1] =IS[3],
S[2].S[3] -S[3].58[2] =1IS8[1],
S[3].S[1] -S[1].8[3] =1I8[2]]

spin :=
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ClearAll[S]

S[:1 ] = PauliMatrix([i] / 2;

dim := Length[S[1]]
dim - 1
2

check := And|

S[1].S8[2] -s[2].8[1] =IS8[3],

S[2].8[3] -S[3].8[2] =IS[1],

S[3].8[1] -S[1].8[3] =IS[2]]
]

spin :=
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ClearAll[Ss]

S[:1 ] = PauliMatrix([i] / 2;

dim := Length([S[1]]
dim -1
2
check := And|

spin :=

S[1].S[2] - S[2].8[1] = I S[3],
S[2].S[3] - S[3].S8[2] = IS[1],
S[3].S[1] -S[1].S[3] = IS[2]
]

dim
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ClearAll[S]

S[1 ] = PauliMatrix([i] / 2;

dim := Length([S[1]]
dim -1
2
check := And|

spin :=

S[1].S[2] - S[2].S[1] = IS[3],
S[2].S[3] -S[3].S8[2] = IS[1],
S[3].S[1] -S[1].S[3] = I S[2]
]
dim
butf12 2
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Cell Graphics Evaluation Palettes Window Help

=

S[:1 ] = PauliMatrix([i] / 2;

dim := Length[S[1]]
dim -1
2
check := And|
S[1].S8[2] -S[2].8[1] =1IS8[3],
S[2].8[3] -s[3].58[2] =1IS8[1],
S[3].S[1] -S[1].8[3] =IS[2]
]

spin :=

dim

Pirsa:..10090078
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dim := Length[S[1]]

) ._d:i.--l
spin := -
check := And|
S[1].8[2] -s[2].8[1] =IS8[3],
S[2].S[3] -S[3].58[2] =IS[1],
S[3].S[1] -S[1].8[3] =IS8[2]
]
dim
) 2
spin
1
g
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dim - 1
2
check := And|
S[(1].S[2] -S[2].8[1] =1IS8[3],
S[2].8[3] -s[3].58[2] =1IS8[1],
S[3].S[1] -S[1].8[3] =1IS8[2]
]

spin :=

dim

check

hutl 1551= True
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dim := Length[S[1]]

; ._dil-l
spin := -
check := And |
S[1].S8[2] -S[2].S[1] =1IS8[3],
S[2].S8[3] -s[3].8[2] =IS8[1],
S[3].8[1] -S[1].8[3] =IS[2]
]
dim
) 2 -‘I
spin
1
iy 2—
. check |

hut! 1551 True
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) ._dil-l
spin := 2
check := And|
S[1].S[2] -S[2].S[1] =IS[3],
S[2].8[3] -S[3].8[2] =IS[1],
S[3].S[1] -S[1].8[3] =IS[2]
]
dim
. 3
4 spin
-
. 2
check
u True 1
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2
check := And|
S[1].S8[2] -s[2].S[1] =IS[3],
S[2].S8[3] -S[3].8[2] =1IS[1],
S[3].S[1] -S[1].8([3] = IS[2]
]
dim
bt 15 . 2 1
spin
=
i 2
check
hut{ 155] True 1
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2
check := And|
S[1].S[2] -S[2].S[1] =IS[3],
S[2].S[3] -S[3].S[2] =1IS[1],
S[3].S[1] -S[1].S[3] = IS[2]
]
dim
ut{1 2 -:
spin
£ 1
LW - 2
check
hutf 1551 True 1
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5[21:5[3] -S[3].8[2] =
S[3].S[1] -S[1].S[3] = I S[2]
]

|
L)
7]
| o |
—
—
-

dim

hut] 153 2

spin

N |

check

hut] 155 True

Suppose we want spin 1
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s[2] :3[3] -S[3].S8[2] = IS[1],
S[3].S[1] - S[1].S[3] = I S[2]
]

dim

check

hut{155] True
Suppose we want spin 1
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sm:s[a] -S[3].8[2]
S[3].S[1] -S[1].S[3] =

Pl
H -
nh n
— —
N -
St Sl

-

]

dim

check

hutf 1 True
Suppose we want spin 1
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S[3] :5[1] -S[1].8([3] =

]

dim

check

True

Suppose we want spin 1

e[a ] := Signature[{a}]
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S[3].S[1] - S[1].S[3] = I S[2]
]

dim

hut]1: 2

1541= | sSpin

N =

check

hut] 155 True

Suppose we want spin 1

e[a ] := Signature[{a)}]
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S[3].S[1] -S[1].S[3] = I S[2]
]

dim

bt 153] 2

spin

check

hutl 155 )= True

Suppose we want spin 1

€[a ] := Signature([{a}]
Bf[i ] :=l
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N

S[3].S[1] -S[1].S[3] = I S[2]
]

dim

atf153)= | 2

spin

N =

check

bt 1551 True

Suppose we want spin 1

e[a ] := Signature([{a}]
S[i ] :=-ITable[e[i, 7, k], (]l
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S[(3].S[1] -S[1].S[3] = I S[2]
]

dim

! 1 ] 2

spin

(S

check

hut] 155 }= True

Suppose we want spin 1

€[a ] :=Signature({a}]
S[i ] :=-ITable[e[1i, j, k], (3, 3}, (k, 3}]|
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S[3].S[1] -S[1].S[3] = I S[2]
]

dim

huti 1 ] 2

spin

1 ]
HES St

check

hutl 155]= True

Suppose we want spin 1

€[a ] :=Signature([{a}]
S[i ] := -ITable[e[1i, j, k], (i, 3}, (k, 3}]
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hut] 154

2
check

hutl 155 True

Suppose we want spin 1

e[a ] := Signature[{a}]
S[i ] :=-ITable[e[:i, i, k], {3, 3}, {%, 3}]
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check

True

Suppose we want spin 1

€[a ] := Signature[{a}]
S[i ] :=-ITable[e[1, 7, k], (3, 3}, (k, 3}]

S[1]
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2
check

hut{ 155 True

Suppose we want spin 1

e[a ] := Signature[{a}]
S[i_] := -ITable[e[i, j, k], (3, 3}, (k, 3}]

S(1]

dim
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S[i ] = PauliMatrix[i] / 2;

dim := Length[S[1]]
dim - 1

spin :=

check := And|

S[1].8[2] -8[2].8[1] = IS[3],I
S[2].8[3] -S[3].8[2] =1IS8[1],
S[3].S[1] -S[1].S[3] =IS[2]
]
dim
) 2
spin
1
e 2
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check

hut{155 True
Suppose we want spin 1

e[a ] := Signature[{a}]
S[i ] :=-ITable[e[i, j, k], {3, 3}, {k, 3}]

s(f]

dim
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check

hut]155] True

Suppose we want spin 1

e[a ] := Signature[{a}]
S[i_] :=-ITable[e[i, j, k], (i, 3}, (k, 3}]

S[1]
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|

check

bt 1 € True

Suppose we want spin 1

€[a ] := Signature([{a}]
S[i ] :=-ITable[e[1, 7, k], {3, 3}, (k, 3}]

S[1]

huti 158 "0;0,0"'0'0;_;«.';'0;5.,0':‘
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2156 e[a ] := Signature[{a}]
S[i ] :=-ITable[e[i, j, k], {3, 3}, {k, 3}]
S[1]

{0,0,0}, {O,0, -0}, {0, 1, O}}

spin
Duit] 1 1
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hut{1551}= True

Suppose we want spin 1

€[a ] := Signature({a}]
S[i ] :=-ITable[e[i, 7, k], {3, 3}, (k, 3}]

S[1]

hut] 1 ] "0’0’0';'0'0;_1','0;1,0';’

spin
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] := Signature([{a}]
S[i_] := -ITable[e[i, 7, k], {3, 3}, {k, 3}]

hitl 158 "0,0,0; 0' U; _i."G, i,U'.'

spin

check

hut! 16 1 True
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= Signature[{a}]
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efa ] :
S8[i ] :=

S[1]

spin

check
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uppose we want spin

e[a ] := Signature[{a}]
S[i ] :=ITable[e[i, i, k], {3, 3}, (k, 3}]

s[1]

spin

check

ut{ 161 True
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€[a ] := Signature[{a}]
S[i ] :=ITable[e[i, j, k], {7, 3}, {(k, 3}]

s[1]

u1se= | ({0, 0, 0}, (0, 0, -i}, {0, i, O}}

spin

check

hut] 164 False
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uppose we want spin

= Signature[{a}]

e€la_]
-ITable[e[i, 3, k], {3, 3}, (k, 3}]

S8[i ] :=

S[1]

spin

check
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€[a ] := Signature[{a}]
s[+_] ==£-1'1‘ab-19[€[i. ie k], {3, 3}, {k, 3}]

S[1]

spin

check

hut] 1 True
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Suppose we want spin 1

1

€[a ] := Signature[{a}]
S[i_] := -ITable[e[1i, j, k], {3, 3}, {k, 3}]

S[1]

hut] 16 "0,0,0;'0, Ut‘i-‘l'orilo

spin

check
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check

htl 155 True

¥

Suppose we want spin 1

€[a ] := Signature([{a}]
S[i ] :=-ITable[e[i, j, k], {7, 3}, (k, 3}]

s[1]

spin

uti 16% 1
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check

but{155] True I
Suppose we want spin 1

= Signature[{a}]

ela_]
-I Table(e([i, j, k], {3, 3}, {k, 3}]

S[i ] :=

S[1]

spin
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spin :=
» 2

check := And |
S[1].S[2] -S[2].S[1] =IS[3],
S[2].S8[3] -S[3].58[2] =1IS[1],
S[3].S[1] -S[1].8[3] =1IS8[2]
]

dim

check

hut{ 15 True
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spin :=

2
check := And|
S[1].8[2] -S[2].8[1] =IS8[3],
S[2].S[3] -S[3].58[2] =1IS8[1],
S[3].S[1] -S[1].8S[3] =IS[2]
]

—_— —
Suppose we want spin 1

e[a ] := Signature({a}]
S[i ] :=-ITable[e[i, j, k], {3, 3}, (k, 3}]

S[1]
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spin :=

2
check := And|
S[1].8[2] -S[2].8S[1] =IS[3],
S[2].S[3] -S[3].58[2] =1IS[1],
S[3].S[1] -S[1].8[3] =1IS8[2]
]

Suppose we want spin 1

L s BRlica: 100900§P‘.I.n Page 152/328




I Mathematica File Edit Insert Format Cell Graphics Evaluation Palettes

Window Help

[
m

spin :=

2
check := And|[
S[1].S[2] -S[2].S[1] =IS[3],
S[2].S[3] -S[3].8[2] =1IS[1],
S[3].S[1] -S[1].8[3] =1IS8[2]
]

Suppose we want spin 1

dim

spin
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S(2].S[3] -S[3].5[2] =IS[1],
S(3].S[1] -S[1].S[3] = IS[2]
]

Suppose we want spin 1
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ClearAll[S]

S[i1 ] = PauliMatrix([i] / 2;

dim := Length[S[1]]
dim - 1
2
check := And|
S[1].8[2] -IS[Z] .S[1]

spin :=

= I8[3],
S[2].S8[3] -s[3].8[2] =1IS8[1],
S[3].S[1] -S[1].S[3] = I S[2]

]

Suppose we want spin 1
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S[i ] = PauliMatrix[i] / 2;

dim := Length[S[1]]
dim - 1
2
check := And |
S[1].S8[2] -s[2].8[1] =IS[3],
S[2].8[3] -s[3].8([2] =1IS[1],
S[3].S[1] -S[1].8[3] =IS8[2]
]

spin :=

Suppose we want spin 1
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S[i ] = PauliMatrix[i] / 2;

dim := Length[S[1]]
dim - 1
2
check := And |
S[1].S8[2] -S[2].8S[1] =IS[3],
S[2].8[3] -s[3].8([2] =1IS8[1],
S[3].S[1] -S[1].8[3] =1IS8[2]
]

spin :=

Suppose we want spin 1
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Suppose we want spin 1
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Tensor product |

CircleTimes = KroneckerPR|
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Tonsorproduet

CircleTimes = KroneckerProduct;
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Tensor product |

i/ 1 CircleTimes = KroneckerProduct;

s[1]|
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Suppose we want spin 1

Tonsorproduet

CircleTimes = KroneckerProduct;

S[1]®S[1] + S[1] ®S[1]|
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Tensorproduct

CircleTimes = KroneckerProduct;

S[1]®S[1] +S[1]®S[1] +S[1] ®S[1]
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Tonsorproduet )

1177 . CircleTimes = KroneckerProduct;

S[1]®S[1] +S[2] ®S[2] + S[3] ®S[3]
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Tensor product |

177 . CircleTimes = KroneckerProduct;

cl

S[1]®S[1] +S[2] ®S[2] +S[3] ®S[3]
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Tensor product 1

1. CircleTimes = KroneckerProduct;
c* :

Eigenvalues[S[1]®S[l] +S[2]®S[2] +S[3]®S[3]]
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Tonsorproduet )

.17 .  CircleTimes = KroneckerProduct;
c* :

Eigenvalues[S[l]®S[1l] +S[2]®S[2] +S[3]®Ss[3]]
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Tensor product !

— CircleTimes = KroneckerProduct;

v :

In[178 Eigenvalues[S[1]®S[1l] +S[2]®S[2] +S[3]@eS[3]]
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Tensor product

(1777. CircleTimes = KroneckerProduct;

e* : , dsI :

L
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Tensor product

<177 CircleTimes = KroneckerProduct;

e* : , dsI :

Eigenvalues[S[1]®S[1l] +S[2]®S[2] +S[3]eS[3]]
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3
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Tensor product

CircleTimes = KroneckerProduct;

c* : , dsI :

In{178 Eigenvalues[S[1]®S[1l] +S[2]®S[2] +S[3]®S8[3]]
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CircleTimes = KroneckerProduct;
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n[178 Eigenvalues[S[1]®S[1l] +S[2]®S[2] +S[3]eS[3]]
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Tensor product

177 CircleTimes = KroneckerProduct;

e* : , dsI :

Eigenvalues[S[1]®S[1l] +S[2]®S[2] +S[3]®S[3]]

¥ |

r 3
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I[n ] := IdentityMatrix
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Tensor product

77 . CircleTimes = KroneckerProduct;

c*E;Ed!IE

Eigenvalues[S[1]®S[1l] +S[2]@®S[2] +S[3]®S8[3]]
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I[n_] := IdentityMatrix[2"]
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Tensor product |

(177 . CircleTimes = KroneckerProduct;
c* : , dsI :

Eigenvalues[S[1]®S[1] +S[2]®S[2] +S[3]®S[3]]

vy |

k i
i

I[n_] := IdentityMatrix[dim"];
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Tensor product

CircleTimes = KroneckerProduct;

e* : , dsI :

n[178 Eigenvalues[S[1]®S[1l] +S[2]®S[2] +S[3]eS[3]]

AL

I[n_] := IdentityMatrix|dim"];

dsl
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c* : , dsI :

n[178 Eigenvalues|[S[1]®S[1l] +S[2]®S[2] +S[3]®S[3]]

. 1 1
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I[n_] := IdentityMatrix|[dim"|;
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Hamiltonian

I[n ] := IdentityMatrix [d.i.-" ] ;

n1a1 - I[3] // MatrixForm

t{181}/MatnxFarm 3

1 00000O0O0D0,
01 0000O00
001 00O0O0OD0O
0 00100O00O0
00001000
0 000O0TI1O00
0 000O0OTI1IO0
0 00O0O0OO0OT1)

I[n] ®S[i] ®S[i] ®I |

Pirsa: 10090078 Page 190/328




Mathematica File Edit Insert Format Cell Graphics Evaluation Palettes Window Help
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In[177 CircleTimes = KroneckerProduct;

c* : , dsl :

—
Eigenvalues[S[1]®S[1l] +S[2]®S[2] +S[3]®S[3]]

o I[n_] := IdentityMatrix|dim"];

a1~ I[3] // MatrixForm
t{ 181 )/MatnxForm= 9
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I[5_] := IdentityMatrix[dim"];

I[3] // MatrixForm

{181)/MatrixFom
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I[n_] := IdentityMatrix[dim’];

I[3] // MatrixForm

{18 1)/MatrixForm 3
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I[5_] := IdentityMatrix[dim"];

181}/ MatrixFar
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Dlrin]@s[i]@es[i] @X[L - n - 2]
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I[5_] := IdentityMatrix[dim"];

I[3] // MatrixForm

i 181)/MatrixFaor
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01 000O0O0D0O
001 00O0OO0OD0O
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00001000
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D.I[n] ®S[i] ®S[i] ®I[L - n - 2]
i=1
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I[n_] := IdentityMatrix[dim’];

I[3] // MatrixForm

{18 1)/MatrixForm 3
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00001000
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Zl[n] ®S[i]®S[i] ®I[L - n - 2]
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I[n_] := IdentityMatrix[dim"];

I[3] // MatrixForm

{181)/MatrixFom

1 00000O0D0,
01 0000O00D0O
0 01 000O00
0 0010O0O00
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0 000OO01O00
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0 000O0O0OO0O1

e* : , dsl :,

3
).I[n] ®S[i] ®S[i] ®X[L - n - 2]
izl
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I[5_] := IdentityMatrix[dim"];

I[3] // MatrixForm

{18 1)/MatrixForms= ]
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01 000O0O0D0
001 00O0OO0OD0O
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00001000
0 000O01O00O0
0 000OO0OOTI1IO0
00 000O0OO01

e* : , daXk :,

I[n] ®S[i] ®S[i] ®I[L - n - 2]
i=1
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I[n_] := IdentityMatrix[dim’];

I[3] // MatrixForm

o000 00 0O =
o 0 00 0 0O MO
O 0000 M+~ O O
(= T = B = N == T = Y = R =
oCc o O OO0 O
(= = R e = =~ I = = =
o H O O O O O O
-~ 0 0O 0O 0O O O O

e* : , dsl :,

3
ZZI[n] ®S[i]®S[i] ®I[L - n - 2]

i=1
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I[n_] := IdentityMatrix[dim’];

I[3] // MatrixForm

I{181)/MatrixForm 3

1 00000O0D0,
01 000O0OO0D0O
0 01 00O0O0OD0
0 0010O0O0OD0O
00001000
0 000O01O00
0 00O0OO0OO0OTI1IO0O
00 00O0O0OO0OI1

e* : , dsI :,

3
).).I[n]®S[i]@S[i] ®I[L - n - 2]

B i=])
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I[5_] := IdentityMatrix[dim"];

I[3] // MatrixForm

181 /MatnxFom }

1 000O0O0CO0CO0O
01 0000O0O0ODO
001 00O0O0OD0O
0 0010O0O0T0
0O 0001000
0 000O0I1O00
0 000O0O0OT1O0
0 000O0O0O0TI1)

c* : , dsl :,

3
). ) I[n]®S[i]®S[i] @X[L-n - 2]

n=0/1=1
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I[n_] := IdentityMatrix[dim"];

I[3] // MatrixForm

{181/ MatnxFam
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o O 0 0O 0 0O O
0O 000 0 = 0O O
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o0 o - OO0 O
= R = R == N == i == R = =
o~ 0O 0 0 0 0 0O
- 0 O O 0O O O O

e* : , daX :,

L-2

3
|ZZI["]QS[1].S[1] ®I[L-n - 2]

n=0 i=1

S
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I[n_] := IdentityMatrix[dim’];

I[3] // MatrixForm

I 181)/MatrixFarm g

o0 0 0 0 0 O =
o O O O O O = O
o O 0O 0 0O = OO
o O O 0O O O O
(=N = = ==~ -
c O - O O 0O O O
o - O 0 0O O O O
il = B = N = Y = B = Qi == i == |

e* : , dsl :,

Table

e

L-2 3
D. ). I[n] ®S[i] ®S[i] ®X[L - n - 2]|
n=0 i

=1
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I[n_] := IdentityMatrix[dim’];

I[{3] // MatrixForm

{181})/MatrixForm 3

o0 0000 0 M=
o 0 00 0 0O MO
o 000 0 OO
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oo+ OO O O
o O - O O 0O O Q
o O O 0O O O O
-0 0O 0O 0O O O O

1 L-2 3
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I[n_] := IdentityMatrix|dim"];

I[3] // MatrixForm

11__- ...!':T"I'_"" -

1 0000000
01 000O0O0CO0
001 00O0OO0CODO
0001 0O0O0CO
00001 O0O00
0 000OO01O00
0O 000O0O0OTI1I0
0 000O0O0OO0I1

e* : , dsX :,
max = 10;

L-2 3
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I[n_] := IdentityMatrix|dim"];

I[3] // MatrixForm

1 00000O0D0,
01 0000O0C0D0O0
0 0100000
0001 0O0O0C0O0
00001 O0O00O0
0 000O01O00
0O 000O0O0OTI1I0
0 000O0O0CO01

e* : , dsX :,

max = 10;

1 L-2 3 | |
Pirsa:loogoomahle[f ; I;I[H‘] @s[i]e®s[i]®I[L-n-2], (L, 2, HI}] Page 206/328




i Mathematica File Edit Insert Format Cell Graphics Evaluation Palettes Window Help

I[n_] := IdentityMatrix[dim"];

I[3] // MatrixForm

t 181 }/MatrixFaorm 9

o 00000 O =
o000 00O O
000 00 - OO
o0 0 0O = O 00O
oo M+~ 0O 0 00O
o O = O O O O O
o= O 00 0 0O O
-0 O 0 0O O O O

e* : , dsl ;,

max = 10;

1 L-2 3
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“

Tensor product

In[177] CircleTimes = KroneckerProduct;

178 Eigenvalues[S[1]®S[1l] +S[2]®S[2] +S[3]®S[3]]

¥ |

Hamiltonian

79-  I[n_] := IdentityMatrix|[dim’];

In[181 I[3] // MatrixForm
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i i i# ﬁ | ‘c

‘ 0
1

0 00 0O0O0O1
0 00O0O0O0TO0O

c* : , dsl ;,

max = 10;

L-2 3
Hs =Tab1¢[; > Y 1[a]es[i]es[i]®X[L-n-2], (L, 2, na:}]
n=0 1=l
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C

oo
(= =
(=T =
=T =
(= =
oo
L=
-0

c* : , dsl ;,

max = 103

L-2 3
Hs =rab1¢[é ZZI[n]O[iIOSIiIOI[L-n-ZL (L, 2, llx}];

n=0 i=1
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* C

o o
= = |
o o
= =
oo
=
- O

c* : , dsI :,

182 max = 10;

Hs = Tabla[% fil[n]ﬁ[i]ﬁﬁ[i]bl[l.- =20, e 2} ux}];
n=0 i=1

210

Jut]183] 1024
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c* : , dsl ;,

max = 10;
1 L-2 3
Hs = nbh[f EZ:[n]osh]os[i]ﬂ[L- n-2], (L, 2, ux}]:
n=0 1=1
210

1024
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oo
o o
o o
o o
(= =
oo
o =
= O

c* : , dsl ;,

max = 10;

L-2 3
Hs = Tablc[:-: BZI[n]OS[i]OS[i}CI[L- n-2], (L, 2, Hx}]:
n=0 i=1
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' 0 0
0 1

0 0 0001
0 0 00O0O

L-2 3
Hs =Tab1¢[:-: ZZI[n]O[i]OS[i}OI[L—-n-Z], (L, 2, ux}]:
n=0 i=]l

Hs|
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oo
(= =
(= T =
= T =
(= =
oo
L=
- O

c* : , dsl ;,

max = 103

L-2 3
Hs = 'h.ble[é > Y x[n]es[i]es[i]®X[L-n-2], (L, 2, ux}];
n=0 i=1

Hs[[1]

1 1
put{ 182 {{=¢0,0,0:, 10, -—,
8 8
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c* : , dsX :,

max = 10;

Hs = '.l'able[% fix[n] ®s[i]®S[i]®I[L-n-2], (L, 2, lax}];
n=0 i=1

Hs[2]

1 1
ut] 1 8€ g* 0,0,0,0,0,0,0;, 10,0, L 0,0,0,0,0;,

1 1 1
0: === 0: o 0! Oruf'ur Or 0,0,0, =1 0,0,
6 6 6 6
1 1 1
0: 0! g 0! 0: ur 0: 0':'0f 0! Ur e 0! el el 0'!
6 6
1
Or Or 0: Or Dr ror O'f'ur Or Or 0! 0! 0: Or g
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I[3] // MatrixForm

2 max = 10; v
1 L-2 3
Hs = Tahlu[z ZZI[n]OS[i]OS[i]OI[L- n-2], (L, 2, lll}]?
n=01=1
Hs[[2]

1 1
hut] 1.8¢ "gf 0: 0: Or Uf 0: 0: 0': 'Or 0! gr 00 Or Or Or 0‘:

1 1 1
= Uf _IUI 0'0', 0!‘ 0! Dl 0!‘ 0! _fol‘o'!
6 6 6

r

‘0,

| =

1 1
'Dr Or = Or 0: 0: 0! o'f'or 0! Or iy 0! ==
: 6 : 6
1
‘Dr 0!‘ 0! Ur Or gl UI‘ o'r 'Or 0! Ur Or Or 0! 0:
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*

I[n_] := IdentityMatrix|dim"|;

1[3] // MatrixForm

max = 10;
1 L-2 3
Hs = Tahll[E ZZ:[n]es[ilosmu[L- a-2], (L, 2, uz}];
n=0 1=1
e | Hs[2] _'

1 1
hut] 186 "g; o,o0,0,0,0,0,0,, 0,0, gr ,0,0,0,0;,

1 1 1 1

'Ot ey Mt Ur — Ur 0: O'f'or Dl' Ur 0: O'r — Ur 0'!
6 6 6 6
1 1 1

'Or Or gr Or 0: 0: Ot O'a'ov oc 0: 6‘; oc‘gn ro'.'

1
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Hamiltonian

7o -  I[n_] := IdentityMatrix|[dim’];

I[3] // MatrixForm

—
|

max = 10;

X

L-2 3
fag- | Hs = r.m.[% 2,2 tn]@s[i]@S[i]®I[L-n-2], (L, 2, max}|;
n=0 i=1

e | Hs[2]

crl 1
hut{ 186 T g: 0: 0: Or Or 00 nv O'r -0, Ot Er Or 0: or 0: 0':

1
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“
— |

Hamiltonian
! I[n_] := IdentityMatrix|dim’|;
In max = 10;
1 L-2 3
tise= | Me =rab1a[—ZZr[n]os[:'.]os[i]n[r.-n-z], " nx}];
L
n=0 i=1
Hs[[2]
= | ’
hut] = 'Ec 0: 0: Or 0: 0: 0: 0-,-0, 0! — Dr 0: Or Or 0':
1 1 1 1
'Or _r'_tor _rofgso'r'orofoforor_forof
6 6 6 6
1 1 1 1
0: Ol' == 0! 'Ur 0: 0: 0':‘01 0! ur e Ur__f =y 0:'r
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Tensor product

In[177] CircleTimes = KroneckerProduct;

(178 Eigenvalues[S[1]®S[1] +S[2]®S[2] +S[3]®S[3]]
—_

s |

amitonian Y

I[n_] := IdentityMatrix|dim’ |;
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Tensor product

CircleTimes = KroneckerProduct;
—

In[178 Eigenvalues[S[1] ®S[1] +S[2]®S[2] +S[3]®S8[3]]
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L

Tensor product

Inl177 CircleTimes = KroneckerProduct;

Paste
In[178 Eigenvalues([S[1]¢ |nsert New Cell » [3]]
Y Insert Horizontal Line > 9
3 1 1 1
mae—— 1 2" 2’ 2° &l Insert Page Break

Toggle Full Screen
e —
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dim := Length[S[1]]
dim - 1

spin :=
. 2

check := And|
S[1].8[2] -8[2].8[1]
S[2].8[3] -s[3].5[2]
S[3].S8[1] -S[1].58[3]
]

Suppose we want spin 1

S[1]

Pirsa: 10090078
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Is[3],
Is1],
IS[2]
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dim := Length[S[1]]
dim - 1

spin :=

2
check := And|
S[l].S}Z] -8[2].58[1]
S[2].8[3] -s[3].5[2]
S[3].S[1] -S[1].8[3]

]

Suppose we want spin 1

S[1]

Pirsa: 10090078
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Is(1],
IS[2]
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=

dim := Length[S[1]]
dim - 1

spin :=

2
check := And|
S[1].8i2] -Ss[2].S8[1] =1IS[3],
S[2].S8[3] -S[3].58[2] =1IS8[1],
S[3].S[1] -S[1].8[3] =1IS8[2]
]

Suppose we want spin 1
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dim := Length[S[1]]
dim - 1

spin :=

2
check := And|[
S[1].8i2] -s[2].8[1] =IS8[3],
S[2].8[3] -s[3].8[2] =1IS8[1],
S$[3].8[1] -S[1].8[3] =1IS8[2]
]

Suppose we want spin 1
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Suppose we want spin 1

utf176)= | 110, —t¢e { =¢ O}

Tensorprogvet |

CircleTimes = KroneckerProduct;

17+ . Eigenvalues[S[1]®S[1] +S[2]®S[2] +S[3]®S[3]]

-
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]

Suppose we want spin 1

Tensor product :

| CircleTimes = KroneckerProduct;

Eigenvalues[S[1]®S[1] +S[2]®S[2] +S[3]®S8[3]]
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]

Suppose we want spin 1

s[1]
dim
1 1 |
hut 0;_"'_'0
2 2
hut 2 |

Tensor product |

gircleTimes = KroneckerProduct;
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3
hut] 188]= 2

Tensor product

(177 . CircleTimes = KroneckerProduct;

n[178] Eigenvalues[S[1] ®S[1] +S[2]®S[2] +S[3]®S[3]]

79 I[n_] := IdentityMatrix|dim”];
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2 max = 10;
1 L-2 3
Hs = '!ahle[: ZZI[n]OS[i]CS[i]OI[L- a-2], (L, 2, uz}];
n=0 i=1
Hs[[2]

1 1
huti 186 "g, u; 0' 0' U, 0' 0‘ 0';'0' 0' E; 0; 0, 0' 0’ 0';

1
l‘ol‘ “!01‘01‘0'!‘-0"0!0!0!0!‘EIOIO'I

1 1 ) I |
'Or 0: P Or Ul' U: 0: 0'r‘ﬂr 0! 0: = 0! el =8 0~,
6 6 6 6
1 1
‘0: Ot Of 0: 0: g: 0: 0'; ‘Ol Dl 0: Or Or 0! G: g
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max = 10;
1 L-2 3
Hs = '.I.'ahle[; > Y i[a]es[i]es[i]®X[L-n-2], (L, 2, uz}];
n=0 i=1
Hs[2] _l
tb -
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iﬁ In ﬁ c

max = 10;
1 L-2 3
Hs ='1--u»1m[E > Y i[a]es[i]es[i]®X[L-n-2], (L, 2, uz}];
n=0 i=1
Hs[2]

tb = Table[ (L, Hs[L - 1]
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4

2 max = 10;
1 L-2 3
Hs = '.l'ahle[; ZZI[nlosmosmu[L- n-2], (L, 2, lax}];
n=0 i=1
Hs[[2]

tb = Table L, Hs[[L - 1] // Eigenvalues|
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[
3

2 max = 10;
1 L-2 3
Hs = '.l'ahle[; ZZI[n]OS[i]OS[i}OI[L- n-2], (L, 2, uz}];
n=0 i=1
Hs[[2]

tb = Table L, Hs[[L - 1] // Eigenvalues // Sort // Firstl
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2 max = 10;
1 L-2 3
Hs = rahle[E ZZI[n]OS[i]OS[i}OI[L- a-2], (L, 2, ux}];
n=0 i=1
Hs[2]

tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]
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max = 10;
1 L-2 3
Hs = rau»lm[E > Y x[a]es[i]es[i]®X[L-n-2], (L, 2, uz}];
n=0 i=1
Hs[2] _.

tb = Table[(L, Hs[[L - 1] // Eigenvalues // Sort // First), (L, 2, max}]
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¥ e (

max = 10;
1 L-2 )
Hs = Table[; > Y i[a]es[i]e@s[i]®X[L-n-2], (L, 2, ux}];
n=0 i=1
Hs[2]

tb = Table[{(L, Hs[[L - 1] // Eigenvalues // Sort // First), (L, 2, max)]

Pirsa: 10090078 Page 239/328




i Mathematica File Edit Insert Format Cell Graphics Evaluation Palettes Window Help

* E

2 max = 10;
1 L-2 3
Hs = 'l.'ahle[; ZZI[n]OS[i]OS[i].I[L- n-2], (L, 2, ux}];
n=0 i=1
Hs[[2]

1 1
huti 189 "g, G, U, 0' U, 0; 0; 0'; '0' 0' Ef 0! 0: Or 0! 0'!

1 1 1 1
'Ol T paT——— 0: — 0: 0: 0':'0t Ur 0: 0: 0: =9 0: 0':
6 6 6 6
1 2 X
0, Or = Or Ur 0: U', O'I'Or Or 0, = Or‘_‘l et O'r
6 6 6
1
0: Ot Or 0: 0: :Gr o'l 'Ol Dl u: 0: On 0! u.r g

tbh = Table[{(L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]
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* C

tb = Table[{(L, Hs[[L - 1] // Eigenvalues // Sort // First), (L, 2, max}]
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*

I Mathematica File

tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]
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ii ‘n_ c

max = 10;
1 L-2 3
Hs = mmm[E > Yl i[n]es[i]e@s[i]®X[L-n-2], (L, 2, uz}];
n=0 1i=1
Hs[2] |

1 1
hut{ 189 --gl ul u! 0" Ul 0! OPO-I-OI 0! El‘ Uf Ul 0!‘ 0'0';

1 1 1 1
'Or =P = Or — 0: 0: 0':'0r Ur 0, Or Ol' = Or O'r
6 6 6 6
1 1 U |
'Or Or —8 Or H: Ur O“I'Or 0! 0: == 0!‘“! — " 0“!
6 6 6 6
1 1
'0: Ot Dl' 0: 0: g: 0: o“l ‘Ol Ul 0: 0: 0! Ol' 0: g

tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]
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*

1
hut 'g; 0' 0' 0' U; 0' 0’ 0" '0' 0'- e Df O' 0' 0’ 0"
1 1 1
'Or_r'_rof —,0,0,0‘,“0,0,0,0,0‘,_,0,0,
6 6 6 6
1 1 32
'Ot 0: ror Ur 0: 0: 0': 0: Dl' Or il Ul' s 0'!
6 6 6
1
0,J0, 0, 0, o, ,0,0},{0,0,0,0,0,0,0, |

tb = Table[(L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max)]
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1 1
hut{ 189] -'gi‘ 0! 0! 0!‘ 0! Ol 030'!-0l Di El‘ol 0!‘ 0" 0!‘0'!‘

1 1 1 1
'Or Pl Al 0: — 0! 0:0 ' ~0, Or 0, 0: Ur el 0,0 '
6 6 6 6
1 2 2
'Ot Or ror Ul‘ ur 0: o“r OI' 0! ur = Ul__l' = O'r
6 6 6
1
0' 0' 0' 0‘- 0' '0' 0" ‘0' 0' 0‘- 0' 0' 0‘ 0' 6_

Facl

tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]
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FactorInteger 1|

tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, {L, 2, max}]
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1
g Dl’ 0: ol‘ 0’ 0"
6

FactorInteger 10~

tb = Table[(L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]

Page 247/328

Pirsa: 10090078




i Mathematica File Edit Insert Format Cell Graphics Evaluation Palettes Window Help

1 1
huti 189] "6_, 0' 0' 0’ 0; 0' 0’ 0"'0' Dp g, 0' 0' 0' 0’ 0"

1 1 1

'Or e Mol 0! — 0! 0: U-,~0, Or 0! Or Or — Gr U'l
6 6 )
1 1

0: 0: — 0: Ul‘ Or 0: O“r'or 0! ur =1 UI'__I' ro't
6 6

FactorInteger [ T ] |

tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max)]
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1 1
hut{ 1891 "6_: 0: 0: Or Ul' 0: 0: 0'! 'Ol 0! gl Dl‘ 0: Ot 0!‘ 0':

1 1 1
0: s S 0! ) Ul 0: 0 ’ 'Ur Or 0, 0: 0: ’ OJU ’
6 6 6
1 2 2
0: Or — Or of ur 0: 0“!‘01 Ur nr = Df__l' =9 0'!
6 6 6
1
0: Or Or 0: 0: ] 0! 0-, 'Or 0: 0: 0, 0: 0: 0: '5_

FactorInteger [ 10'%° ]

ut{190] H{2, 100}, {5, 100} }

tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]
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1 1
hut{ 189] -'gl‘ 0! 0! 0" 0! Ol 0’0"'0' 0! gl‘ol‘ 0!‘ 0' Ol‘o-!‘

1 1 1
-0,—,~—“,0,~,0,0,0,-0,0,0,0,0, IOFUI‘
6 6 6
1 3
0: 0: = 01 0: U.r 0: o“r'ol Or Ur = Dl__l' = O'r
6 6 6
1
0,0, 0,0,0, —,0,0, 0, 0,0, 0, 0,0, 0, 6_
FactorInteger [ "2 ] ]

hut]190] {{2, 100}, {5, 100}}

tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]
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L)

FactorInteger [ 107+ 2 ]

hut{191]= SAborted

th = Table[(L, Hs[[L - 1] // Eigenvalues // Sort // First), (L, 2, max)]
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1 1
hut{ 189] "G_IGPOJOIUIGIOIO-!-OIDC ﬁ_l‘ofolol‘ol‘o-l‘

1 1 1
'Or g AEanemrl 0: o 0! 0,0,-0,0, 0! 0,0‘, IGFOI
6 6 6
1 2y
'Bt 0: ror Ul' Br Oto r'or 0! Dr = Ul'__l' =9 0'!
6 6 6
1
0‘- 0, 0' 0‘- 0' '0' 0" ‘0' 0‘ 0‘- 0' 0' 0‘ 0' 6—

FactorInteger [ 10%° & 2]

1oz | {2, 1}, {3, 1}, {155977777, 1}, {106852828571, 1}}

tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First), (L, 2, max}]
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!'actnrlnteger[lom +2]
{193 | {{2, 1}, {3, 1}, {5049577699, 1},
1506774895097, 1}, {651296280594275489, 1}

tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]
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I Mathematica File Edit Insert Format

1
s Dl‘ 0: 0; 0, 0-,
6

1
'6_1' U, 0: 0: 0: 0: 0: O'i'ol Dc

1 1 1 1
'Or et == Or o Or 010 ' -0, Or 0, 0: Ur — 010 ’
6 6 6 6
1 I |
0: 0: — Ol' of 0: 0: o“r'ol Or ur = Ul__l' = O'r
6 6 6
1
0' 0' 0' 0‘- 0' '0’ D" '0' 0' 0‘- D' 0' 0‘ 0' 6—

Factnrlnt.ger[lon + 2]
{{2, 1}, {3, 1}, {2417, 1},

K728 771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}

tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, {L, 2, max}]
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1 1
hut{ 189] "6_1‘ u.? 0! 0" 0! Ol 0!0'!-0l 0! gl‘ol 0!‘ 0! Ol‘o'!‘

1
:0,0,0,0, 0, E,O,Or,-O,O,U, 0,0,0,0,

Factnrlntegnr[lﬂ" + 2] // Timing

{0.294993, {{2, 1}, {3, 1}, {2417, 1},
{728771, 1}, {331844753, 1}, {1315441529, 1},
{12167576895034805670716583728798525811120513, 1}}}

tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, {L, 2, max}]
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1 1
hut] 189] "6_‘: 0' 0’ 0’ 0; 0' 0’ 0"'0' 0‘ g, 0' 0' 0’ 0’ 0"

1 1
'Or _r“rof ",0,0,0,-0,0,0,0,0, IOFU!
6 6
1 1
0: 0: — 0: 0! 0: 0: o“r 'ol Or Ur == Or - = to'r
6 6

fiFactorInteger[lOm + 2] // Timing

hut(195] {0.294993, {{2, 1}, {3, 1}, {2417, 1},
(728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1};}

tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]
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I Mathematica File Edit Insert Format

=

I‘U.l' 0: 0!‘ 0! 0: 0: O'i'of Or

1
k| Df 0]‘ 0' 0, 0"
6

£i= l'actnr!nteger[lon - 2] // Timing

hut] 194 0.294993, ({2, 1}, {3, 1}, {2417, 1},
(728771, 1}, {331844753, 1}, {1315441529, 1},
2167576895034805670716583728798525811120513, 1}};

tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]
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s~ fi = PactorInteger[10’° + 2] // Timing

o196} | {0.298136, ({2, 1}, {3, 1}, {2417, 1},
728771, 1}, {331844753, 1}, {1315441529, 1},
2167576895034805670716583728798525811120513, 1

tb = Table[{(L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]
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1
'Ut 0: Ol' Ur 0: gr 0: O“r‘or 0! ur 0: Ol 0! u.r

in[19€ fi = FactorInteger[10’® + 2] // Timing

hut] 196 {0.298136, ({2, 1}, {3, 1}, {2417, 1},
(728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}}}

fi

bt 197 {0.298136, {{2, 1}, {3, 1}, {2417, 1},
{728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}}}
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1 1
'Ot = Bl 0: — or 0: 0.'1' 'Ot 0! Of Ot ot ' 0:0 r
6 6 6
1 1 1 1
'Or Or —r Or Ul 0: 0! O'r'ur 0! 0: = 0! s e 0“!
6 6 6 b6
1 1
'Ur 0: 0! Ur U'r gr 0: o'r 'Ol 0! Dr 0: Ol' Ul' U.r g

(i = FactorInteger[10’° + 2]) // Timing
hut 196 }= {0.298136, {{2, 1}, {3, 1}, {2417, 1},

{728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}}}

of1e7= | £4

o |

hut(197 {0.298136, {{2, 1}, {3, 1}, {2417, 1},
(728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}}}
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1
'OIOIDIUIOI EIOIOLF_OIOIUIOIOIU!OI

In[198 (f.i. = l"at':t.o:n':lm:.egeu:[10-‘"I + 2]) // Timing
hut{ 198 {0.297229, {{2, 1}, {3, 1}, (2417, 1}, J

(728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}}}

fi

L

{{2, 1}, {3, 1}, {2417, 1},
{728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}
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(£i = FactorInteger[10’° + 2]) // Timing
fi
mse | 1 (2, 1}, {3, 1), {2417, 1},

728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}

tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First), (L, 2, max}]
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(£i = FactorInteger[10’° + 2]) // Timing

fi

hut{199 {{2, 1}, {3, 1}, {2417, 1},
{728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}

tb = Table[{L, Hs[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]
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I Mathematica File

1 1 1 1
'Ot T e 0: — 0; 0: 0': 'Or 0: 0: 0: 0: =3 0: 0'!
6 6 6 6
1 L 3
Or Or oy Or 0! 0: 0: 0'! Or 0! Or —r 0! =8 =8 U'c
6 6 6
1 1
'Ut Or 0! 0: O'r gr 0: o‘r 'Ol 0: Dr 0: Ol 0: ur g

(£i = FactorInteger[10’° + 2]) // Timing

fi

2,1}, {3,1}, {2417, 1},
{728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]) //

AbsoluteTiming|
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v v ’ ' e V, U, U, U,
6 6
1 1 1
'Ot =y ==y 0: = 0; 0:0 f'or 0: 0: 0: 0: :Or 0'!
6 6 6
1 2 3
Or Ur == Or 0! 0: 0: 0“r‘ur 0! 0: ! 0: Emyl Sy 0':
6 6 6
1
0: 0: 0! Ur Or ’ 0: o‘r 'Ol Ur ur Or 0: Ul‘ Or g

(£i = FactorInteger[10’° + 2]) // Timing

fi

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]) //
AbsoluteTiming

Pirsa: 10090078
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(£i = FactorInteger[10’° + 2]) // Timing
fi

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]) //
AbsoluteTiming
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1
'OIOIOIUFOF E'O;O“F'O'U'O’O'O'O'u'

(£i = FactorInteger[10’° + 2]) // Timing
fi

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]) //
AbsoluteTiming
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I Mathematica File

O € & Runni
I '_f:rtrr '. r !'l' _rrrrf r
6 6
1 1 1
0: =T U.r =~ Or 0: 0': 'Ot 0: 0: 0: 0: 1010 ’
6 6 6
1 1
Or Ur = Ur 0! 0: Ur 0“: Or 0: 0, el 0: | e 0'!
6 6 6
1 1
'Gt Or Ol' Ur 0: gr 0: o‘r 'Ot 0! ur 0: OI' 0! Or g

(£i = FactorInteger[10’° + 2]) // Timing
fi

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]) //

AbsoluteTiming
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i i ‘*u ﬁ itled-2 ‘c

(£i = Factorlntogtr[lﬂ" +2]) // Timing
fi

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]) //
AbsoluteTiming
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(£i = Factarlnteqer[lom +2]) // Timing
fi

(tb = Table[(L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]) //
AbsoluteTiming

Pirsa: 10090078 Page 270/328




I Mathematica File Edit Insert Format Cell Graphics Evaluation Palettes

Window Help

1
'UIOIDIDIUI 6;0’0"'0'0'0'0'0'0'0'

(£i = FactorInteger[10’° + 2]) // Timing
fi

(tb = Table[{L, Hs[[L|- 1] // Eigenvalues // Sort // First}, (L, 2, max}]) //
AbsoluteTiming

Pirsa: 10090078
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'S

_

7o I[n_] := IdentityMatrix[dim’|;

X

L=-2 3
Hs = 'rablc[% ZZI[n].S[i].S[i]OI[L- n-2}, (L, 2, nx}];
n=0 1=1

reer- | Hs[2]

hut{ 189]=
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(£i = FactorInteger[10’° + 2]) // Timing
fi

(tb = Table[ (L, Hs[[L|- 1] // Eigenvalues // Sort // First}, (L, 2, max}]) //
AbsoluteTiming
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(£i = Fnctor!ntog-r[lon +2]) // Timing
fi

(tb = Table[(L, Hs[[L|- 1] // Eigenvalues // Sort // First)}, (L, 2, max}]) //
AbsoluteTiming

ht] 21 SAborted
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&

4
I
| W
= |
-
|
= |

I[n ] := IdentityMatrix [d.i.ln ] ;

i M “:=1P;
1 L-2 3 |
—— =Tabla[:;;t[n]CS[J.]OS[L]OI[L-n -2], (L, 2, ux}];
e~ | Hs[2]
- 1 |
hut{ 1 89]= s iy gl 0.|v 0: 0! Or D; 0: O'r ‘Ol Or gl Dr 0: 0: Of D'.r

Pirsa: 10090078

1 1 1 1
'Or =T 0, — 0: 0: 0'!'01' Of 0, Or 0: =8 0! 0~,
& & "4 &
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amitonian

nf1791= | X[n_] 2= Identityﬂltrix[din”];

L-2 3
n202)= | Hs ='1'ab1e[% 2.2 tn]@s[i]@s[i]®I[L-n-2], (L, 2, max}|;
n=0 i=1

Bs[2] ] |

hut{189] 1% El‘ ,0,0,90,0,0,0;, 0, 0, El‘ 0,0,0,0,0;,
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B

C

179~ I[n_] := IdentityMatrix[dim’];

In[201)= | MAX = 9;
1 L-2 3
n2021= | M =ralma[E D, Iln]@s[i]es[i]@X[L-n-2], (L, 2, -ax}]:
n=0 i=1
In{2031 = !l[Z]

e

1 1
hut{203]= s Ty gl u.r 0: 0' Uf 0: 0: 0': 'Ol' Ol g' Dr n: Ot Ol' 0':

1 1 1 1
'0' _E-' __6-' 0‘ g' 0' 0' 0" '0, 0' 0' 0, 0' E' 0, 0."
1 1 1 1
'Ur Or = 0: Ur 0: Ur 0':'01 Dr Dr i or‘_'t Bt 0'r
6 6 6 6
1
0: Or Dr Dr 0: == 0: O'r ‘Ov 0: 0: 0: On 0! 0: g
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*

I[n_] := IdentityMatrix|dim’|;

5 max = 9;
1 L-2 3 |
oot | Be = Tahlc[; > Yl i[n]es[i]@s[i]®X[L-n-2], (L, 2, u:}];
n=0 i=1
Hs[2]

|(£i = Pactor!nteger[lon +2]) // Timing
fi

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]) //
AbsoluteTiming

huti 2001 SAborted
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L-2 3
— =‘rah1¢[:-‘ > Y i[n]es[i]es[i]@X[L-n-2], (L, 2, nx}];
n=l i=l

Hs[2]

n[204 (£i = Factorlnteger[lon + 2]) // Timing
fi

hut{204 {0.297902, {{2, 1}, {3, 1}, {2417, 1},
{728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}}}

utizos= | ({2, 1}, {3, 1}, {2417, 1},
728771, 1}, {331844753, 1}, (1315441529, 1},
{2167576895034805670716583728798525811120513, 1}
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(£i = FactorInteger[10’° + 2]) // Timing
fi

hut{204 {0.297902, {{2, 1}, {3, 1}, {2417, 1},
{728771, 1}, {331844753, 1}, {1315441529, 1},
2167576895034805670716583728798525811120513, 1}}}

hut{205 {2, 1}, {3, 1}, {2417, 1},
{728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}

In[20€ (tb = Table[{(L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max)}]) //
AbsoluteTiming

dut]2( SAborted
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!’ :

(£i = FactorInteger[10’° + 2]) // Timing
fi

hut{ 204 {0.297902, {{2, 1}, {3, 1}, {2417, 1},
(728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}}}

hut{20% {{2, 1}, {3, 1}, {2417, 1},
(728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]) //
AbsoluteTiming

hut] 206 SAborted
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r'e

|
I
[
I
I

79 I[n_] := IdentityMatrix[dim’];

In[201 max =II3

1 L-2 13 1
n2021= | HS = Tabla[f E El[n] ®S[i]®S[i] ®I[L-n-2], (L, 2, ux}];
In[203 n’[zl

In[204 (fi = l'acl:orlnteger[lﬂ"' + 2]) // Timing
fi
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(£i = ractorlntogur[lo" +2]) // Timing
fi

hut{21 1 {0.297501, {{2, 1}, {3, 1}, {2417, 1},
(728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}}}

utf21 {{2, 1}, {3, 1}, {2417, 1},
(728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First), (L, 2, max)}]) //
AbsoluteTiming
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1 1
'OIOIDIOIOI glololf_olofulcfofofufﬁ_

(£i = PactorInteger[10’° + 2]) // Timing
fi

Jut[211]= 0.297501, ({2, 1}, {3, 1}, {2417, 1},
(728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}}}

huti212] 1 '2; 1" '3' 1'; 2417' 1"
{728771, 1}, {331844753, 1}, (1315441529, 1},
12167576895034805670716583728798525811120513, 1}

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]) //
AbsoluteTiming

3 1
{2.031738, {{2, -=!, {3, -=}, la, -—1}, {5, =}, le, -=1}!}
8 3 16 ' | -

Pirsa; 10090078 Page 284/328




Mathematica File Edit Insert Format Cell Graphics Evaluation Palettes Window Help

T ARAITINE R D AR An N

L-2 3
i ls='rab1e[i-ZZI[n].S[i].s[i].l[L-n-Z], (L, 2, -ax}];
n=0 i=1

- Hs{[2]

1 1
hut{210] "gc ,0,0,0,0,0,0;,, 10,0, El‘ 0,0,0,0,0;,

1 1 1
‘Or —,——,0, —-,0,0,0,-0,0,0,0,0, forof
6 6 6
1 r 3
0: ol' —r Ol' 0: 0: 0: 0'!'0! 0! Ur = 0: == o'r
6 6 6
1 1
'Dr Or 00 Of 0# gr 0! 0'! '0! 0! Ur 0! 0! 0! 0: 6—
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(179 I[n ] := IdentityMatrix [din“ ] 3

In(2 max = 6;
1 L-2 3
1= | Ee ='rah1e[-L- > Y 1[a]es[i]es[i]®X[L-n-2], (L, 2, m}] /1 N;
n=0 i=1
215 | Hs[2]

.166667, 0., 0.,0.,0.,0.,0.,0.;},
-y 0., 0.166667, 0., 0., 0., 0., 0.},
., 0.166667, -0.166667, 0., 0.166667, 0., 0., 0.},
0.,0.,0.,0.,0.166667, 0., 0.},
e 0., 0.166667, 0., 0., 0., 0., 0.},
v 0.,0.,0.166667, 0., -0.166667, 0.166667, 0.},
ep 0.,0.,0.,0., 0.166667, 0., 0.},
0 0.,0.,0.,0.,0.,0.,0.166667})

(== = = R = = A = A =
-
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L-2 3
Hs ='rah1e[;— >, D I[n]@s[i]es[i]®X[L-n-2], (L, 2, nx}] /] N;
n=0 i=1

(£i = FactorInteger[10’° + 2]) // Timing
[ 31

utf211 {0.297501, {{2, 1}, {3, 1}, {2417, 1},
{728771, 1}, {331844753, 1}, {1315441529, 1},
12167576895034805670716583728798525811120513, 1} }}

hut{212 ({2, 1}, {3, 1}, {2417, 1},
{728771, 1}, {331844753, 1}, {1315441529, 1},
{2167576895034805670716583728798525811120513, 1}
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!'. 2

I[n_] := IdentityMatrix|dim"|;

max = 6;

L-2 3
Hs = rahle[% > ) i[n]es[i]®s[i] ®X[L-n-2], (L, 2, -a:}] /] N;
n=0 i=1

(f.i. = ractorlnteger[lﬁm + 2]) // Timing;|
fi

(tb = Table[ (L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]) //
AbsoluteTiming

hut{213] 12.031738, {{2, -

| W
>
(™
-
|
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00

I[n ] := IdentityMatrix [dj.-“ ] ;

2 max = 10;
1 L-2 3
Hs = Table[z Y ) i[n]es[i]®s[i]®X[L-n-2], (L, 2, ux}] /] N;
n=0 i=1

(f.i. = ractorlnteger[lon + 2]] // Timing;
£i;

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]) //
AbsoluteTiming

hut{21 «2.031738, <2, -

| W
>
w
-
|
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-

X[n_] := Identitylht.rix[dil”] i

max = 10;

L-2 3
Hs = 'l‘ahlc[% > Ylxn]es[i]es[i]®X[L-n-2], (L, 2, uz}] /1 N;
n=0 1=1

n[218 (f.i. = Plctorlnteger[lon + 2]) // Timing;
£i;

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]) //
AbsoluteTiming

hut[220]= 8.995014, {{2, -0.375}, {3, -0.333333}, {4, -0.404006},
{5, -0.385577}, {6, -0.415596}, {7, -0.405177},
{8, -0.421867}, {9, -0.415147;, {10, -0.425804};;
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* C

I[n ] := IdentityMatrix [dil”] ;

L-2 3
Hs = 'rahle[é > Dlxn]es[i]es[i]®x[L-n-2], (L, 2, ux}] /1 N;
n=0 i=1

in[218 (£i = Pactorlnteger[lon + 2]) // Timing;
fi;

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]) //
AbsoluteTiming

hut{22 {8.995014, {{2, -0.375}, {3, -0.333333}, {4, -0.404006},
{5, -0.385577}, {6, -0.415596}, {7, -0.405177},
(8, -0.421867:, {9, -0.415147}, {10, -0.425804}}}
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. L = 2 -

I[n_] := IdentityMatrix[dim’];

max = 11:

L-2 3
22 Hs = Tahla[% ZZI[n]OS[i]OS[i}OI[L- n-2], (L, 2, II!}] // N;
n=0 i=1

In[218 (f.i. = Flctorlnt.gcr[lnn + 2]) // Timing;
f£fi;

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]) //
AbsoluteTiming

hut]2: {8.995014, {{2, -0.375}, {3, -0.333333}, {4, -0.404006},
{5, -0.385577}, {6, -0.415596}, {7, -0.405177},
(8, -0.421867}, {9, -0.415147}, {10, -0.425804}}
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I[5_] := IdentityMatrix[dim"];

max = 11;

L-2 3
Hs = 'rahle[é > D x[n]es[i]®S[i]®X[L-n-2], (L, 2, uz}] /7 N;
n=0 i=1

{218 (f.i. - racﬂl:ct:u:II:u:eger:[:I.'.".lM + 2]) // Timing;
£fi;

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]) //
AbsoluteTiming

hut{22 {8.995014, {{2, -0.375}, {3, -0.333333}, {4, -0.404006},
{5, -0.385577}, {6, -0.415596}, {7, -0.405177},
(8, -0.421867;:, {9, -0.415147}, {10, -0.425804}}}
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4

I[n_] := IdentityMatrix[dim’];

max = 10; ]

L-2 3
Hs = Table l I[n]®S[i]®S[i]®I[L-n-2], (L, 2, max}| // N;
2.2 |

n=0 i=1

(£i = Fnctorlntegcr[lon +2|) // Timing;
£i;

|(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]) //

AbsoluteTiming

hut]22 {8.995014, {{2, -0.375}, {3, -0.333333}, {4, -0.404006},
{5, -0.385577}, {6, -0.415596}, {7, -0.405177},
(8, -0.421867;}, {9, -0.415147}, {10, -0.425804}}
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I[n_] := IdentityMatrix[dim’];

max = 10;

L-2 3
Hs =-rah1e]1% ZZ:[n]osmosmu[L-n-z], (L, 2, -u}] /] N;
n=0 1=1

(f.i. = Factorlntegcr[lom + 2]) // Timing;
fi;

|(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]) //

AbsoluteTiming

Jut[22 {8.995014, {{2, -0.375}, {3, -0.333333}, {4, -0.404006},
{5, -0.385577}, {6, -0.415596}, {7, -0.405177},
(8, -0.421867;}, {9, -0.415147}, {10, -0.425804}}}
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*

C

I[5_] := IdentityMatrix|dim’];

max = 10;

L-2 3
Hs = 'rable[é > Dlxn]es[i]es[i]®x[L-n-2], (L, 2, ux}] /1 N;
n=0 i=1

(£i = ractorlnteger[lﬂn + 2]) // Timing;
fi;

226 |(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]) //
AbsoluteTiming

hut]22 {8.995014, {{2, -0.375}, {3, -0.333333}, {4, -0.404006},
{5, -0.385577}, {6, -0.415596}, {7, -0.405177},
(8, -0.421867}, {9, -0.415147}, {10, -0.425804}}}
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I[n_] := IdentityMatrix[dim’];

max = 10;

L-2 3
223 Hs = 'l.‘ahln[% ZZI[n]OS[i]OS[i}OI[L- n-2], (L, 2, ux}] /] N;
n=0 i=1

in[224 (£i = FactorInteger[10’° + 2]) // Timing;
fi;

(226 (tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First), (L, 2, max}]) //
AbsoluteTiming

hut]2: {8.995014, {{2, -0.375}, {3, -0.333333}, {4, -0.404006},
{5, -0.385577}, {6, -0.415596}, {7, -0.405177},
(8, -0.421867;}, {9, -0.415147}, {10, -0.425804}}}
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I[n_] := IdentityMatrix[dim’];

max = 10;

L-2 3
- Hs = hhh[:l? ZZI[n]OS[i]OS[i]OI[L- =23, ke % ux}] // N;
n=0 i=1

(224 (£i = Factoilntcg-r[lon +2]) // Timing;
£i;

In[22€ (tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First), (L, 2, max)}]) //
AbsoluteTiming

Jut[22 {8.995014, {{2, -0.375}, {3, -0.333333}, {4, -0.404006},
{5, -0.385577}, {6, -0.415596}, {7, -0.405177},
(8, -0.421867}, {9, -0.415147}, {10, -0.425804]
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' % Running...Untitled-25 .,  Evaluate Cells e
%  Evaluate in Subsession O~
I[n_] := IdentityMatrix|dim"|; Euilonte Mtk
Evaluate Initialization Cells
max = 10; v Dynamic Updating Enabled
. Convert Dynamic to Literal
2 n-=rah1e[1Lzzix[n]osmosmu[r.-n-z: Debugger
S Debugger Controls >
_ Interrupt Evaluation... \C36.
e 70 _— Abort Evaluation 3.
= (f"' B r'c“'ﬂnt'g'r[m ’ 2]) KR ——— Remove from Evaluation Queue (3.
£i; Find Currently Evaluating Cell
(tb = Table[ (L, Hs[[L - 1] // Eigenvalues // Sort Kernel Configuration Options...
R Parallel Kernel Configuration...
9 Parallel Kernel Status...
(8.995014, {{2, -0.375}, {3, -0.333333}, {4, = pefault Kernel >
Start Kernel B
Lor=al Quit Kernel
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I[n_] := IdentityMatrix[dim’];

max = 10;

L-2 3
Hs = ‘!ahle[% ZZl[n]OS[i]OS[i]OI[L-n-Z], . X, ux}] /] N;

n=0 i=1

(£i = Factorlntogcr[lﬂm +2|) // Timing;
£i;

(tb = Table[ (L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]) //
AbsoluteTimihg

hut]22 {8.995014, {{2, -0.375}, {3, -0.333333}, {4, -0.404006},
{5, -0.385577}, {6, -0.415596}, {7, -0.405177},
(8, -0.421867;}, {9, -0.415147}, {10, -0.425804}} )
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Spin operators

ClearAll[S]

A
(172 S[i ] = PauliMatrix([i] / 2;

dim := Length[S[1]]
dim -1
2
check := And |
S[1].8[2] -s[2].S8[1] =IS[3],
S[2].S[3] -s[3].8[2] =IS8[1],
S[3].S[1] -S[1].8[3] =IS[2]
]

spin :=

Suppose we want spin 1

| Pirsa: 10090078 : :=S1gnature i Page 301/328
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T BN R T "o
spinoperators |

{390 ClearAll([S]| I

{172 S[i ] = PauliMatrix([i] / 2;

dim := Length[S[1]]
dim - 1
2
check := And |
S[1].S[2] -Ss[2].S[1] =IS[3],
S[2].S8[3] -S[3].8[2] =1IS8[1],
S[3].S[1] -S[1].S8[3] =1IS8[2]
]

spin :=

Suppose we want spin 1

| Pirsa: 10090078 ' >1lgn4ature : Page 302/328




i Mathematica File Edit Insert Format Cell Graphics RRSEWEUGLE Palettes Window Help

spnoperaos |

(139 ClearAll[S] @

S[i ] = PauliMatrix[i] / 2;

dim := Length[S[1]]
dim - 1
2
check := And |
S[1].S[2] -Ss[2].S[1] =IS[3],
S[2].S[3] -S[3].8[2] =1IS8[1],
S[3].S[1] -S[1].S8[3] =1IS8[2]
]

spin :=

Suppose we want spin 1
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N € . | ,.

Spinoperstors _____________________________§

1290 ClearAll([S] ]
In[172 S[:i ] = PauliMatrix([i] / 2;

dim := Length[S[1]]
dim -1
2

check := And |

S[1].5[2] -S[2].S[1] =IS[3],

S[2].5[3] -s[3].5[2] =IS8[1],

S[3].S[1] -S[1].5[3] =1IS8[2]
]

spin :=

Suppose we want spin 1

| Pirsa: 10090078 B . o 10NdTCULE Page 304/328
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B o DDA ¢S4 © T o Ak TR

S[1].S[2] - S[2].S[1] = I S[3],
S[2].S[3] - S[3].S[2] = IS[1],
S[3].S[1] -S[1].S[3] = IS[2]

]

Suppose we want spin 1

4 s[1]
dim
1y 1 |
I g 0: =8N = 0
2 2

hut{ 1881

2
Tensor product |
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Y ° THEEDA ¢ o4 5 T o kT
S[1].S8[2] - S[2].S[1] = IS[3],

S$[2].8[3] -s[3].8([2] =1IS8[1],

S[3].S[1] - S[1].S[3] = I S[2]
]

Suppose we want spin 1

Tensor product |

CircleTimes = KroneckerProduct;

Eigenvalues[S[1] ®S[1] +S[2]®S[2] +S[3]®Ss[3]]

|
= | W

-

-
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B+ TS -S4 5 & T

chain

Tensor product

spinoperaors )

w1~ CircleTimes = KroneckerProduct;

In(7] Eigenvalues([S[1]®S[1l] +S[2]®S[2] +S[3]®Ss[3]]

Hamiltonian
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<pIn operaiors

4%

Tensor product J

7o I[n_] := IdentitiMatrix[dim’ |;

max = 10;
1 L-2 3 )
n223p= | HS = nbl.[E ). ). I[n]@s[i]@s[i]@I[L-n-2], (L, 2, -a:}] /] N;
n=0 i=1

Inf2241 = (fi = l'actorlntcgur[lom + 2]) // Timing;
£i;

In[226€] (tb = Table[ (L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max)}]) //
Pirsa: 10090078“‘01“tﬂmng Page 308/328
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0 C | |

—_— R

<pIn operaiors

Tensor product |

Hamiltonian

o~ I[n_] := IdentityMatrix|[dim"];

In{9] max = 10;
1 L-2 3 )
n223)= | HS = 'rahlc[E > Y r[n]es[i]@s[i]®X[L-n-2], (L, 2, ux}] /1 N;
n=0 i=1

In[224] = (fi = l'lctorlnteg-r[lom + 2]] // Timing;
£i;

In[226] (tb = Table[ (L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max)}]) //
pirsa: 1000007e AbSoluteTiming

Page 309/328
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& e :

- e

<pIin operaiors

Tensor product |

Hamiltonian

o~ I[n_] := IdentityMatrix|dim"|;

In[9] max = 10;

hi

L-2 3
] =-rah1-[;1: > D x[n]e@s[i]es[i]®X[L-n-2], (L, 2, -l:}] /] W;
n=0 i=1

In(224] = (fi = rlct.orlntmr[lom + 2]) // Timing;
fi;
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) O

<pIn operaiors

Tensor product |

w@#~  I[n_] := IdentityMatrix|dim"];

In[9] max = 10;

h{L ] :=h[L] -

L-2 3
] e rahl-[% D D I[s]@s[i]@s[i]@X[L-n-2], (L, 2, -.z}] /] N;
n=0 i=1

In[224] = (fi = !’actorlntegcr[lom + 2]) // Timing;
£i;
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<pIn operaiors

Tensor product |

Hamiltonian

w@r-  I[n_] := IdentityMatrix[dim|;
cop- | max = 10;

h(L ] :=h[L] = ¥

Hs = Table[, (L, 2, max}] // N;

(224]:= (fi = rlctorlntcgtr[lﬁm + 2]) // Timing;
fi;

IN[226] (tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]) //
Pirsa: 10090078 * . Page 312/328
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- —

<pIn operaiors

Tensor product

Hamiltonian

W@~ I[n_] := IdentityMatrix|dim"];

infol= | max = 10;
L-2 3
h(L ] :=h([L] = EZZI[n]OS[i].S[i].I[L-n-Z]
n=0 i=1

Hs = Tablelf, (L, 2, max)}] // N;

In[224] = (fi = ractorlnteger[lom + 2]) // Timing;
£1;
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LA # Unt '

i

<pIn operaiors

Tensor product

w@ - I[n_] := IdentityMatrix|[dim"];

In{9] max = 10;
L-2 13 )
h{Z_] :=h{[Z] = — ZZI[n] ®S[i]®S[i] ®I[L - n - 2]
n=l i=l

Hs = Table[h[L], (L, 2, max)}] // N;

In[224 (fi = l'actor!nteger[lon + 2]) // Timing;
£i;
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0

<pIn operaiors

Hamiltonian

Tensor product [

w@r-  I[n_] := IdentityMatrix|dim’|;

In[9] max = 10;
1 L-2 3
h(L] :=h[L] = - ZZI{n] ®S[i]®S[i] ®I[L - n - 2]
n=0 i=1

Hs = Table[h[L], (L, 2, max}] // N;

In[224 (fi = !‘actor!nteger[lom + 2]] // Timing;
£i;

Pirsa: 10090078 Page 315/328

e (th = Tablel{L. Hsll. - 171 // Eicenvalues // Sort // First). (L. 2. max}1) //
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<pIn operaiors

Tensor product [

w@-  I[n_] := IdentityMatrix[dim’];

max = 10;
L-2 3

BL] t=h(Z] = - D D 1] @S[i] ®S[i] @X[L -1 -2]
n= i=al

Hs = Table[h([L], (L, 2, max)}] // N;

i

(fi = l'actor!nteger[lom - 2]) // Timing;
£i;

Pirsa: 10090078 Page 316/328

e (th = Tablel{1L.. Hsll..- 171 // Eicenvalues // Sort // First). (L. 2. max}1) //
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L
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<pIn operaiors

Tensor product |

o~ I[n_] := IdentityMatrix|[dim’];

In[9] max = 10;
1 L-2 13 1
hZ ) :=h[L] = - ZZI[n] ®S[i]®S[i] ®I[L - n - 2]
ne i=]

Hs = Table[h[L], (L, 2, max)}] // N;

In[224 (fi = Pactorlnteger[lon + 2]) // Timing;
£i;
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e (th = Tablel{L. Hsll. - 171 // Eicenvalues // Sort // First). (... 2. max}1) //
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eXé I

—_— e

SpIn operalors

Tensor product |

Hamiltonian

w@r-  I[n_] := IdentityMatrix|dim’];

In[9] max = 10;
L-2 3
h{LZ ] :=h([L] = }:ZZI{n]OS[i].S[i].I[L—n-Z]
n=0 i=]1
1.  Hs = Table[h[L], (L, 2, max}] // N; ]

In[224] = (ﬁ. = ractorlntmr[lom + 2]) // Timing;
fi;
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(b = Tablel[{1.. Hsll.. - 11 // Eicenvalues // Sort // First). (L. 2. max}1) //
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<pIn operaiors

Tensor product |

w@ - I[n_] := IdentityMatrix|dim"];

In[9] max = 10;
L-2 3 )
h(L ] :=h([L] = EZZI{n]OS[i].s[i].I[L-n-—Z]
n=0 i=1

Hs = Table[h([L], (L, 2, max)}] // N;

In[224 (fi = ractorlnteger[lom + 2]) // Timing;
£i;
Pirsa: 10090078 Page 319/328

e (th = Tablel{1L.. Helll. - 171 // Eicenvalues // Sort // First). (L. 2. max}1) //
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<pIn operaiors

Tensor product |

Hamiltonian

w@-  I[n_] := IdentityMatrix[dim"];

In[9] max = 10;
L-2 3
bz ] :=h{[z] = — ). ). I[n]®S[i]®S[i] ®X[L-n - 2]
n=0 i=1

Hs = Table[h[L], (L, 2, max)}] // N;

In[224 (fi = ractorlnteger[lom - 2]] // Timing;
fi;

Pirsa: 10090078 Page 320/328

e (th = Tablel{L.. Helll. - 17 // Eicenvalues // Sort // First). (L. 2. max}1) //
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0 |

- -

<pIn operaiors

Tensor product |

Hamiltonian

W@~ I[n_] := IdentityMatrix|dim’|;

nfol= | max = 10;

L-2 3 1
h{L ] :=h([L] = EZZI{n].S[i].S[i].I[L-n-Z]

n=0 i=1

Hs = Table[h[L], (L, 2, max)}] // N;

In[226] = (tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]) //

AbsoluteTiming
utitSGie10t8.995014, ({2, -0.375}, {3, -0.333333}, {4, -0.404006}, Page 3211328

5. -0.3B5577'!. /6. -0.415596'!. /7. -0.405177 .



I Mathematica File Edit Insert Format Cell Graphics Evaluation Palettes Window Help
‘ a . 1 1 i

=t —

<pIn operaiors

Tensor product

Hamiltonian

o~ I[n_] := IdentityMatrix|[dim"];

In[9] max = 10;
1 L-2 3 )
h(Z_] :=h[z] = - ZZI[n] ®S[i]®S[i] ®I[L - n - 2]
n=0 i=]

Hs = Table[h[L], (L, 2, max}] // N;

(tb = Table[ (L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]) //
AbsoluteTiming

mfq;gsf\;%oogooz:t?B.ggSOl‘;' {12, -0.375}, {3, -0.333333}, {4, -0.404006}, Page 322/328
5. -0.3856577'. 6. -0.415596'.. 7. -0.405177 .
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R

_

ner= | X[a_] t= Idontitgﬂatrix[din"];

. max = 10;
L-2 13 1
h(Z] :=h[L] = — ZZI[n]OS[i].S[i].I[L-n-Z]
n=0 1=1

Hs = Table[h[L], (L, 2, max}] // N;

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]) //
AbsoluteTiming

Out]16] {8.987602, {{2, -0.375}, {3, -0.333333}, {4, -0.404006},
{5, -0.385577}, {6, -0.415596}, {7, -0.405177},
(8, -0.421867}:, {9, -0.415147;}, {10, -0.425804}} )
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mamimnoman

I[n_] := IdentityMatrix[dim"];

max = 10;
1 L-2 3 )
h[L] :=h([z] = — ZZI[n]OB[i]OB[i].I[L-n-Z]
n=0 i=1

Hs = Table[h[L], (L, 2, max}] // N;

(tb = Table[{(L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max)}]) //
AbsoluteTiming

Out{16] {8.987602, {{2, -0.375}, {3, -0.333333}, {4, -0.404006},

{5, -0.385577}, {6, -0.415596}, {7, -0.405177},
(8, -0.421867;:, {9, -0.415147}, {10, -0.425804}};
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mammmoman

I[n_] := IdentityMatrix|dim”|;

max = 10;
1 L-2 3 )
h(L] :=h([z] = - ZZI[n]OS[i]OS[i]OI[L-n--Z]
n=0 i=1

Hs = Table[h[L], (L, 2, max}] // N;

(16 (tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]) //
AbsoluteTiming

Outf16] {8.987602, {{2, -0.375}, {3, -0.333333}, {4, -0.404006},

{5, -0.385577}, {6, -0.415596}, {7, -0.405177},
(8, -0.421867}, {9, -0.415147}, {10, -0.425804} ;)

pirsa: 100900785 2 = HS Page 325/328
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max = 10;
1 L-2 3 )
h(L ] :=h[L] = EE;:tn]os[i]os[i]uu-n-z]

Hs = Table[h[L], (L, 2, max}] // N;

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First)}, (L, 2, max}]) //
AbsoluteTiming

Out]16] {8.987602, {{2, -0.375}, {3, -0.333333}, {4, -0.404006},

{5, -0.385577}, {6, -0.415596}, {7, -0.405177},
(8, -0.421867:, {9, -0.415147}, {10, -0.425804}}

pirsa: 10000085 2 = SparseiAHs Page 326/328
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mamimoman

s~ I[n_] := IdentityMatrix[dim’];

max = 10;
1 L-2 3
h(L ] :=h(z] = — ZZI[n]OS[i].S[i].I[L-n-!]
n=0 i=1

Hs = Table[h[L], (L, 2, max}] // N;

(tb = Table[{L, Hs[[L - 1] // Eigenvalues // Sort // First}, (L, 2, max}]) //
AbsoluteTiming

Out]16] {8.987602, {{2, -0.375}, {3, -0.333333}, {4, -0.404006},

{5, -0.385577}, {6, -0.415596}, {7, -0.405177},
(8, -0.421867:, {9, -0.415147;}, {10, -0.425804}}

pirsa: 10000085 2 = SparseArray /@/Hs Page 327/328
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(tb = Table[(L, Hs[[L - 1] // Eigenvalues // Sort // First), (L, 2, max}]) //
AbsoluteTiming

ut]16] 8.987602, {{2, -0.375}, {3, -0.333333}, {4, -0.404006},
{5, -0.385%77}, {6, -0.415596}, {7, -0.405177},
(8, -0.421867}, {9, -0.415147;}, {10, -0.425804}}

Hs2 = SparseArray /@/Hs
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